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Preface 


Although luminescence, as such, was known for a very 
considerable time, it was not until the middle of the nine- 
teenth century that it was subjected to systematic study. 
Historically, the first law of luminescence was formulated 
by Stokes in 1852. It is known as Stokes’ rule and states 
that the wavelength of luminescence excited by radiation 
is greater than the wavelength of the exciting radiation. 
At about the same time, Becquerel Jaid the foundations for 
the experimental investigation of the emission spectrum, 
the efficiency of excitation and the duration of luminescence 
afterglow (phosphorescence). 

In 1889 Wiedemann introduced the term ‘luminescence’ 
and gave the first, although not entirely accurate, definition 
of this phenomenon as the excess emission over and above 
the thermal emission background. 

Luminescence is a very varied phenomenon and all at- 
tempts at a theoretical explanation of its properties on the 
basis of classical theories were inevitably unsuccessful. 
It was only after the advent of quantum mechanics and quan- 
tum electrodynamics that a realistic basis became available 
for the understanding and quantitative description, from a 
unified point of view, of the many aspects of luminescence. 


Preface 


The Soviet school, led by Vavilov, played a prominent 
part in the study of luminescence. Soviet physicists were 
the first to solve many of the fundamental problems in the 
study of luminescence and in its. applications. 

There is now an enormous volume of published informa- 
tion on luminescence, including the three volumes of the 
collected works of Vavilov. Among the monographs the 
most fundamental are those due to Levshin [5] and Pring- 
sheim [85]. However, there is still a needfor review mono- 
graphs of a theoretical nature. Special topics have been 
discussed by Feofilov [9] and Stepanov [83, 84]. 

In the present monograph, an attempt is made to give an 
account of the fundamentals of the theory of luminescence 
or, more precisely, the theory of photo-luminescence. The 
first three chapters are concerned with classical emission 
theory, and the quantum mechanics and quantum-electro- 
dynamics which are necessary for the understanding of the 
physical processes leading to luminescence. 

The next two chapters discuss the general principles of 
the theory of absorption and luminescence without reference 
to any specific models of matter. These chapters are devo- 
ted to a detailed study of the optical properties of the har- 
monic oscillator and of systems of particles withtwo, three 
or more energy levels. 

Much of the material given in this book is based on the 
original work carried out at the Institute of Physics of the 
Academy of Sciences Byelorussian SSR. In particular, a 
detailed description is given of the effect of the thermal 
emission background, the properties of negative radiation 
fluxes and negative luminescence. Non-linear optical phen- 
omena which arise in the interaction of matter with high, 
and occasionally with ordinary, fluxes of radiation are 
systematically investigated. They include departures from 
Bouguer’s law, depolarisation, induced dichroism and am- 
plification and generation of radiation in media with negative 
absorption coefficients. 


Classical Theory of Absorption and 
Emission of Light 


It is well known that luminescence cannot be accounted for 
within the framework of classical physics, and to some ex- 
tent contradicts the classical theory. The classical theory 
of radiation has been very successful in the solution of a 
very broad range of optical problems, however, and cor- 
rectly describes many of the characteristic features of 
luminescence. It is also distinguished by simplicity and 
susceptibility to mathematical treatment and physical inter- 
pretation of the final results. It is precisely for this reason 
that classical calculations are still used in conjunction with 
quantum-mechanical ideas in the analysis of many pheno- 
mena associated with luminescence. 


1. ELEMENTARY SOURCES OF RADIATION IN CLASSICAL 
ELECTRODYNAMICS 


In the classical description of absorption and emission of 
light, matter is usually replaced by a set of elementary 
sources of radiation, These sources can be electric or 


i 
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magnetic dipoles, quadrupoles, octupoles, rotators, and 
so on. Each of these model sources generates radiation of 
a definite intensity, polarisation and angular distribution. 

Before we discuss each of these individual models, let 
us consider some. genéral, properties which do not depend 
on the choice of a particular model. We must first determine 
the electromagnetic field due to arbitrarily moving electric 
charges localised within a small volume. The causes re- 
sponsible for the motion of the charges can for the moment 
be ignored. In classical electrodynamics, the determination 
of the laws of motion of a system, and of the emission of 
radiation by the system, can be resolved into two indepen- 
dent problems. 

Let the origin of coordinates lie inside the system of 
Charges and let r be the position vector of an element of 
charge de=pdV, where p is the charge density and dV a 
volume element. Moreover, let R, be the position vector 
of the point of observation. The difference R, —r will be 
denoted by R. The retarded potentials at a point P due to 
the system of charges are then given by 


| 
= | —— 9 (t’)dV 
P |e 
(1.1) 
} 
= —— | —~— j(t’ dV 
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where 0?’ en, cis the velocity of light and j is the 
C 


current density. Since the velocity of propagation of electro- 
magnetic signals is finite, the field at the point P at time f 
is determined by the state of the system of charges at 
time ?’, 

The electric and magnetic field strengths are related to 
the retarded potentials by the formulae 


1 OA 
E = ——— —gradw, H=curlA 


If the point of observation is in a vacuum at a large dis- 
tance r<X> from the radiating system (i.e. in the wave 
zone), then in alimiteddomainofspacethe emitted radiation 
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may be regarded as consisting of plane electromagnetic 
waves. The field vectors E and H are then equal in mag- 
nitude, and both lie in the plane at right-angles to the direc- 
tion of propagation, which may be represented by the unit 
vector n=R/R: 


E = {Hn}. H = — [An] = [nE] (1.3) 


This shows that the field in the wave zone is completely 
defined by the vector potential A, which is usually found 
approximately by recalling that whenr< Ro, the distance 
R can be expanded into arapidly converging series in powers 
of r. If we confine our attention to the first-order approxi- 
mation we have 


R=|Ry—rl|=Ri t+ > 


i 


0 
Ox, 


[Ro —rlx,=R,—m-+... (1.4) 


We can then neglect the difference between A and &> in the 
denominator of (1.1) and assume that these two distances 
are equal. However, this approximation cannot be made in 
the retarded time t/={—R/c, since here the important quan- 
tity is the change in the velocity of the charges and not the 
absolute value of A/c and rn/c, Ingeneral, p and j may under- 
go appreciable changes during the timern/c. 
The approximate expression for Ais 


A= | j(t--- Ryle + r/c) dV (1.5) 


Cio 


If we expand A into a series in powers of rn/c and confine 
our attention to the first-order approximation, we obtain 


A=— il Rio dV + aS 
cR 


| fee Re V 1, 
| om a \ il Rylc)(rn) dV (1.6) 


If the system consists of pcint charges, the integration in 
(1.6) must be replaced by summation over all the charges 
e,, and the vector potential is given by 


I ' 1 0 
A= QU tae Ge Quem) 7 


where v, is the velocity of the :-th charge. The primes in 
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these expressions indicate that when A is found at time f¢ 
one must substitute on the right of (1.7) the values of the 
parameters at time (= t— Ric. These primes will be 
omitted from now on, 

Equation (1.7) may be rewritten in amore convenient form, 
According to (1.3), the electric and magnetic fields remain 
unaltered if an arbitrary vector proportional to n is added 
to A. We may therefore add to A the vector 


6CAR Af? : 
and since 
v(rn) = > < r(nr) +- — v(nr) — — r(nv) 
= = ie r(nr) + — [[rn}n] 
we have 
aA, AM + aP= P41 64! inte) (2g) 
cR, 6°R, " cR,y 


where p= Wer, is the dipole moment of the system, 
M = =k e.[r,v;| is the magnetic dipole moment and Q, is 
"ome 


the product of the vector n and the quadrupole moment ten- 
sor whose components are given by 


Q.p = Vie, (3x xf (i) ap r?| 


é 


Radiation due to the first, second and third terms in (1.8) 
is respectively referred to as dipole, quadrupole and mag- 
netic dipole radiation, 

In the zero-order approximation, the vector potential A 
depends on the dipole moment only. It follows that, whenever 
it exists, dipole radiation is a quantity of the first-order. 
Quadrupole and magnetic dipole radiations are the first 
correction terms. Higher-order corrections can be obtained 
by expanding (1.5) into a series of powers of (rn)/c, each 
of which can be divided into an electric and magnetic part. 
In particular, the second correction will correspond to the 
electric octupole and the magnetic quadrupole radiation, 
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We shall confine our attention to those multipoles which cor- 
respond to the first approximation. The intensity associated 
with the emission by higher multipoles is quite small and 
is of minor importance. The relative contribution of each 
form of emission to the overall effect depends on the pro- 
perties of the system, and in particular on the ratio o/c, If 


u<C (1.9) 


then the quadrupole and the magnetic dipole radiation are 
usually several orders of magnitude lower in intensity 
than the dipole radiation, 

The condition given by (1.9) may bewrittenin a somewhat 
different form. Suppose, for example, that the system under 
consideration consists of a fixed nucleus and an electron 
executing a uniform motion on a circle of radius a. The 
velocity of the electron then equals 2 ravandthe wavelength 
of the emitted radiation is 4 =c/v. From (1.9) we then have 


27a<h (1.10) 


It follows that the quadrupole and the magnetic dipole radi- 
ation may be neglected when the linear dimensions of the 
system are much smaller than the wavelengths of the emit- 
ted light. In the case of atoms and molecules for which 
a~10%cm, (1.10) is satisfied for all wavelengths in the 
visible range. There are, however, systems for which the 
dipole moment is zero or is time independent. Such sys- 
tems do not emit dipole radiation and therefore most of the 
emitted energy is in the form of quadrupole or magnetic 
dipole radiation, 

The classical theory of emission is also concerned with 
systems of moving charges which mainly or exclusively 
give rise to dipole radiation, or only quadrupole radiation, 
or generally n-pole radiation in pure form. In other words, 
the elementary source of radiation is such that its electro- 
magnetic field is determined, for example, by one of the 
terms of (1.8). Let us now consider the various elementary 
sources of radiation in turn. 


KMlectric dipole 
The electric dipole is defined as a system of two charges 


which are equal in magnitude and oppositeinsign. In optics, 
the distance between the charges is much smaller than the 
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distance to the point of observation. The principal character- 
istic of a dipole is its dipole moment, which is a vector 
drawn from the negative to the positive charge, whose modu- 
lus is equal to the product ofone of the charges and the dis- 
tance between them. If the positive charge is at the origin 
and is practically fixed (consider, for example, the nucleus 
of an atom), then the position vector of the negative charge 
(electron) is opposite in direction to the dipole moment, which 
is given by D=-—er, where e is the positive charge, 

Since the quadrupole and the magnetic dipole radiation due 
to an electric dipole are negligible, the vector potential 
due to a dipole may be taken to be 


on \ eee (1,11) 
CR, : 


Substituting (1.11) into (1.3), we have 


I 
CR, 


H = [Dn] 
(1.12) 
l 


9° 
o- 


0 


E= 


[{Dn} n] 


If the constituent charges of the dipole (or one of them) 
execute simple harmonic oscillations along its axis, the 
system is called a linear harmonic oscillator. The dipole 
moment is then D=D, cos wt? and therefore 


D = —w?D, coswt = -- w?D (1.13) 


Substituting (1,13) into (1.12) we have 


w? 
= D 
H PR, [Dn] 
(1,14) 
uw)” 
E= — D 


According to (1.14) the harmonic oscillator emits linearly 
polarised radiation in all directions, Thedirectionsof E, H, 
dipole moment D, and unit vector n are shown in Fig. 1.1. 
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Fig. 1.1 Polarisation of radiation 
emitted by an electric dipole 


Equation (1.12) may be used to find the flux of energy 
per unit area (Poynting’s vector): 


S = — [EH] = ——"—_ Bi’ sin? (1,15) 
4x 4zc* Ro 
where 3? is the angle between n and D. 

The angular distribution of radiation emitted by a har- 
monic oscillator in the plane containing D is shown in Fig. 
1.2, The three-dimensional distribution may be obtained 
by rotating this diagram about the direction of the dipole, It 
can readily be seen that the intensity of the emitted radia- 
tion is a maximum at right-angles to D and is zero in the 
direction of the dipole moment. Integrating (1.15) over a 
sphere of unit radius, we obtain the following expression 


D 


ya 


Fig. 1.2 Polar diagram of dipole radiation from a 
harmonic oscillator 
6 
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for the total rate of emission of the dipole 
VW om = =D? = Pr? (1.16) 


This formula is valid not only for a harmonic oscillator 
giving a single sharp spectral line, but also for the dipole 
radiation from any system of charges having a total dipole 
moment D., For a harmonic oscillator of frequency v, the 
average of (1.16) over one period of the oscillations is 


wu) 2 
Cc 


To determine the dipole emission spectrum due to other 
systems, the dipole moment D must be expanded into a 
Fourier series. The intensities of the individual spectral 
lines can then be obtained by substituting the terms of this 
series into (1.16a). The spectral energy distribution of the 
emitted radiation will be discussed in greater detail in the 
next section. 


The electric rotator 


The simplest example consists of a plane rotator containing 
two charges, one fixed and the other executing uniform ro- 
tational motion in a plane circular orbit. The line passing 
through the fixed charge at right-angles to the plane of 
rotation is called the axis of the rotator. The polarisation 
of radiation emitted by a system of this kind depends on the 
direction of observation, Radiation emitted in the direction 
of the axis of the rotator is circularly polarised. If the 
radiation is observed at an angle to this axis, it is in 
general found to be elliptically polarised. It is linearly 
polarised when #@ is n/2 (Fig. 1.3). 

The rotational motion of a charge may be represented 
by the sum of two oscillatory motions along mutually 
perpendicular directions, The radiation from the rotator 
can therefore be regarded as being due to two harmonic 
oscillators whose frequencies and amplitudes are the same, 
but whose phases differ by 1/2. The energy flux emitted 
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in a direction n is then given by 


S= — [E, + E,, H, + H,| — a [E,H,| 
4x An 
(1,17) 
Cc C C 
+ —— [E,H,] + —— [E,H,] + —— [E,H,] 
4nr 4x 4n 


The subscripts 1 and 2 represent quantities which refer to 
the two oscillators with dipole moments D, and D», respec- 
tively. Since D, and D», are perpendicular, it follows thatin 


Fig. 1.3 Polarisation of radiation 
emitted by an electric rotator 


view of (1.12), the last two components in (1.17) must be 
equal to zero. Since D;= — w?D; we have from (1.17) and 
(1,12), after averaging over one period of oscillations, 

of n win 


8x c'R, 


! ({D,n})? + ([D,n])* | = 


sa i 2% 1,18 
an Rc | Do(1 + cos?)  ( ) 


where D is the amplitude of the two oscillators. 
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In contrast to a simple oscillator, the rotator emits radi- 
ation in all directions, and the rate of emission is a maxi- 
mum in the direction of the axis (Fig. 1.3). Integration of 
(1.18) over a sphere of unit radius yields the following ex- 
pression for the total rate of emission of a rotator: 


1 dc 9 (1,19) 
* 303 


This is higher by a factor of 2 than the mean rate of emis- 
sion of the harmonic oscillator. 


Electric quadrupole 


To begin with, let us consider the quadrupole radiation of a 
harmonic oscillator, and then construct a system of charges 
for which the leading component of the emitted radiation 
is the quadrupole component, According to (1.7) and (1.8), 
the quadrupole part of the vector potential ofa linear oscil- 
lator is given by 

€ 


o) 
A, = “22R, 5a (lane) (1.20) 


Using (1.3) and (1.20), we find that the energy flux of quadru- 
pole radiation is 


c 
Sq we gy) 


_ e? 28 cin2§ O82 \2 
— T6nOR cos’ v Sin ap (1.21) 
e- ae 
= ——_—__ n(r) sin? 28 
64 70°Ro 


It follows from (1.21) that the axis of the oscillator is not 
the only direction in which no radiation is emitted; the in- 
tensity is also zero at right-angles tothis axis. The angular 
distribution of quadrupole radiation emitted by a simple 
harmonic oscillator is shown in Fig. 1.4. Here again the 
electric vector lies in the plane containing the axis of the 
oscillator and the vector n, 

From (1.15) and (1.21) we can show that the ratio of the 
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CJ 


Fig. 1.4 Polar diagram of the quad- 
rupole emission of an oscillator 
quadrupole emission of a harmonic oscillator to its dipole 
a 
emission is equal to Fel which for visible radiation 


(A = 5,000A) is equal to 10-°. However, a system consisting 
of two collinear oscillators with the same frequencies but 
opposite phases (Fig. 1.5) emits no dipole radiation and is 


Fig. 1.6 A simple quadrupole 


an example of a pure quadrupole source. Consider the radi- 
ation emitted by this system at an angle @. The resultant 
electric field E, is given by 
E=E,+ E,=E,sin9§ [coswt+ cos(wi+ 2+ 4) 
= 2E, sin§ sin(wt + ¢/2) sin ¢/2 


(1,22) 


where E, and E, are the electric vectors due to the first 
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and second oscillators respectively and @ is the phase dif- 
ference, which is determined by the mutual disposition of the 
oscillators and the position of the point of observation. As 
can be seen from Fig. 1.5, the phase difference is given by 


c= “cosa. If the distance between the oscillators is much 


i, 
smaller than the wavelength a<}, we can expand sin ¢/2 
into a series and retain the first term only: 


sin 9/2 ~ = cos 0 (1,23) 
Substituting this. expression into (1.22), we have finally 
E= Ey sin 28 sin (wf + ¢/2) (1,24) 


This shows that the emission of two collinear dipole oscil- 
lators separated by a small distance is identical in its pro- 
perties with the emission of a single quadrupole oscillator, 
The model shown in Fig. 1.5 can therefore be regarded as 
an elementary quadrupole. 

It should be noted that the quadrupole emissionof an oscil- 
lator which is associated with a change in the quantity (nQ) 
does not exhaust the possible forms of quadrupole emission. 
It is possible to construct other elementary quadrupoles for 
which the angular distribution of the emitted radiation will 
be different from that shown in Fig. 1.4. 


Magnetic dipole 


The vector potential due to an elementary magnetic dipole 


is given by the last term in (1.8). Substituting A,, = [M, n] 


ck, 
in (1.3), we have 


E 


' | 2 
ER, [nM], H = [nE] OR, [nfnM]| (1.25) 
The magnetic dipole is similar to the electric dipole in that 
it emits radiation only when the second time derivative of the 
dipole moment is not zero. Comparison of (1.25) with (1.12) 
clearly shows that these formulae become identical if the 
electric dipole moment is replaced by the magnetic dipole 
moment and E is replaced by H. It follows that the angular 
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distribution of radiation emitted by a magnetic dipole is the 
same as that due to an electric dipole (Fig. 1.2), but the 
plane of polarisation is turned through 7/2, 


Magnetic rotator 


Like the electric rotator, the plane magnetic rotator may be 
constructed from a set of two linear magnetic dipoles whose 
frequencies and amplitudes are the same but whose phases 
differ by «/2. The angular distributions emitted by the elec- 
tric and the magnetic rotators are the same, but the planes 
of polarisation are at an angle of «/2, 

The radiation emitted by a magnetic rotator in the direc- 
tion of its axis is circularly polarised; indirections at right- 
angles to the axisitis plane polarised. In all other directions 
the polarisation is elliptical. 


2. ABSORPTION AND EMISSION OF RADIATION BY 
A HARMONIC OSCILLATOR 


Free oscillations of a dipole 


Experiment shows that light emitted by atoms consists of 
individual, fairly sharp lines, so that the atomic charges 
must execute a motion resembling harmonic oscillations, 
This fact is used in the classical description of the inter- 
action of light with matter as a basis for the replacement 
of the medium by a set ofharmonic oscillators, i.e. electric 
dipoles which execute periodic oscillatory motion. In order 
to obtain such oscillations it is sufficient to assume that the 
potential energy of the dipole is of the form 


V(x) = 7 kx? (2,1) 


where ¥* is the deflection of the charge from the position of 
equilibrium and & is a constant. The force F,, acting on the 
charge when it is displaced from its position of equilibrium 
is then given by 

_— V(x) 


FPF. = — Rx 
el ax | (2,2) 
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If no other forces act on the oscillator, its equation of 
motion is 

d?x 

~ dt* 


+ wox = 0 (2.3) 


a 


The solution of this differential equation is simply 
x = x, cos(w,t + @) (2.4) 


where wo, = 2xry,= Vk/m is the natural angular frequency 
of the oscillator, *) is the amplitude and 9 is the initial 
phase of the oscillations. Both the latter are determined by 
the initial conditions. According to (2.4), a dipole having a 
potential energy of the form given by (2.1) executes un- 
damped harmonic oscillations of frequency »,. 


Radiation reaction. Damping 


The assumption that all forces other than the elastic force 
given by (2.2) are absent is never strictly valid. The oscil- 
latory motion of a charge is unavoidably accompanied by 
the emission of electromagnetic radiation which reacts on 
the charge and exerts a retarding force upon it. Therefore, 
even in the absence of external forces, the energy of an 
oscillator will continuously decrease, and this necessarily 
leads to the damping of the oscillations. 

The reaction of the emitted radiation on the dipole pro- 
ducing the radiation is usually described by introducing the 
concept of radiative friction or resistance. The magnitude 
of this force can be calculated purely phenomenologically 
from the law of conservation of energy, since the work done 
by the frictional force at any giventime must be equal to the 
energy emitted by the oscillator during that time. The force 
of radiative friction can becalculated more rigorously under 
certain special assumptions regarding the structure of the 
electron [1]. In either case it is given by 


pw _e 


em ae 
3c? 


(2.5) 


When this force is negligible in comparison with the elastic 
force, i.e, when 


Fay > Fem (2.6) 
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we may replace D by -w?D. In order to estimate the limits 
of applicability of (2.6), let us suppose that the oscillator 
executes simple harmonic oscillations of the form de- 
scribed by (2.4). 

According to (2,9) 


on Fe ies 
é BC 
and therefore 
2 €* wo 
mo > 
ae 


which corresponds to the inequality 


> 


e? 
; = 


mc 


V9 (2.7) 


where }=c/yv, is the wavelength of the emitted radiation, 
and r, is the classical radius of the electron (10cm). In 
view of (2.7), Equation (2.6) is therefore satisfied for all 
frequencies in the optical region, and holds even for soft 
y-rays. It loses its validity only for cosmic 7-rays. 
Damping usually occurs not only as a result of the emis- 
sion of radiation, but also as aresultof collisions with other 
oscillators and of the decelerating effect of the surrounding 
medium, The effect of the medium on atoms and molecules 
may be very different in different systems. A rigorous theory 
of the interaction of radiating systems with the surrounding 
medium can only be constructed within the framework of 
quantum electrodynamics, However, in many cases the ef- 
fect of the medium may be taken into account if itis re- 
placed by a frictional force proportional to the velocity of 
the charges, i.e. F,, = 27;,mr, This enables one to combine 
radiation reaction with the force acting on a moving charge 
and facilitates the solution of the equation of motion. 
When frictional forces are taken into account, the equation 
of motion for anoscillator given by (2.3) must be replaced by 


x+2x+twpx=0 (2.8) 
where 


-. 4 
T=Yem tte 2144 =—F,, 
m 
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and 
e? ws 


(2.9) 


Lem 
; ae “3mc3 


is the natural damping constant associated with the force of 
radiative friction. Similarly, ., is referred to as the damp- 
ing constant due to all other causes. The solution of (2.8) is 
known to be 


Xx =x, e71! cos (w,/ + ¢) (2,10) 


where x, and ¢ denote, as before, the initial amplitude and 
the phase of the oscillations, and wu} = w5 — 7°. 

Equation (2.10) shows that frictional forces lead toa con- 
tinuous reduction inthe amplitudeoftheoscillations from the 
maximum value at ¢ = 0. The oscillations practically vanish 
when ¢ >>1/,. In the absence of the medium (7,,=0), damping 
of dipole oscillations is due only to the emission of energy 
in the form of electromagnetic waves and occurs relatively 
slowly. The change in the amplitude during a single period 
T is quite negligible, as can be seen from the expansion 


xe tT 


i l 
ar ee =e lt es le om oe 
0 


In the visible part of the spectrum (4 = 5,000A) the damp- 
ing constant is found from (2.9) to be Yem=4.42 <x 10’ sec™!, 
and therefore 


tem T= —2™ =7.4-107 
V 


i.e. the amplitude is reduced in one period by less than one 
ten-millionth part of its initial value. Under real experi- 
mental conditions 7,;, is usually not equal to zero and may 
be much greater than ;.,,. This leads to amore rapid damp- 
ing of the oscillation. 

In engineering calculations, the resonance properties of 
an oscillatory system are described by the so-called 
@-factor. This factor is numerically equal to 2n multiplied 
by the ratio of the total energy ofthe oscillations E and the 
energy loss per period AE: 


F 
AE 


= On (2,11) 
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The energy associated with the free oscillations of a 
harmonic oscillator decreases in accordance with the ex- 
pression E=E,e “' (see Equation (2.10)), and therefore 


Abin BET a Go 


where 7 is the period of the oscillations. Substituting E and 
AE into (2.11) we have 


W) () 


ae (2,11la) 
2 Aw 

which in the visible part of the spectrum yields Q=107-10°. 
It will be shown below that Aw = 27 isthe widthof a spectral 
line due to the oscillator, It follows that the Q-factor can 
also be defined as the ratio of the natural frequency of a 
system to the width of the emitted spectral line. 


Spectral line profile 


The damping of the oscillations of a dipole leads to a re- 
duction in the amplitude of the electric field in the emitted 
radiation. According to (1.12) and (2.10) the function E(/) 
is given by 


E(t) = E,e te! (2,12) 


On entering a spectrograph a wave with decreasing ampli- 
tude such as that described by (2.12) will produce on the 
photographic plate, or any other recording device, a line 
of finite width. The dispersing element will analyse a com- 
posite oscillation into its harmonic components. This cor- 
responds in mathematics to the integral Fourier expansion 


E(t) = e E(w) ®t da (2,13) 


where the monochromatic component £(w)is given by 


Qo 


E(w) = x Lee at (2.13a) 
T 


e 


Substituting (2,12) into (2,13a) andcompleting the integration, 
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we have 


fa ae (2.14) 


Or i(w— 0) +7 


The intensity / (w) of a harmonic component of a spectral 
line, which is equal to the energy flux, is proportional to 
the square of the corresponding component of the Fourier 
integral: 
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(2,15) 


The constant of proportionality C can be expressed in 
terms of the integral intensity /) , of the line given by 
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If we determine C from (2.16) and substitute the result 
into (2.15) we obtain the following expression for the profile 
of a spectral line due to a harmonic oscillator: 
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In contrast to free oscillations which give rise to the 
emission of a strictly monochromatic wave of single fre- 
quency vo, a damped dipole will emit radiation of all fre- 
quencies, As can be seen from (2,17), the maximum intensity 

2 
is emitted at the frequency On Pe, The intensity 
decreases rapidly on either side ofthis frequency (Fig. 1.6). 
Damping of oscillations leads not only to line broadening 
but also to a slight wavelength shift. 

We note that (2.17) gives the spectral energy distribution 
obtained after the dipole has emitted all its energy. In order 
to find the line profile which is obtained at time (, the integ- 
ral in (2,13) must be evaluated between 0 and ?, Calcula- 
tions show that the profile will vary continuously with time. 

If damping of the oscillations occurs only as a result of 
radiation reaction, then the line profile is referred to as 
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1 - Doppler; 2 - natural 
Fig. 1.6 Spectral line profiles 


the natural profile. It can be obtained from (2.17) by re- 
placing Y = Tem +Ytr DY Tem. 

The width of a spectral (emission) line is characterised 
usually by the distance between the two points (on the fre- 
quency scale) at which the intensity is one half of the 
maximum intensity. It is evident from (2,17) that the natural 
width of a spectral line emitted by a harmonic oscillator is 
equal to twice the natural damping constant: 


Qe w? 


Aw = 21m = 3mc3 


On the wavelength scale the width of the line is 


2 
Ak = ae bo = / 
w? 3 


and is independent of wavelength. For all dipoles in which 
the oscillating charge is an electron, the line width is equal 
to the universal constant 


Ad = AE r= NAT 10th 


where, as before, r, is the classical radius of the electron. 
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On the w scale we have the visible radiation () = 5,000A) 


Aw = 8.87-10' sec” 

If the oscillating charge is an ion whose mass is many 
thousands of times greater than the mass of the electron, 
the line width will be smaller by about 3 orders of magni- 
tude, since Yem is inversely proportional to the mass ofthe 
oscillating particle, 

Under real experimental conditions the natural width of 
a line is of course never observed. The various additional 
factors responsible for line broadening can be reduced, but 
can never be entirely eliminated, Line broadening is mainly 
due to (a) collisions between radiating particles, (b) inter- 
action between electric and magnetic fields, and (c) the Dop- 
pler effect. 

The effect of external forces on the width of a spectral line 
has already been taken into account (at least on the first 
approximation) in (2.17), since the damping constant 7 in- 
cludes 7,, . If the damping of the oscillations is due to col- 
lisions between the radiating particles inagas,it is possible 
to show that the line profile is in fact given by (2.17), and 
to relate the line width to the temperature and pressure 
of the gas [2]. 

Calculations show that 


| 
T tr —_— (2,18) 
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where t is the mean time interval between collisions. If 
we denote the mean velocity and the mean free path of the 
particles by v and / we obtain 


(2.19) 


where Np) is Loschmidt’s number, p is the pressure of the 
gas, o is the molecular diameter, A is the gas constant, p 
is the molecular weight and 7 is the temperature. 

If we express the pressure in atmospheres and substitute 
values appropriate to nitrogen (u = 28, o = 3.1 x 107*cm) 
into (2.19), we obtain, for visible radiation 
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which at normal pressure and room temperature corre- 
sponds to 


Aw, = 27,, = 8.96-10® sec” 


Ad», = 1.19-107-2A 


Ai, Can be made much smaller than the natural line width 
by reducing the gas pressure. This effect is used in practice 
to determine the magnitude of radiation damping. 

Equation (2.19) has been subjected to careful experimental 
tests. Experiments have shown that collision damping can be 
adequately described by (2.19), but the absolute line widths 
have been found to be much greater than one would expect 
from this formula. In order to achieve quantitative agreement 
it must be assumed that the collision frequency is greater 
by a factor of 2 to 3 than expected from the kinetic theory 
of gases. 


Doppler line broadening 


When we discussed free and damped oscillations itwas as- 
sumed that the oscillator as a whole was at rest relative to 
the observer, In reality the atoms and molecules of a gas 
or liquid travel at high speeds which depend on the tem- 
perature, The motion of the particles gives riseto a Doppler 
effect, i.e. to a shift in the emitted frequencies. Since some 
of the atoms travel towards the observer while others travel 
in the opposite direction, and since there is a continuous 
distribution of particle velocities, it follows that even if the 
system were emitting strictly monochromatic waves, the 
recording instrument would still register a spectrum of 
frequencies, 

Let us consider the line profile due to the Doppler effect 
on the assumption that the oscillator emits strictly mono- 
chromatic waves, If vo is the frequency ofthe dipole at rest, 
while vu is the component of its velocity in the direction of 
the observer, the recorded frequency is given by 


v= vo (1 +- u/c) (2,20) 


If the particles have a Maxwellian velocity distribution, the 
number of particles with velocities in the range between v 
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and v + dv is given by 


M fa 
= = / ap ORE 
di=n "|/ on RT ° du (2.21) 


where we have used the notation defined above. The coef- 


1 


M 2 
ficient of proportionality ou, in (2,21) is chosen so 
T 


as to satisfy the normalisation conditions 
| n(v)dv =n (2,22) 
It follows from (2.20) that 
v= (way): dy =—<— dv (2,23) 


Vo Yo 


On substituting these expressions into (2.21) we obtain the 
number of oscillators emitting radiation of frequency in the 
range between uv and du, 


c?(v—v5)?M 


/ M ; 
dn = “On RT fle 2vgRT dv (2.24) 


If it is assumed that all the oscillators have the same 
frequency and amplitude, i.e. the intensities emitted by all 
the dipoles are the same, the line profile is given by 


oreer 7 (F) (2,25) 
where 
ORT 
i 2 ce (2,26) 


is a parameter indicating the frequency difference from vo 
at which the intensity is reduced by a factor e. The fre- 
quencies at which /(v) is equal to one half of the maximum 
value /) are given by 
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The Doppler half-width at room temperature and for 


Classical theory of absorption and emission 23 


u=16 and 4= 5,000 A, is 


Bh pop = <a = 2 2 Vin 28 ~1.56-10-2A 
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ye 


This is greater by afactor of 100 than the natural line width. 
The temperature at which Doppler line broadening would be 
equal to the natural line width is practically unattainable. 
Even for very heavy molecules itis equal to a few hundredths 
of a degree above absolute zero. The line profile given by 
(2.25) is symmetrical with respect to the frequency vo, but 
differs considerably from the natural line width. The inten- 
sity falls off exponentially on either side of vo, i.e. more 
rapidly than for the natural profile. 


Forced oscillations 


We shall now consider the forced oscillations of a dipole 
which are induced by external radiation, It is well known 
that the force acting on a charge e in an electromagnetic 
field is given by 


=eE+ 7 [| VH] (2,27) 


where v is the velocity of the charge. Since emission of 
radiation in the optical region is associated with velocities 
which are lower by a few orders of magnitude than the velo- 
city of light, the second term in (2.27) is much smaller than 
eE and is usually neglected. Suppose the axis of the oscil- 
lator is parallel to the x axis and that the position of 
equilibrium of the oscillating charge is at the origin. The 
equation of motion for a dipole interacting with linearly 
polarised light, whose electric vector is atanangle @ to the 


axis of the dipole, is 


x+ dy x + wrx 
(2.28) 


e rw 
= — Ee” cos § 
m 


where w is the angular frequency and E, the amplitude of 
the exciting radiation. As before, 


T f= T em 7 T fr 
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The solution of (2.28) is 


€ 
£_ EF cosé 
2 es = _ m 
xX = Ce Ws t yt -. Cie t wy Th +e (2.29) 
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where w= w%—7?, and C, and C, are constants of integra- 
tion. If the oscillator was at rest at the initial instant of 
time [x(0) =x(0) =0], then 


e 
— E,cos8 
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yn OFM +L Pia aa 
wo — w? + Qi 10) 2u, 


(2.30) 
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The solution given by (2.30) describes the steady-state be- 
haviour of the oscillator after the source of radiation has 
been switched on. It contains two terms which include the 
factors e-1', and which tend to zero for yf 1. When the latter 
condition is satisfied, the motion of the oscillator is deter- 
mined by the last term and the dipole executes damped har- 
monic oscillations whose frequency is equal to the frequency 
of the incident radiation. 

If we reject the damped terms in (2.30) the above solu- 
tion may be written in the form 


e 
— F,ccs8 
ee m ell t—«) (2,31) 
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270 
where tan ¢ = — This shows thatin the steady state the 
Wo — W 


phase of the oscillator lags behind the phase of the exciting 
electromagnetic wave by anangle ¢, which reaches the maxi- 
mum value of r/2 when w= .,. The phase lag tends to zero 
with decreasing frictional forces (y~0)or when y/(w — o,) 
tends to zero. If one takes as the initial conditions the values 
of x and x at any given time during the steady-state oscilla- 
tions and sets £y = 0 in (2.29). then it can readily be shown 
that the expression describing the damped oscillations is 
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This solution is equivalent to (2.10) where, apart from small 
corrections, 


e 
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Absorption of external radiation 


An electromagnetic wave interacting with adipole does work 
which is used to maintain the undamped oscillations. The 
energy of the field is converted into mechanical energy of 
the moving charges whichinits turnis partly returned in the 
form of radiation emitted by the oscillator. The rate of ab- 
sorptionofa dipole is equal to the work done by the light wave 
per unit of time. In complex notation it is given by 


Waps (w, 9) = (8 ae x*) e (E+ E*) cos 8 (2,33) 


Differentiating (2.30) with respect to time and substituting 
for x and x* in (2.33) we obtain 
2 

ne EG yw? cos? 6 
W abs (, 9) = ———________ 
be ( (wo — w*)* ++ 47°" 

2 
= Eo cos? 8 (2.34) 
m 
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xX sin (w — w,) { — 8 yw} cos(w — w,)f | et? 4+- Rw, + 0) 
where R (uw, + w) are terms which oscillate at the frequency 


®:+w.The average of these terms over one period is zero, 
It follows from (2,34) that when a monochromatic wave is 
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absorbed by the oscillator, the rate of absorption initially 
increases, reaching the maximum value 


m (2.35) 
(wo a wy? ie 472? 


when {>'/y. The rate of absorption is very dependent on 
frequency difference between the incident radiation and the 
free oscillations of the oscillator. Maximum absorption is 
reached during resonance. The expression given by (2,35) 
determines the absorption line profile and its width decreases 
with decreasing y; (see Fig. 1.7). 

If the incident wave is not monochromatic but has a con- 
tinuous spectrum, the dipole will execute forcedoscillations 
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Fig. 1.7 Dependence of the absorption line 
profile on the damping constant y. The 
areas under the curves are all equal 
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at all the frequencies and will absorb energy at all wave- 
lengths in accordance with (2.35). Inorder to obtain the total 
absorbed power itis sufficient to integrate (2.34) with respect 
to the frequency v. This operation is allowed since the mo- 
tion of the dipole in the electromagnetic field is described 
by a linear equation. In view of the fact that the rates of 
absorption per unit frequency and per unit angular frequency 
are related by . | 


W avs () d uo = W abs (v) d . 


the integral absorption is given by 


W abs (6) aa | W abs (v, @) dv 
0 (2.36) 


ae | Wars (w, 6) du 
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The ingegrals encountered in (2.36) when (2.34) is substitu- 
ted into it can easily be reduced to tabulated integrals if cer- 
tain simplified assumptions are introduced. Thus, the 
function W,,, (v, 6) has a sharp maximum at v =, and rapidly 
tends to zero on either side of v,. It may therefore be sup- 
posed that Ea(v) = £5 (v,) , within the line profile and that the 
difference between v and y, in those expressions into which 
this difference enters is negligible. Substituting §& = 2x(v 
—v,)/yand 7 = 2n- (v—v,)¢, and remembering that the ex- 
tension of the limits of integration from w/y; to infinity has 
practically no effect on the value of the integrals, we find 
that the integrals are reduced to the following standard 
forms: 
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These integrals may be used to show that, to within small 
corrections of the order of 7/w, the total rate of absorption 
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is given by ; 


W abe = wt (v,) Cos? 4 (2.38) 


where u(y) = Ep (¥,)/8n-is the energy density per unit fre- 
quency interval in the incident radiation. 

It should be noted that when the oscillator is excited by 
radiation with a continuous :spectrum, the integrated ab- 
sorbed power does not depend on the initial conditions and 
is the same both in the steady state and during the transient 
period, This is fully confirmed by the quantum theory of 
radiation (see Section 27). 

Equation (2.38) shows that the power absorbed by a dipole 
is independent of the constant 7. which characterises fric- 
tional forces. Whether the dipole givesupits energy to other 
bodies, or emits it in the form of light waves or simply 
retains it, the energy absorbed by a given dipole is always 
the same, Inother words, the areaunder the absorption curve 
is constant and independent of the form of the curve. This 
important result of the classical theory is confirmed by ex- 
periment. Moreover, it follows from (2.38) that the rate of 
absorption is proportional tothedensity wu (vo) of the incident 
energy. In most cases this result is also confirmed by ex- 
periment. However, in some conditions of excitation, which 
will be discussed in detail in the following chapters, ex- 
periment leads to quite different results. 

The discrepancy between theory and experiment is re- 
duced in the electron theory by introducing into (2,38) a 
number of empirical constants /aps (the so-calledoscillator 
strengths). These constants characterise the specific pro- 
perties of individual absorption bands of given atoms or 
molecules, The number of such constants is equal to the 
total number of lines (bands) in the absorption spectrum. 

Classical theory does not show how the oscillator strengths 
can be determined; they must be found directly from ex- 
periment and are therefore purely empirical. The best clas- 
sical method of determining oscillator strengths is the 
investigation of anomalous dispersion by Rozhdestvenskii’s 
‘hook’ method. 

Absorption by a given material is characterised by the 
absorption coefficient k (v), which is related to the rate of 
absorption by the simple expression 


aC (2,39) 
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One of the most importantcharacteristics ofa given medium 
is the integral of k (v) with respect to the frequency. For a 
harmonic oscillator 


@ 


ne 
p= | kiydy= “costs (2.40) 
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This integral was first evaluated by Kravets [3]in 1912, and 
has the important property that it is independent of the tem- 
perature of the medium and the density ofthe exciting radi- 
ation. It has played an important part in the development of 
spectroscopy and still retains its importance, In quantum 
theory, all the radiation, absorption and distribution formulae 
include oscillator strengths which are determined experi- 
mentally as quantities proportional to the Kravets absorption 
integral, 


Dichrotsm 


As can be seen from (2.38), the rate of absorption depends on 
the mutual orientation of the dipole axes and the electric 
vector in the incident light wave. The rate of absorption is 
equal to zero if the incident radiation is polarised along the 
z axis (8 = 90°). Absorption reaches a maximum when the 
incident radiation is polarised along the x axis, i.e, along 
the axis of the dipole. 

Dependence of the absorption coefficient on the polarisation 
of absorbed radiation is referred to as dichroism, Dichroism 
can be either natural or induced, In the former case the de- 
pendence of the absorption on the polarisation of incident 
radiation is due to internal properties of the absorbing 
material, Uniaxial and biaxial crystals whose absorption 
coefficients are tensors are characteristic examples ofthis. 
All the elementary sources discussed in Section 1 exhibit 
clearly-defined dichroism, Anisotropic absorption can also 
be observed in molecules if their absorbing centres have a 
preferred orientation. Induced dichroism is due to external 
anisotropic effects, for example electric and magnetic 
fields, mechanical deformation and excitation by beams of 
light. The latter effects will be discussed in detail in Chap- 
ters 6 to 8. The quantity 
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where &,,, and Rmin are respectively the maximum and 
minimum values of the absorption coefficients, can betaken 
as a measure of natural dichroism. Induced dichroism is 
more conveniently characterised by 


D ina ee (2.42) 


where &, and Rk, are the absorption coefficients for two 
linearly polarised rays whose electric vectors are respec-~ 
tively parallel and perpendicular to the direction of maximum 
value of the driving agent. Whilst Dia is a quantity which 
is essentially positive, D;,, may assume both positive and 
negative values between +1 and -1l. For a linear harmonic 
oscillator ky»;, = 0 and therefore dichroism is equal tounity. 
Consider the absorption coefficient of a set of n dipoles 
randomly distributed in space. If nis large enough, the num- 
ber of oscillators whose dipole moments lie ina given solid 
angle is the same for all directions and is given by 
n 
n@, 9) 4n 
Suppose that two beams of linearly polarised radiation are 
incident on dipoles along the y axis. If the electric vector 
of one of the beams is parallel to the z axis, while the 
electric vector of the other beam is parallel to the x axis, 
the total rates of absorption by all theoscillators is given by 
the two integrals 
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Where u, and u, are the two respective incident energy 
fluxes. In obtaining these expressions we have used (2.38) and 
the fact that cos(D.x)= sin 6 cos gq. 

We can now use the relation between k and W,,,, and with 
the aid of (2.43) and (2.44) show that the absorption coefficient 
per oscillator is 
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which corresponds to the absence of dichroism. This result 
can be interpreted physically in two ways. It may be looked 
upon either as giving the absorption coefficient for linearly 
polarised light averaged over all the possible directions of 
E and D, or it may be regarded as the absorption coefficient 
for isotropic Planck radiation. 

A system of randomly distributed oscillators does not 
therefore exhibit the property of dichroism, Dichroism 
will only appear when an anisotropy is introduced into the 
angular distribution of the dipole moments, e.g. by mechan- 
ical deformation of a solid. 


Emission of radiation 


The harmonic oscillator can execute two forms of oscil- 
lation, namely, natural damped oscillations in the absence 
of external forces, and forced oscillations in an external 
electromagnetic field. The emission of a dipole is therefore 
usually divided into spontaneous and induced parts, To begin 
with, let us consider induced emission in the steady state. 
If we differentiate (2.31) twice with respect totime and sub- 
stitute it into (1.16) we have 


st, Cut EG cos? 6 
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(2.46) 


This shows that the total amount of radiation emitted by 
a dipole in the steady state is proportional to the density 
of the incident radiation (£> = 8nxu) and to the fourth power 
of the frequency. The resonance factor which gives the line 
profile for induced emission is of particular importance. 
Its form is the same as thatofthe resonance factor in (2.35) 
for absorption. Absorption of energy by a dipole and the in- 
duced emission of radiation by it must be considered in 
parallel as mutually accompanying processes. If we divide 
(2.46) by (2.35) we obtain the ratio of induced emission to 
induced absorption of energy during a given interval of time: 


da tae 
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It is characteristic that this ratio has no resonance pro- 
perties, Its magnitudeis determined above all by the nature 
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of the damping. If the oscillator loses energy by radiation 
only, then +; =yYem and therefore the ratio given by (2.27) 
is equal to unity. In the steady state all the absorbed energy 
is emitted through induced emission, However, before the 
steady state is reached, the absorbed energy can also be ex- 
pended in increasing the energy of the dipole. If in addition 
to emission the oscillator can loseenergyinother ways, for 
example through collisions, then V.,,/W a. <!. 

On integrating (2.46) with respect to frequency we obtain 
the total power radiated by induced emission in the steady 
state: 


2 
Wen = _ — u(v,) cos” 9 (2,48) 


If the oscillator is initially at rest, the total power emit- 
ted by it during the excitation (exciting radiation on) and 
decay (exciting radiation off) processes is given by the 
following formulae: 
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These expressions were obtained with the aid of (1.16), 
(2,30) and (2.32) by operations similar to those leading to 
(2,38). 

As can be seen from (2,49), the rateof emission increases 
during excitation from zero at /=Qto a maximum value 
which is reached in the steady state. 

The energy E of the oscillator consists of the sum of the 
kinetic and potential energies: 


E = 5 mit ket (2.51) 


In the steady state the energy of the dipole averaged over one 


ad 
period of the oscillation is a constant ae E=0)}. The rate 


of change of the energy of the dipole during the excitation 
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and decay processes is given by 


2 
2 ny (¥5) eT cos? 6 (2,92) 
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dt 


2 
w(v,) eT cos? 4 (2.53) 


If the oscillator loses its energy through the emission 
of electromagnetic waves only (1,, =0), then the law of 
conservation of energy 
d 


W abs == Wem 
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E (2.54) 


is satisfied both during excitation and decay. 

It is evident that the energy balance must also be pre- 
served when the frictional forces are introduced and some 
of the energy of the dipole is converted into other forms of 
energy, for example heat. The amount of heat liberated per 
unit time is given by 


Q=W..—-W 45 (2.99) 
ads em dit 


All the quantities entering into the right-hand side of (2.55) 
have already been calculated for the various stages of emis- 
sion by a dipole, It can readily be shown that 
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The ratio of the energies encountered inthe form of radi- 
ation and in the form of heat is always equal toYem/7,f,. It 
should be noted that the law of conservation of energy given 
by (2.55) is a direct consequence of the equation of motion 
for the oscillator given by (2.28). In point of fact, on multi- 
plying (2.28) by mx, we obtain 
iw ft 


mxx 4-21 mx? + wi) mex = eE, xe” cos 6 (2.57) 
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or 


Fy, x = eEyxe°* cos 6 — Fem, X— ——[ — mx? + — ke 2,08 

f 0 dt \ 2 st 9 x ( ) 
This is equivalent to (2.55) and is valid for irradiation by 
either a menochromatic wave or a continuous spectrum, 


3. ANISOTROPIC ABSORPTION AND EMISSION OF 
RADIATION BY A SET OF OSCILLATORS 


Coherent and incoherent emtssion 


The emission and absorption of radiation by a single har- 
monic oscillator was calculated in the preceding section. 
Under real experimental conditions the incident radiation 
interacts with a large number of atoms and molecules. The 
intensity, polarisation and angular distribution of the radia- 
tion emitted by a single oscillator andby a set of oscillators 
are quite different. We have already seen in Section 1 that 
even in the case of only two dipoles the total emitted radi- 
ation differs substantially from the emission by a single 
oscillator, and resembles the emission of an elementary 
quadrupole or a plane rotator with a certain mutual orien- 
tation and phase difference of the two oscillators. 

The emission of radiation by a set of non-interacting 
oscillators may be either coherent or incoherent, For ex- 
ample, under normal thermal excitation, the phases of indivi- 
dual oscillators vary independently of each other and thus 
the emitted waves are incoherent. Conversely, light waves 
will not only excite the oscillations of individual dipoles, 
but they will also synchronise the oscillations, As can be 
seen from (2,31), the phase of forced oscillations is com- 
pletely determined by the incident radiation, Dipoles located 
at different points in space will have different phases at a 
given instant of time, but the phase difference will remain 
constant across the wave front. 

An important property of coherent waves is their ability 
to interfere, i.e. reinforce or cancel each other. Partly co- 
herent waves can also give rise to interference, but the 
corresponding interference pattern will vary with time. It 
follows that in calculating the total emission by a set of 
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coherent sources we must add the amplitudes of the individual 
waves with allowance for their phases and then use the re- 
sult to calculate the energy flux. Moreover, the total emis- 
sion by a set of incoherent sources is equal to the sum of the 
individual emissions and therefore one can simply add the 
intensities or fluxes. 

Interference of secondary radiation provides a simple 
explanation otf phenomena such as the propagation of light 
through matter, reflection and refraction. 

serious difficulties arise in the classical theory when an 
attempt is madetouseitto explain photoluminescence, which 
is known from experiment to be an incoherent process; 
emission induced by incident radiation should be completely 
coherent according to the classical theory of the harmonic 
oscillator. A satisfactory explanation of all the properties 
of photoluminescence can only be obtained in quantum elec- 
trodynamics, However, it will be shown that the oscillator 
model of a molecule suffices for the interpretation of a large 
number of experimental effects if it is postulated that the 
emission by the individual oscillators is not coherent, The 
reasons for this lack of coherence arenotusually discussed 
in classical theory. 


Propagation of light through matter 


To begin with, let us consider only the absorption of primary 
incident radiation and the emission of secondary light waves 
by a set of harmonic oscillators, We shall assume for sim- 
plicity that the dipoles are distributed randomly in a given 
layer, and that they do not interact with each other. The 
thickness of the layer is such that the attenuation of the ex- 
citing radiation and secondary absorption may beneglected, 

Suppose that the electric vector in the incident electro- 
magnetic wave varies in space and time in accordance with 
the formula 


E = E,cos(wt—xr) (3,1) 


where T is the radius vector of the point under consideration 
and x is the wave vector. 

In our discussion of the interaction of radiation with a 
single oscillator, the change in the field strength in space was 
not taken into account because the dimensions of the dipole 
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were assumed to be much smaller than the wavelength. The 
constant quantity xr could simply be included in the initial 
phase of the oscillations. In the present case, on the other 
hand, the transverse dimensions of the layer arevery much 
greater than the wavelength and therefore the phases of the 
oscillations at different points within the layer may differ 
substantially from each other, 

The wave given by (3.1) is called a plane wave, since the 
locus of points of equal phase (the wave front) takes the form 
of a plane. In fact, the requirement that the phase should be 
constant at a timed,, i.e. 


w t,—-2%r = const 


yields 
xr=a (3.2) 


which is the equation ofaplane M perpendicular to the wave 
vector x. 

If we increase a by 2n, we obtain the equation of another 
plane N, parallel to M and separated from it by one wave- 
length A: 


et 


y, r’ ==: 0 + Phi (3.3) 


On subtracting (3.2) from (3,3) and recalling that the pro- 
jection of {7—r’) on to the direction of x is equal to A, we 
have 


KM Ko Qn (3.4) 
or 
Ot QT Ww) 
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where Ao is the wavelength in vacuum and n is the refrac- 
tive index of the medium, It follows that the wave vector is 
given by 


2e 
ee =~ licos (xx) + jcoslx y) +k cos (%, z)]. (3.5) 


Under the above assumptions the total absorption in the 
layer is equal simply to the sum of the absorptions by the 
individual dipoles. When the incident radiation is plane polar- 
ised, the absorption is given by (2.43). 

Consider the emission by the dipoles in thedirection at an 


Classical theory of absorption and emission 37 


angle 6 to the direction of propagation of the incident wave 
(Fig. 1.8), It is evident that interference between secondary 
waves emitted by all the oscillators must be taken into 
account, To do this, consider the dipoles lyingon a particu- 
lar wave front at a time?/, They will all have the same 
phases. Let us divide the wave front bc into sections of length 


Fig. 1.8 Propagation of radiation 
through an isotropic medium 


t= }/sin 6. which is possible for all 6 #0, since the linear 
dimensions of the layer occupied by the oscillators are much 
greater than the wavelength a. Along the line dj the phase of 
the rays travelling in the direction 6, will changeby 2n., and 
if the dipoles lie at equal distances from each other, the 
phase of the &-th oscillator is 


Teeny anc (3,6) 
fm 


where mis the number of oscillators inthe length /, and the 
particles are numbered in the direction of cd. The electric 
field in the wave propagating in the direction and emitted 
by n dipoles is given by 


Wi N 
co ee (ot <a) (3.7) 
R 


eel 
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If the dipoles are identical we have E, -=F ), anditcan readily 
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be shown that 
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A=! * 
a 
| Ly Fala | . pee Rk 
q t —iwf 
= —Ee°'\\ em -+- —— Eve ye v 
(0) 0 
yy haoeed ‘ 
2n ; (3.8) 
1 i(ort| leaner 
ee Da m gle eee 
0 | _ Bree 
—2ni 
| —i fu ft 2 l1—e 
+— Eve i ( + 2x/m) ne 0 


It follows that there is no induced emission in directions 
different from the direction of propagation of the incident 
radiation for a set of oscillators which form an isotropic 
medium. The field E has non-zero values only for 6 —0. 
Experimentally this is observed as transmission of light 
through a medium without scattering. 


Polarisabilety 


Let us consider briefly the polarisability of molecules, which 
is a very important characteristic ofthe interaction of radi- 
ation with matter, We have already seen (Section1,2) that an 
oscillator will execute forced oscillations proportional to the 
component of the external field vector along the axis of the 
dipole. If we denote the induced dipole moment of the oscil- 
lator by p, and substitute E,, for Ecos 4, we obtain from 
(2,30) in the steady state 


e?/r71 
= Ea. FE 
ioe w? +. 217 w ' ep (3.9) 


where 
e*/m 
Q, — 


2 6 ° = 
Wo — we + 21 yw 


is the polarisability of the oscillator. If the oscillator ab- 
sorbs external radiation (y+#0),the polarisability is complex. 
This means that the phase of the oscillations of the dipole is 
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not equal to the phase of the incident radiation (see (2.31)). 

In contrast to a linear oscillator, the electron cloud of a 
molecule will execute three-dimensional oscillations under 
the action of incident radiation. An electric field parallel to, 
say the z axis, will cause a displacement of the charges 
not only along this axis but also along the other two axes, 
since the charges in the molecule interact with each other. It 
follows that the components,of the dipole moment which are 
induced by the external field are related to its components 
by the equations 


Do eee Gp, sien oe 
Dy = %yx ee aie ayy L y = A y2 E; (3.10) 
Pz, = a,x Ey a aay a ery oP 


If we introduce the polarisability tensor 


x a a 


xy 


Q= 1 a, ayy ay, (3.11) 


we can rewrite (3.10) in the form of the single equation 
p= aE. (3,12) 


The polarisability a represents the ability of the electrons 
in the molecule to become displaced by the field E and has 
the dimensions of a volume, Usually, « is of the order of 
the cube of the molecular radius, i.e. about 10-** cm‘, In 
the case of a linear oscillator parallel to the x-axis, all 
the components of the tensor (3,11) are zeroexcept a,, = a. 

The total induced dipole moment P of all the particles 
in a unit volume is known as the polarisability vector and 
is given by 


P=N,aE (3,13) 
where JN, is the number of particles per unit volume. 
By definition, the induction D is 
D=eE=E+4nP (3,14) 
and therefore 
on ake (3,15) 
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From (3.13) and (3.14) we have the following relation be- 
tween the dielectric constant and polarisability 


. e=l+4anNya (3.16) 


ry 
mh 


Refractive index 


The relation between the refractive index and the dielectric 
constant given by (3.16) may be rewritten inthe form 


n=YVYe=V1+42N,a (3,16a) 


where n is in general complex. If we substitute the value of 
a from (3.9) into this expression and extract the square root 
approximately, we obtain the expression for the refractive 
index of a gas consisting of harmonic oscillators: 


n=n-+ik, (3.17) 


where 
+OnN a — 
me | ue 1 2 9\9 > 9 
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A plane electromagnetic wave propagating in a medium 
with a complex refractive index may be represented by 


ce yr {(w (t- =) 
E=E,e ° e : (3,18) 
It follows that the imaginary part of the refractive index 
characterises the damping of the wave. The coefficient &; 
is often referred to as the extinction coefficient. The in- 
tensity of the wave falls off exponentially in accordance with 
the expression 


Palen 
where the absorption coefficient k is given by 


k= k, — 
C 
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Figure 1.9 illustrates the variation of n and 2, with fre- 
quency. As can be seen, the form of the function k; (w) is 
determined by the absorption line profile. The graph of 
1 () has a more complicated shape, If the oscillators have 
different natural frequencies, the number n will be re- 
placed by the sum Zn, 


Rayleigh scattering by density fluctuations 


In our discussion of the propagation of radiation through 
matter, we assumed that the medium was optically iso- 
tropic. Strictly speaking, this assumption is never valid. 
Even if the medium as a whole is uniform, the thermal 
motion of the atoms and molecules gives rise to density 
fluctuations which lead to optical irregularities. In other 
words, if we subdivide the total volume V occupied by the 
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Fig. 1.9 Frequency dependence of the re- 
fractive index and the absorption coeffici- 
ent near the natural frequency of a dipole 


molecules into elementary volumes Jv,, the number of par- 
ticles N,, the density p, and the dielectric constant ¢,, will 
fluctuate about their mean values N,, p, ande; respective- 
ly. The linear dimensions of the elementary volumes are 
chosen to be much smaller than the wavelength of the inci- 
dent radiation 42. Owing to the non-uniformity of the medium, 
secondary waves emitted by the dipoles cannot extinguish 
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each other, not only in the direction of the incident radi- 
ation, but also in all other directions. The result is that the 
incident radiation is scattered, 

Density fluctuations are not the only cause of scattering. 
Scattering can also arise as a result of angular anisotropy 
in the distribution of dipoles within an elementary volume, 
However, here we shall confine our attention to Rayleigh 
scattering by density fluctuations. 

We can calculate the scattered radiation for a more gen- 
eral model than the linear harmonic oscillator without undue 
complication of the mathematical derivation. If we write the 
dielectric constant in the form 


E =e + Ae (3,19) 


where « is the mean of «, and Ae is the departure from 

the mean, we can rewrite (3,15) in the form 
ee hie tee 3,20 
AR + 4x (3.20) 
The first term in (3.20) gives the average of the dipole mo- 
ment over the entire volume, As was pointed out above, if 
all the dipoles are identically excited they do not give rise 
to scattering. In the present case the part of the individual 
oscillators is played by the elementary volumes, Conse- 
quently, the scattering process is determined by the second 
term in (3.20). The dipole moment of the :-th elementary 

volume is 
p= Afi fp U; (3.21) 
4n 


According to (1.14), the electric field in the scattered 
wave propagating in the direction n at large distances 
from the dipole moment (3.21) is given by 


scat we he Ae 
E; = — —— [n[np]] = — —_— 
c* R 4nc*R 


[n[nE]}u, = (3,22) 


Since the dielectric constant © is a function ofthe density 
p and temperature 7, it follows that 


Ae, = —— Ao, + —— AT; (3,23) 
p 
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Calculations show that the temperature fluctuations are of 
minor significance, and so we can set approximately [4] 


Ac, = = 

dp 

If we now substitute this expression into (3.22) and sum over 

all the elementary volumes, we obtain the electric field 

strength in the wave produced by all the oscillators, which 
is propagating in the direction n: 


Ap, (3,23a) 


~ scat 
EF —— E. = -— ae n nE Av, v i 3.24 
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This expression leads to the following mean flux of radiation 
in this direction 


C C 
S.=—!E H = —n(E_  )- 
0 An scat scat An ( out! 
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eee =) ImInE}}* (Sore) (8.25) 
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where § is the angle between E and n. The mean squarein 
this expression can be shown [4] to be given by 


7, es . 1 — U; 
(Mena) = Me ye (8.26 
and therefore 
i) jee, NY uf 
S (4 eee ee FE? sin? 6 > Se 3,27 
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Since N, = N,v;, (3.27) may be written in the form 


i de— \? V 
ise usin? 6 — 3.28 
1672 c3 R? ‘= | N, a 


where u = £%/4n is the density of the incident radiation. 
If n is the refractive index, we have the following relation 
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and the flux scattered radiation is given by 


i . V 
S(4) = _ PAP 3,30 
S (4) a (7 -- 1) sin? 6 W. tl (3,30) 
which is known as Rayleigh’s formula. 

Comparison of (3.30) with (1.15) shows that when the 
medium is illuminated by linearly polarised radiation, the 
angular distribution of Rayleigh scattered radiation is the 
same as the angular distribution in the case of dipole 
emission (see Fig. 1.2). According to Rayleigh’s formula, 
the intensity of the scattered radiation is inversely propor- 
tional to the fourth power of the wavelength of the incident 
radiation. Therefore, if the incident radiation is white, the 
scattered radiation should be mainly blue, whilst the trans- 
mitted radiation is mainly red. If we integrate (3.30) over a 
sphere we obtain the flux of scattered radiation propagating 
in all directions: 


Pad = 
>= Kal S (8) R?sin§d& = 
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It should be noted that this dependence of S on 4 is valid 
only if the frequency of the incident radiation is very dif- 
ferent from the natural frequency of the oscillators. If the 
frequency approaches the resonance frequency, it is neces- 
sary to takeinto account the strong dependence of the refrac- 
tive index on 4. 


Polarisation 


In order to define a particular radiationcompletely, one must 
specify five independent quantities, namely, the direction of 
propagation, the frequency (or the spectrum), the intensity, 
the phase of the oscillations and the polarisation. The last 
is an important characteristic of radiation, It indicates the 
anisotropic effect of light in the plane perpendicular to the 
direction of propagation, and contains a very considerable 
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amount of information about the properties of the emitting 
atoms and molecules, The nature of the polarisationis deter- 
mined by the locus of the end point of the electric vector of 
the wave. For example, if the vector executes oscillations 
in a given plane, the lightis saidto be plane polarised. 

Radiation of any polarisation may be represented as the 
sum of two waves which are plane polarisedin two mutually 
perpendicular directions, For a monochromatic wave, the 
components of the electric vector along these directions are 
given by 


E, = a,cos(wfl 4- ¢,): E, == a, c0S (ut -+ $5) (3.32) 


If we eliminate the time between these two expressions we 
obtain the equation for the locus of the end point of the 
electric vector: 


2 ie Rime te 
BE; ko ey Ie. See ‘ ; 
—e + > 2 —— cos? (4-~- 4) = sim? ($y -- €) (3.338) 


In general, this is the equation of an ellipse. It assumes the 
simpler form 


2 2 
as 4+ as = | (3.338) 
Qa: ao 


when the phase difference ¢, — ¢, =7/2.The coefficients a, 
and a, are the semi-axes of the ellipse, and when they are 
equal the light is circularly polarised. If, onthe other hand, 
S,—9,=kR2x, Where Ris an integer including zero, then we 
have from (3.33) 
Ey =: $ E. 
Q, a, 


(3.33b) 


which are the equations of straight lines. 

The radiation emitted by hot bodies isdueto the emission 
by a large number of atoms and molecules and consists of 
waves of various frequences. The phase difference g2—¥ 
can then assume any value with equal probability. Natural 
radiation is therefore completely isotropic in the plane 
perpendicular to the direction of propagation. 

It should be noted that circularly polarised light and natu- 
ral radiation are externally indistinguishable and have an 
analogous effect on polarisation instruments, This is also 
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true for elliptically polarised light and partly polarised 
natural light. In order to establish the true nature of polar- 
isation, it is necessary to perform special experiments in- 
volving phase changes. ; 

It is not always convenient to describe the polarisation with 
the aid of equations of the type given by (3.33). If the radi- 
ation consists of many waves this is practically impossible. 
Polarisation is therefore sometimes characterised by the 
degree of polarisation, whilst in other cases it is described 
by the degree of depolarisation. 

If we pass a beam of light through a Nicol prism we can 
easily establish the two mutually perpendicular directions in 
which the oscillations of the electric vector have the maxi- 
mum and minimum values, The degree of depolarisation is 
then defined by 


A, = 2 (3.34) 
das 
If the radiation is plane polarised wehave /,,;, = 0 and there- 


fore A,=0, For natural radiation, or for circularly polar- 
ised radiation /min =/ px and A, = 1, In addition to the degree 
of depolarisation, radiation is frequently characterised by 
the degree of polarisation, which is defined by 


P: = | acae — F nin (3,35) 
daa sO Lwin 


The degree. of polarisation defined in this way is always 
positive and may assume any value between 0 andl. Itis 
easy to see that it is related to the degree of depolarisation 
by the expressions 
| A ies RS Se, (3,36) 
1+ A, 1+P, 


When one of the two quantities (P, or A,) is increased from 
O to 1 the other decreases from 1 to 0, 


Polarisation of secondary emission 


Polarisation studies provide important information about the 
properties of atoms and molecules. Both the degreeof polar- 
isation defined by (3.35) and the direction of the maximum 
oscillations of the electric field in the secondary wave are 
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significant in this connection. In polarisationmeasurements 
the exciting radiation is usually plane polarised, and the 
direction of observation lies in the plane perpendicular to 
the electric field in the incident wave. The degree of de- 
polarisation and the degree of polarisation of the secondary 
waves are then defined somewhat differently: 


/ 
A == —~— (3.37) 
Ls 
p— female (3.38) 
Lad. 


As before, /, and /,are the intensities of two components 
which are polarised in mutually perpendicular planes. How- 
ever, in distinction to the preceding case, the orientations 
of the planes of polarisation is determined by the directions 
of maximum and minimum oscillations of the electric field 
not in the secondary waves but in the exciting radiation, 
The direction of the oscillations of the electric field in the 
component /, is parallel to the direction of maximum oscil- 
lations of the electric fieldin the incident radiation, while the 
direction of the oscillations in /, is parallel tothe direction 
of the minimum oscillations. 

The parameters A and P are related by formulae ana- 
logous to (3.36). However, they differ from A, and P; both 
in their range of values and their physical significance. In 
point of fact, while A; and P; vary between 0 and 1, the new 
parameters A and P can in principle assume any values 
within the limits 

0<Agao,—-1<P<l 


Without reference to the exciting radiation, only A; and P, 
have a physical meaning, whilst A and P are undefined, 
For example, Acan assume any value between 0 and in- 
finity for plane-polarised radiation depending on the angle 
between the plane of polarisation and the z-axis, i.e, de- 
pending on the resolution into the components /, and /,, 
which is quite arbitrary without reference to the exciting 
radiation, 

Light emitted by elementary sources is always polarised 
(see Section 1). However, in practice one measures the 
radiation emitted by an enormous number of atoms and 
molecules. In order that this radiation should be polarised 
it is not sufficient to have anisotropic sources. Radiation 
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is polarised when at least one of the following conditions 
is satisfied: (1) the elementary sources have preferred 
orientations, (2) the excitation is anisotropic, i.e. sources 
of definite orientation are excited, or the degree of ex- 
citation depends on the orientation. 

The first condition is satisfied in solids, for example 
crystals, where the internal regular fields force the mole- 
cules into certain definite orientations. Anisotropic films 
of cellophane and certain organic fibres are also found to 
exhibit preferred orientations. The anisotropy of a macro- 
scopic system may be produced by various mechanical 
methods, as well as by electrical and magnetic fields. 

We shall confine our attention to the polarised emission 
due to macroscopically isotropic systems, Their emission 
is polarised because the effect of external radiation on the 
molecules depends on their orientation. 


Polarisation in Rayleigh scattering 


We were concerned above with Rayleigh scattering by den- 
sity fluctuation. Suppose now that the incident radiation pro- 
pagates along the x axis, while the scattered radiation is 
received along the y axis. The electric field of the incident 
wave will then lie in the yz-plane, while the field in the 
scattered radiation, will, in view of (3.22), be parallel to the 
z axis, Consequently, both for plane-polarised and for nat- 
ural incident radiation, the degree of depolarisation of the 
scattered radiation is equal to zero, whilst the degree of 
polarisation is equal to unity. Experiment shows that for 
gases the degree of depolarisation does not, in fact, exceed 
a few hundredths. However, the x-component is never com- 
pletely zero, and can assume an appreciable value in scat- 
tering by liquids. The reason for the appearance of the 
x-component is that if the molecules are anisotropic there is 
a fluctuation in the anisotropy in elementary volumes, and 
this is analogous to the density fluctuations considered above. 

In the absence of absorption, the polarisability tensor of 
many molecules (the exceptions are mainly the optically 
active molecules) can be reduced to the diagonal form [4] 


c=} 0 yy 0 (3.39) 


Classical theory of absorption and emission 49 


by rotating the coordinate axes. If the fluctuations in the 
anisotropy are taken into account in this case, the degree of 
depolarisation of light scattered inthe transverse direction 
is given by 


be ie tcicosed ae (3,40) 
56? + 4¢° 
__ 6g? 
es: 7g? (3.41) 


where the former refers to illumination by plane-polarised 
radiation, while the latter corresponds to natural incident 
radiation. The quantities 6 and g are related to the com- 
ponents of the polarisability tensor by 


b= a, + Ayy + G2, 
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aid of (3.40) and (3.41): 
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For completely isotropic molecules 4, =4,, = 4,,, g =0 
and therefore A =A, = 0. If, on the other hand, the molecules 
are completely anisotropic, as for the linear oscillator, i.e. 
if for example 2,,¢0, %,, =4%,, =0, then the degree of de- 
polarisation will reach the maximum values A=1/3, A, 
=1/2. Intermediate values are obtained in all the remaining 
cases. 

The degree of depolarisation of scattered radiation will 
therefore lie within the range 


D2 a 
3 (3.44) 


depending on the properties of the scattering molecules. 
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The degree of polarisation, on the other hand, will, in ac- 
cordance with (3.36), lie within the ranges 


va 
eZ 


(3.45) 


This is valid only for the scattered radiation. The polari- 
sation of luminescence is always much lower and, as will 
be shown in the following section, is never greater than 1/2. 


Polarisation of luminescence excited by 
plane-polarised radiation 


Let us consider the polarisation of the luminescence emitted 
under the two most important methods of excitation, namely, 
excitation by natural andby plane-polarised radiation. These 
calculations were first carried out by Levshin [5] and 
Vavilov. Consider, to begin with, a set of linear harmonic 
oscillators. As has already been pointed out, this model is 
capable of explaining a large number of experimental facts 
on polarised luminescence, Some generalisations of this 
model of aluminescing molecule (two-dimensional and three- 
dimensional oscillations) will be considered below. 

Since luminescence is not a coherent process, its total 
intensity is equal to the simple sum ofthe intensities due to 
the individual oscillators, and can be readily calculated, 

Suppose that the harmonic oscillators under consideration 
are randomly distributed in space, If all the electric field 
vectors are drawn from the origin, their end points will lie 
with uniform density on the surface of a sphere (parallel 
displacement of the dipole moment vector within the speci- 
men having no effect on the polarisation of the emitted 
luminescence). Suppose further that the oscillators are 
excited by plane-polarised radiation incident along the 
x axis. The electric field in the incident radiation is paral- 
lel to the 2 axis and the luminescence is measured in the 
direction of the y axis, 

In calculating the polarisation of luminescence we shall 
suppose that the molecules do not execute rotational motion, 
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so that the direction of the dipole moment of a given oscil- 
lator will remain the same. Theeffect of Brownian rotations 
on the polarisation of luminescence will be considered at 
the end of this section. 

Consider an oscillator in a set of dipoles, and let its 
direction in space be defined by the angles 6 and @g. Ac- 
cording to (2.31), external radiation will excite oscillations 
in the dipole of amplitude proportional to cos 94. The ampli- 
tude of the electromagnetic wave is also proportional to 
cos 9, and the components of the electric fieldin the emitted 
radiation along the z and x axes are 


Bs EF cos” 5 
(3,46) 
E, = Ecos§sin 4 cos 


where E is the field strength in radiation emitted by an 
oscillator lying along the z axis, 

In order to find the intensity of luminescence emitted by 
all the dipoles in the direction of the y axis and polarised 
along the z or x axes, we must square (3.46) and integrate 
with respect to 0 and q. The result is 
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where C is a proportionality constant. The degree of pol ari- 
sation is given by 
I,—Tl, | 


Pie = = 
por 3 (3.49) 


The magnitude of the polarisation depends on the direction 
of observation, If we determine the polarisation of lumines- 
cence emitted in the direction ofthe z axis then,in the case 
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under consideration, the radiation will be found to be com- 
pletely depolarised (P=0). In all other directions it will be 
found to lie between 0 and 0.5. The maximum degree of 
polarisation which is possible for the chosen set of elemen- 
tary sources in thé absence of depolarisation factors will be 
called the limiting degree of polarisation. It is equal to 0.5 
for linear harmonic oscillatars. 


Polarisation of luminescence excited by 
natural radiation 


Suppose that the oscillators are excited by natural radiation 
incident along the x axis. The radiation may be represented 
by a set of linearly polarised rays, the electric field vec- 
tors of which lie in the plane perpendicular to the direction 
of propagation (Fig. 1.10). 

The amplitude of oscillations excited by one of the plane- 
polarised rays in the dipole with angles 4% and g is pro- 
portional to 


cos (ED) == (cos 7 cos 4 + sin sin6 sin ¢) (3,90) 


In view of (3.46), the intensities may be written in the form 


T 


I; == CJ E |? (dj cos’ (ED) cos?9d 2 (3.51) 
0 $2 


Ii = C\E[? {d, {cos(ED) sin? 6 cos ¢d 2 (3.52) 


0 Py 


where the integration is carried out over all the orienta- 
tions of the electric field in the exciting radiation and over 
all the dipoles in the system. The superscript e repre- 
sents the fact that the system is excited by natural radiation, 
These integrals can easily be rewritten with the aid of (3.50) 
in the form 


rr 


: (2+ /y) (3.53) 


T 
Iz= | [cos?q/,+ siPql,]dq= 
0 


Lage, (3,54) 


0 


Accordingly, the degrees of polarisation of luminescence 
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excited by natural and linearly polarised radiation are re- 
lated by 
P 
P; = “op (3.55) 
On substituting P= 1/2 in (3.55) we obtain P, =1/3. 
The expression given by (3.55) is valid not only for lumi- 
nescence, but also for scattered radiation. This can be 


easily verified with the aid of (3.36) and (3.43), 


Dependence of polarisation on the angle between 
absorption and emission dipoles 


The degree of polarisation of luminescence determined ex- 
perimentally depends not only on the nature of the elementary 
sources and the method of excitation, but also on various 
depolarising factors. Therefore, ifthe luminescence is char- 
acterised by the degree of polarisation P< 1/2 or P,< 1/3, 
this can be explained as aresult of depolarisation. However, 
none of the depolarisation factors, including Brownian 
rotations, can lead to negative values of /. The appearance 


Fig. 1.10 Excrtation of oscillators by 
unpolartised radiation 
$ 
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of negative values of the degree of polarisation can easily 
be explained ifitis assumed that the absorption and emission 
of radiation is associated with different non-collinear dipoles 
in the molecule, Sra : 

Consider a set of particles, each of which consists of 
an absorbing and an emitting linear oscillator, at an angle 
£ to each other. The amplitudes of the oscillators in each 
particle will be assumed to be proportional to each other. 
Moreover, we shall suppose that the amplitudes are com- 
pletely determined by external excitation and the spatial 
orientation of the absorbing dipole only. The emitting dipole 
will not interact with the incident radiation. If we now con- 
sider a narrow bundle of absorbing dipoles lying in the 
direction 6, ® the associated emitting oscillators will lie 
on a cone as shown in Fig. 1.11. 

The total rate of absorption by all the oscillators whose 
dipole moments lie on the cone is proportional to the power 
absorbed by the dipoles lying along the axis of the cone and 
is therefore proportional to cos?@ if the incident light is 
plane polarised. The problem is to find the components of 


Fug. 1.11 Orientation of emission 
oscillators relative to a given dt- 
rectionof absorption oscillators 
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Dem along the z the x axes, average them with respect to 
7% and then integrate with respect to 4 and o. In order to 
find the components D’.. and Dm it is convenient to use 
an auxiliary system of coordinates whose 2’ axisis parallel 
to D,,,, Whose y’ axis lies inthe yx-plane andwhose.x’ axis 
is in the plane z ODa,ys. We then have 


Doom = De COS (X’ z) + D,: cos (y’ z) + Dz cos (2' 2) 
= D.,(—sin€ cos yj sin § + cosé cos 9) (3.56) 
Dem = Dy. cos (x’ x) + Dy cos (y’ x) + Dy cos (2’ x) 
=D, (sin— cos ycos@cos¢ + sin§ sinysin¢ + cos§ sin 8 cos ¢) 
from which it is easy to show that the luminescence of all 


the dipoles, which is polarised along the z2- and x -axes and 
propagates along the y axis is given by 


I, (2) =C|E |? cos*6 cos? (D,,, z) 


= C | E|* cos? 6 (cos? 4 cos?& + = sin? 4 sin? §) 


I (2) =C|E |? cos? 6 cos? (Dem x)” (3.57) 
a C|E[Pcosta (= cos* fi cos? » sin? — 
\ 


+. ~ sin? ¢ sin? + sin? 6 cos? ¢ cos? | 


where the bar over the cosines represents averages with 
respect to 4. If we now integrate with respect to 0 and » we 
obtain 


[,= on. C\EF [cose + sin? &) 
5 3 
(3,58) 
j= iii CLE} [costs + sinte | 
D 3 3 
Which corresponds to 
2— 3sin? 
Peeters (3.59) 


4 — sin7& 
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Levshin’s formula (3.59) gives the polarisation of lumines- 
cence as a function of the angle between the absorption and 
emission dipoles, and is one of the fundamental formulae in 
the classical theory of polarised luminescence, According 
to this formula,: the degree of polarisation should vary be- 
tween 1/2 and -1/3 When the angle & is increased from 0 to 
90°. It will be shown in Chapter 8 that the formula given by 
(3.59) is the limiting case of a more general quantum- 
mechanical expression, 


Polarisation of luminescence due to plane and three- 
dimensional oscillators [6] 


So far we have discussed luminescence interms of the linear 
harmonic model of a molecule, This model is based on two 
assumptions: (1) that the dipole moment of the molecule 
induced by the external field is linearly related to the field 
strength, and (2) that the incident radiation excites one- 
dimensional oscillations along acertain axis in the molecule, 

The first assumption is satisfied within very wide limits. 
The determination of these limits is aproblem in the quantum 
theory of radiation and will be considered later. The second 
hypothesis is much more specialised. In general, the effect 
of the incident radiation will be to excite three-dimensional 
motion of the molecule, which can be represented as a 
superposition of three mutually perpendicular oscillations, 
In point of fact, scattering experiments have shown that the 
polarisability of molecules is in general a tensor quan- 
tity, and therefore the electric vector of a plane-polarised 
wave excites oscillations along all three axes (see (3.10)). 
This is due to the interaction between all the charges in the 
molecule, 

The tensorial nature of polarisability can be seen not only 
in scattering, but also in luminescence. The polarisation of 
luminescence must occasionally be interpreted by assuming 
that two or three mutually perpendicular oscillators ineach 
molecule are responsible for the emission of luminescence 
{7}. The set of such dipoles in a particular molecule is 
usually referred to as a plane or a three-dimensional 
oscillator, 

The theory of polarised luminescence of three- dimensional 
oscillators can be constructed by analogy with the theory of 
scattering. It is only necessary that we introduce the single 
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assumption (though somewhat artificial in classical theory) 
that absorption and emission are separated by intermediate 
processes which disrupt the relation between the phases of 
the incident and emitted waves. 

In general, a luminescing molecule must be represented 
by a model consisting of three perpendicular oscillators, 
i.e, two spatial dipoles, one of which is responsible for 
absorption and the other for emission, In other words, for a 
given density of incident radiation, the rate of absorption 
by a molecule is determined by the properties and the ori- 
entation of the absorption dipole only. This dipole must 
therefore transmit its energy in some way to the oscillator 
responsible for emission. The polarisation of luminescence 
is fully determined by the properties and orientation of the 
oscillator responsible for emission and does not directly de- 
pend on the external radiation. Let the absorption oscillators 
be represented by A, As, A; and the emission oscillators by 
B,, Bo, B;. The first set of vectors is chosen so that the 
ratios A,:A 9:A,3 are equal to the ratios of the principle 
polarisabilities of the molecule «a: u2:a;. The proportion 
of luminescence with a given direction of the electric field 
is determined by the quantities B,, B, and 8s, It will be con- 
venient to use the notation 


cos(x,A;) =a,,. cos(z, A;) = a,, 
(3.60) 
cos (y,A;) =a;,, cos (B; Aj) = bj 


Suppose that isotropically oriented molecules are illumi- 
nated by external radiation in which the electric field is 
pdrallel to the z axis (£ =£,), whilst the luminescence 
is observed along the y axis. The rate of absorption by 
molecules with given orientation of the absorbing dipoles is 
given by " 

Wars = CIEPIAlai: + Ajai, + Ajai, | 


CIE (3.61) 


9 ed 
v A; Qiz 


By analogy with the above discussion, the z- and x-com- 
ponents of the intensity of luminescence may be written in 
the form 

LAO) Se CW ge [Bi cos? (B,z) -- Bocos? (B, Zz) 
(3.62) 
+- B5 cos? (B,z)) = CE NAT ai. )) Bi cos*(B; z) 
t 


3 
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iat) CW 4. [By cos* (B, x) 4+- B; cos” (B, +) -+ B; cos* (B, x)| 


= C’ [EP - a, Xx B* cos? (B; x) aioe 
i j 
where C’ is a coefficient of proportionality. Since 
cos* (B; Zz) = (S Dix as) =x Dig Apz Djt Qj, 
LR kil 
cos" (Bj +) = e Dix 7) as ) Dit Ay Oj1 yy 
¢ 
it follows from (3.62) and (3.63) that 
j oo YAY 9 
= CIEPL LR BA (3.64) 


2 75? 
X Giz Bidjx Ayz Ojt Ayz 


i,(2=CjERPL MY 2 Aj 
f y oR (3.65) 


xX diz Bj Dix Ape bjt Qs 
To obtain the total intensities, the expressions given by (3.64) 
and (3.65) must beintegrated over all angles. This can easily 
be done if the orientation of a molecule is specified by the 


Euler angles (Fig. 1.12). It follows directly from the geo- 
metrical construction that 


Q,,=sindsin§, a,, -=cospcosy — sing sin cos 9 
a,,=cosysin#, a, =cos¢sinu+sindcosycos§ (3.66) 


Q3, = cos, Q3, = sine sin 9 
and hence 


J. = fae (ay fiat2 2)sin§d4 
: : (3.67) 


_ Sais lyy 9 IV yV 42 p 
= 8 rec JEP] = dom) awed A; B; bi, + pg dd A Bi i i 


a | kid 
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Le 2m = 
I= (de (d4(1,(Q) sinbdo 
) ; ‘ 


(3.68) 
; ] yy 9 B? b: 2 ~: ay A? b? 
=8atC [E/N APB Oi + YY Al BF in| 
15 i of 15 iy pe 
which corresponds to a degree of polarisation: 
= 9 
Pp = t sy t ! Riel (3,69) 


gL LAB 643 eee Dis 


{oy é gk: 


This expression may be used to find the degree of polari- 
sation P,, of luminescence excited by natural radiation, 
since P and P, are related by the simple formula given by 
(3.95), The expression given by (3.69) is the most general 
classical formula for the degree of polarisation. It is valid 
as long as there is a linear relationship between the induced 


Fig. 1.12 fuler angles 


dipole moment and the electric fieldinthe incident wave, i.e. 
within very wide limits. Let us consider (3.69) in a number 
of special cases. 

1, Firstly, let us suppose that the absorbing oscillator 
or the emitting oscillator are completely isotropic (A; = A» 
= A,orB, = B. = B;), We can then take ‘; or 5; outsidethe 
summation sign. The numerator in (3.69) will be zero, which 
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represents complete depolarisation of the luminescence, 
This is a natural conclusion, since the assumptions from 
Which it is derived .ensure that either the molecules are 
excited in the same way whatever their orientation, or they 
emit isotropic luminescence independently of the degree of 
excitation, 

2. secondly, suppose that absorption is due to a linear 
dipole (A, =-0, Az =A; = 0), whilst the emission is due to a 
plane oscillator (8, =-B,#«0,B; = 0), We can now easily trans- 
form (3.69) into the simpler form 


3 sin? §— 2 
——_——_— (3.70) 
sin? s +6 
where B is the angle between the absorbing dipole and the 
perpendicular to the plane of the emitting oscillators. As 8 
increases from 0° to 90”, the degree of the polarisation varies 
within the limits -1/3 < P <1/7. An analogous result is ob- 
tained if a plane oscillator is responsible for absorption 
(A, = A, #0, A; = 0), whilst the linear dipole is responsible 

for emission (8, #0, B, = B, = 0). 

3. If the dipoles responsible for absorption and for emis- 
sion are completely anisotropic i.e. are linear oscillators, 
(A, #0. B, #0, A, = A; = B, = B; = 0), we have from (3.69) 


— 2611 — (biz + bis) = 361, — | 
4bi1 + 3(bi2 + bi) bie 3 
(3,71) 


__ dcos*¢ — | 2—s3sin-< 


——<— 


cos°¢ +3 4 — sin®é 


where we have taken into account bj + biz + ban = 1, Aswas 
to be expected, (38.71) is identical with equation (3.59) above. 

When the absorption and emission oscillators are com- 
pletely anisotropic, the variation in the polarisation is the 
maximum possible, namely -1/3<P <1/2. Any degree of 
polarisation observed experimentally may therefore be 
attributed to the luminescence of linear harmonic oscil- 
lators. However, it does not follow from this that the optical 
properties of molecules will always be best represented by 
linear dipoles, 

It should be noted that the dependence of the degree of 
polarisation of luminescence and of scattered light on the 
anisotropy of the molecules is quite different. Thedegree of 
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polarisation of scattered radiation decreases with increasing 
anisotropy, whilst the degreeof polarisation of luminescence 
increases. Moreover, the two ranges never overlap, and it 
is Only in the limiting case of completely anisotropic mole- 
cules that the maximum degree of polarisation of lumines- 
cence is equal to the minimum value of ?P for scattered 
light, namely 1/2, ; 


Luminescence method of determining the nature of 
an elementary source 


The nature of elementary sources may be determined by 
studying the emission spectra under normal conditions or 
in magnetic fields, by establishing the duration of lumines- 
cence afterglow, by observing interference patterns and 
so on. However, these methods are often inadequate for 
complicated systems, 

It was shown in Section 1,1 that the most clearly defined 
characteristic of an elementary sourceis the angular distri- 
bution of the radiation emitted by it. This distribution is 
characteristic not only of the emission of individual particles, 
but also of large setsofparticles. Even when the elementary 
sources are distributedisotropically in space, the anisotropy 
of the exciting radiation leads to a selective excitation 
which depends on the particle orientation. The anisotropy 
in the angular distribution of excited particles depends on 
the nature of the elementary sources, and isclearly reflec- 
ted in the polarisation of the luminescence, Thisis the basis 
of the polarisation method for the determination of the 
nature of elementary sources which was put forward by 
Vavilov [8]. Vavilov also derived the polarisation diagrams 
for practically all the most important examples when the 
absorbing and emitting elementary sources are dipoles or 
quadrupoles. In essence his method involves the measure- 
ment of the polarisation of luminescence as a function of 
7 and ¢, where 7 is the angle between the z axis, and the 
electric field in the exciting radiation, whilst ¢ defines the 
direction of observation in the xy-plane (Fig, 1.13). By 
comparing the experimental curve with the calculated polari- 
sation diagrams it is possible to establish the nature of the 
elementary source, 

Let us consider a simple example of the construction of 
polarisation diagrams, Above, wecalculated the polarisation 
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Excitation 


Fig. 1.13 


of the luminescence emitted by asetofharmonic oscillators 
excited by plane-polarised light. It was assumed that n=0 
and @=90°. In general the degree of polarisation is given by 


P == (3.72) 


2 — sin? qsin* 9 


If the electric field in the exciting radiation is parallel 
to the z axis (y = 0), then (3.72) yields P='/. forall qm. This 
was to be expected, since in the present example the z= axis 
is the symmetry axis of the angular distribution of the ex- 
cited particles. If the system is observed along the y axis 
(p=90°) and the angle y is increased from 0 to 90°, the 
polarisation changes from '/, to 0 in accordance with the 
formula 


(3,.72a) 


If, instead of asetofdipoles, wetake a set of quadrupoles, 
the polarisation of the luminescence will be given by a com- 
pletely different formula, namely, 


_  -2cos*ycos’@ -- sin? y(1 + cos 49) 


_ Drea coe ae i ae (3.73) 
2+ 2cus’ ¢ cos” 4 + (1 -+ cos 4 ¢) sin’ 7, 


In distinction to (3.72), the latter expression shows that P 
is a function of m even when ny = 0, The polarisation varies 
from '/2 to0 as ¢ varies from 0 to 2/2. Other examples may 
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be found in the literature [9]. A number of polarisation 
diagrams are shown in Fig. 1.14. Polarisation diagrams 
for non-coincident absorbing and emitting dipoles have been 
given by Gurinovich and Sevchenko [10]. 


Effect of Brownian rotations on the polarisation of 
luminescence 


It was assumed above in the calculation of the polarisation 
of luminescence that the molecules had no rotational de- 
grees of freedom. The assumption is not valid especially 
for vapours and non-viscous solutions. However, Brownian 
rotations are possible even in the solid phase and under 
certain conditions may have an important effect on the ani- 
sotropy of the emitted radiation. 

To begin with, let us consider rotational Brownian motion 
of a spherical particle with an attached linear harmonic 
oscillator. If at the initial instant oftime the direction of the 
dipole moment of the oscillator D is specified by the angles 
@ox=Qa= 0, then at some subsequent time there is a definite 
probability that D will have a different direction. Since 
Brownian motionis isotropic, this probability is symmetrical 
with respect to the initial position of the vector D, 1.e. its 
value is independent of gq. Let us denote this function by 
/ (8,7). It is evident that the angular distribution function for 
the vector D should satisfy the normalisation condition 


o vr. ot 
{del FU, )sinbdb=2=( F(0,dsinddb=1 (3.74) 
Y 0 () 


The rotational Brownian motion is, by analogy with the 
translational motion, described by the diffusion equation 


Of 
=I) foo 
Ot ot OY, 2) f (3.75) 


where D,,, is the diffusion coefficient and A(6, y) is the 
Laplace operator 
] he 


ee (3,76) 
sim O¢ 


A (6; ~) = oe. ie ( sin § ———| + 
sinf df 


For spherical particles, the diffusion coefficient Do. is 


SsuDsb DIP U0IMDSUDIOd TI] *b%1 


C/L= HP C/UL = @ , C/L = @ C/L =D T/L=@ Z/LZ= 


See voy: 
PF). 
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related to Boltzmann’s constant, the temperature, the volume 
V of a particle and the viscosity n of the solvent by the 
equation [11] 


D = kT 


| 
—- ott 
i 6 V 4, ( 


Since / is independent of ¢ it follows from (3.75) that 


of = Dw | —<— ( sin’ of ) (3.78) 


ot sind d6 090 


In the ensuing analysis we shall need the mean 


u(t) = cos?6= 2x | cos* ¢ f (6, 1) sin@d6 (3.79) 


0 


Which may be evaluated without a knowledge of the explicit 
form of the function /. To find the mean, let us differentiate 
(3.79) under the integral sign with respect to time: 


d yo 
© ut) =2n | gsr sin 6d 8 (3.80) 


dt 


O} 


If we now substitute for 7 from (3.75) into this expression 


and integrate twice by parts, we have 


d 
oft) = 2D joe ~ 6 Dyoy et (3.81) 


The solution of this equation, subject to the initial condition 
v(O) = 1, is 


eae | _¢ 
o(f) = cos*G= — (1+ 2e “rot! ) (3,82) 


When D_jf< 1, it follows from (3.82) that 


rot 


which is analogous to Einstein’s law for translational one- 


dimensional motion: 


Axt=2DAl (3.83) 
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where Ax° is the mean value of the square of the displace- 
ment in time A/, and D is the diffusion coefficient for trans- 
lational Brownian motion. 

The orientation of a Brownian particle may be specified 
by nine direction cosines ),,, which determine at the time / 
the position of the three rectangular coordinate axes of the 
sphere relative to the initial position of these coordinates, 
It is evident that b°,=0;; = b7, = cos*§, Since in isotropic 
Brownian motion any two of the axes are equivalent with re- 
spect to the third, it follows that 67, = b;. 

since 


2 2 alee. 
Ob, + Oi; : OF 


we have, using (3.82) 


2 = en (1+ 2e7 Prot! ) 


: (3.84) 
Gy —6 
ee 


The last two expressions reflect the chief properties of 
rotational Brownian motion for a spherical particle and may 
be used to determine the polarisation of luminescence, 

Let us suppose thatuptothetime ‘o=0 the particles were 
illuminated by plane-poiarised light (£ = £,) propagating 
along the x axis, and that luminiscence is observed along 
the y axis. The excitation terminates at time ?¢ = 0 and at 
the same time the particles begin to undergo rotations. The 
components of luminescence emitted at time ¢ by particles 
which at the initial instant of time had a definite orientation 
in space are related to the components of luminescence at 
!=0 by the expressions 


I, (2, t) =. (t) [iq (2) 0, + Ly (2) 02, He Leg (2) 82.) 
(3.85) 


1, (2, t) = a(t) Leg (2) 2, + Lyq (2) 2, + Ley (2) 2,1 


where a (f)is the proportionality factor which determines the 
decay of the afterglow. In order to obtainthe z- and «-com- 
ponents of the luminescence of all the particles, we must 
integrate (3.85) over all the initial particle orientations. 
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The result is 


I(t) = 2 (t) (yy 02, FL yo B2, + Lg 8) 


(3.86) 
LO = a(t) ueg 02, + Lyo 0? + Lf, pues 
where 4 
lio= | Io(? 2) d 2 


Since, on excitation by plane-polarised light, /,, =/,., it 
follows from (3.84) and (3.86) that 


I(t) = 2) RU = erat’ ) 1g + (1 4- 2e7 rot" ) 1,4) (3.87) 


fe (t) = a(t) -; [(2 1 pr ee yar — (1 —-€ pee rot eA (3.88) 


If Po is the polarisation at the initial instantoftime, then 
according to (3.87) and (3.88), it is given at time ¢ by the 
expression 


Po) a ee Ph (3,89) 


The factor 
6 0le  er = 1P 


varies only slightly and is alwaysvery nearly equal to unity. 
For Po='/. it increases from 1 to 1.2 as ¢ increases from 
0 to infinity. In very approximate calculations it may there- 
fore be assumed that the polarisation of luminescence after- 
glow falls off in accordance with the exponential law 


P(i) =P, e rot! (3.90) 


although strictly speaking the decrease should occur more 
slowly. 

In order to determine the polarisation of luminescence 
arising as a resultof acompletede- excitation of the dipoles, 
we must find the explicit form of the function a (/). From 
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(2.10), the energy of the oscillator decreases in accordance 
with the expressions 


“E=Fe =E,e” (3.91) 


Hence the intensity of the emitted radiation is proportional to 


ios | dE }~E, =e” 


Therefore, for harmonic oscillators 


iat .* (3.92) 


Tv 
where C = const. 
Substituting (35.92) into (3.87) and (3.88) and integrating 
with respect to time between 0 and infinity, we have 


1+ 6D, (3.93) 
< (4D. thot (l + 2D,6¢7) # 20 | 


I= | L(@dt = 
eee (3.94) 


XIU. 4-4 Dt) Sao + 2 Droe? /20] 


If we denote by Po the polarisation of luminescence inthe 
absence of Brownian rotations, then in view of (3.77) we 
have from the last two expressions 


l ] l 1\ / kT 
a _ (= — )(a+ : =| (3,95) 


or 


1] ( 
p> Ppt 


l l kT 
Pp, 3) Vas sia 
This is the well-known formula of Levshin and Perrin, 
which gives the dependence of polarisation on the tempera- 
ture and viscosity of the solution, the volume of the particles 
and the mean duration of luminescence afterglow. This 
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formula has been verified experimentally for many systems, 
It is frequently used for the experimental determination of 
the mean duration of afterglow. In order to determine Tt one 
measures !/P as a function of 7/). The slope of the straight 
line then yields the magnitude of t.Itis also possible to find 
V in a similar way if i other quantities entering into 
(3.96) are known. 

In conclusion, we note that the Levshin-Perrin formula 
was obtained for the de-excitation process, and therefore 
its use under steady-state conditions of illumination has not 
yet been justified. 


4. THE HAMILTONIAN FORM OF THE FIELD EQUATIONS 


Before we proceed to the fundamentals of the quantum theory 
of emission of radiation, we must consider the Hamiltonian 
form of the field equations. In quantum electrodynamics the 
medium and the radiation interacting with it are regarded 
as a Single system. Since the quantum mechanical operators 
are constructed on the basis of the classical Hamiltonian 
function, we must commence by expressing the equations for 
the electromagnetic field as equations for the Hamiltonian 
function. 

In the classical theory of emission there are two basic 
forms of the field equations, The firstofthese are the well- 
known Maxwell-Lorentz equations 


curl E +- me H = 0. div H = 0 

‘ 

] Ag (4.1) 
curl H — —— F =: OV divE= 4% 


Cc Cc 


where ¢ and v are the density and velocity of the charges 
respectively. The vector and scalar potentials A and q 
which are related to the field intensities E and H hy the 
expressions given by (1.2) can be used to rewrite (4.1) in 
the form 


|. . . Ys 
<= A-- WA grad [div A 4 — ¢) = av 
Ne CT | 


, (4,2) 
~ Gro ~ — divA = 4% 
C 
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The potentials A and @ are not unambiguously related to 
the field. There are various ways of choosing A and 9 with- 
out changing E and H..The invariance of E and H with re- 
spect to transformations of A and @gis referred to as guage 
invariance, 

If in the space under consideration there are no charges, 
we may set @ = 0 and 


divA = 0 (4,3) 


The set of field equations can then be reduced to the single 
differential equation 


vA—— A= 0 (4.4) 
This equation is called the wave equation, or the d’ Alembert 
equation. 

In order to define the vector potential A in terms of 
canonical variables for all points in space and time, we 
would require an infinite number of suchvariables, Usually, 
A is defined within a restricted region, for example a cube 
of side L. The linear dimensions of the cube must be large 
in comparison with the radiating system sothatthe physical 
behaviour of the system is independent of L, 

If the boundary conditions require that the potential A 
and its derivatives should be the same on opposite faces of 
the cube, the general solution of (4.4) may be written as the 
superposition of orthogonal waves 


A= Man ()Ax(r) (4,5) 


r 


where A,(r) are functions which depend on the coordinates 
only, and q,(¢) are functions of time only. It follows from 
(4.4) that 9,(/) and A,(r) should satisfy the equations 


(Qav, )? 
Cc 


VA, + A; = 0 (4.6) 


a + (27%)? hy, = 0 (4.7) 


where A, must be periodic within the cube and 
div A, = 0 (4,3a) 


The solutions of (4.6) subject to (4.3a) may be sought in 
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the form 
aie eagpe 
A, = / = e, cos(x r); A, = [/ se e,sin(%,r) (4.8) 


where *%, and e are vectors respectively specifying the 
direction of propagation of the wave and its polarisation, 
V=L* is the volume of the cube, and |%,|= 2z»,/c. In view 
of (4.3a), the vectors x, and e, are always perpendicular. 
The factors in front of the functions in (4.8) are chosen so 
as to satisfy the normalisation condition 


{ (A,Ay)dV == 4n C2, (4.9) 
V 


The requirement that A, should be periodic leads to the 
fact that the vectors * can assume only the discrete values 


Ox yore des 
ne Eta tty = my oe Em, EO 


where ”%,, %, and ™, are positive or negative integers. To 
each wave with a given direction of x there corresponds 
two perpendicular polarisations e, and &,, whose direc- 
tions can be arbitrary. 

Thus, by confining our attention to the field within a cube 
we can sclect an enumerable set of plane waves which can be 
represented by a complete closed system of orthonormal 
functions. Therefore, any electromagnetic wave A may be 
represented within a given volume by a linear combination 
of plane waves of the form (4.5).Since the behaviour of A, is 
specified and remains unaltered once the cube has been 
chosen, the field under consideration will be characterised 
by the amplitudes q(t). The field equations can in fact be 
reduced to equations of the form given by (4.7), which can 
easily be expressed in the canonical form. In point of fact, 
(4.7) is equivalent to Hamilton’s equations 


OH OH 
Og). Opp, 


where f/, is the Hamiltonian for the harmonic oscillator 
and is given by 


. a ; 
A, = a [Px + (22%) gq) | (4,12) 
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It follows that any field enclosed in the volume under 
consideration will now be described by an infinite number 
of canonical variables 4%, and p, and the total Hamiltonian 


7 l ~— 9 1 ov oy 
H = = Hi — >) 1p? + (22%))"q5] (4.13) 
, ae 


i.e, the electromagnetic field is now represented by a set 
of independent oscillators (plane waves). 

In classical mechanics H) is equal to the oscillator energy. 
We shall now show that the total energy of the field is also 
equal to the sum of all the H;. Thus, the total energy is 
given by 


U | 
Siz, 


v 


(E> -{- H®) dV (4.14) 


If we substitute into this expression E and H expressed in 
terms of A (see (1.2) with » =0), we have in view of (4.5) 


so 


ha tieee : 
= 5—\ (Moana: <— (So. curl Aya (4.15) 


C) ae J 


Since A; are orthonormal functions, it follows from (4.9) that 


\{Mp.Ax)'dV== pi) ApdV = 4nc® Mp} (4,16) 


The integrals in the second term in (4.14) may be split 
into two parts as follows: 


( curl A, curl A, dV = ¢ fA, curl A,,], ds 


. (4,17) 
+ A, curl curl A, dV 
V 


Since A, and A, are periodic on the surface of the cube, the 
first term in (4,17) is zero, and since curl curl = grad div 
- V", we have, in view of (4.6) and (4,3a) 


fa eee 
(ln 


| curl A; curl A,dV = a JAA dV = 16n%v%,,, (4.18) 


v 
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Evaluation of (4.15) then yields 


andl 


I v.., 9.9 : 
oar » (pt + (2ey,)°q?] = » Hi; (4,19) 


In quantum theory the field is usually described not by 
trigonometric functions but by complex exponential func- 
tions. In terms of complex functions the real vector poten- 
tial A can be written in the form 


A= \ (an(t)Ar, +45 (t) AP (4,20) 


) 


Axc: (A ri 
Ay = V Viel 


git) = ye 7 


where 


(4,21) 


As before, the quantities A, are orthonormal functions 
satisfying the conditions given by (4.9). However, on this 
definition of A, the quantities g, are no longer canonical 
variables. One must therefore introduce the new canonical 
variables 


n=O.+¢, Pr=—2Rinln—o)=Q (4.22) 


The field equation given by (4.7), which is valid both for 4 
and for their complex conjugates, can be derived from the 
Hamiltonian 


» 9 x l 0 27 \2 
rly STs Ganqn  - oe ji =e (27%) )°Q5] (4,23) 


It is quite easy to show that as in the case discussed above 
the field energy is equal to }/ Hg. 


Let us determine now the number of fieldoscillators with 
given planes df polarisation, direction of propagation (with- 
in a solid angled“), and frequency (in the range between » 
and »-++dv) per unit volume of the cube. This quantity is 
called the density of states, and will be denoted by «o(», @). 
As can be seen from (4.21), the frequency of oscillations 
and the direction of propagation of a plane wave oscillator 
is fully specified by the wave vector x; which is defined by 
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the three integers n,, 1,, n,. In the space of these numbers 
the size of a particular volume is equal to the number of 
possible values of »% , Since each unit cell of the volume can 
be associated with a particular combination of n,, 2, and 
n,, The required number of oscillators is therefore equal 
to the volume element in ‘this space, which is given by 


on(v, 2)d2V=n*dnsinOdbdg == n*dnd® (4,24) 


where n*=n2 +n + 2 is the square of the radius vector. 
According to (4.10) 


, oe V, 
n-dn = {—- y-dy =: —vidv 
on c3 


\ be 


and therefore 


2 


ue v 
Ole rss =e (4.25) 
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If the radiation enclosed in the cube is isotropic (Planck 
radiation), then integration over all directions of propagation 
and summation over the two polarisations yields 


— (4,26) 


Multiplying this expression by the mean energy k/, associ- 
ated. on the classical theory. with each degree of freedom, 
we obtain the Rayleigh-Jeans formula 

Snve 


C 


U(¥) = kT (4,27) 
which is a special case of the quantum formula of Planck. 

Once the radiation has been represented by aset of oscil- 
lators, its quantisation can easily be effected by analogy 
with the quantisation of ordinary mechanical oscillators. 


Quantum Theory of Absorption 
and Emission of Light 


5. ENERGY LEVELS 


Energy levels and spectra 


According to quantum theory, the possible values of the 
energy of a system are determined by its internal proper- 
ties, i.e. by its structure. 

Energy spectra can be divided into two main groups, 
namely, continuous and discrete spectra. Complicated con- 
densed systems and even complicated molecules have a 
continuous spectrum of energy levels. Such systems can have 
any energy, and this brings them close to systems obeying 
purely classical laws. As a rule, isolated atoms and simple 
molecules have discrete energy-level spectra, and this 
determines their specific properties. However, there areno 
systems in nature for which the spectrum of possible energy 
values is completely discrete. Even inthe simple case of the 
hydrogen atom, the energy levels are discrete only within 
a certain range of values. Beyond this range the energy 
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spectrum is continuous. This corresponds to a real physical 
process, namely the removal of the electron from the atom 
and its motion relative to the nucleus in the absence of a 
stable coupling between them. 

A similar classification of energy levels can be used for 
molecules. If an energy level lies below the dissociation 
limit of the molecule, it is discrete. If,on the other hand, the 
energy level lies above the dissociation energy, it belongs 
to the continuum. 

Strictly discrete or strictly continuous spectra are only 
limiting cases. There are no absolutely discrete energy 
levels in nature. They would be encountered only in isolated 
systems, and even then only if the natural level widths were 
ignored. Energy levels usually have a finite width. A de- 
tailed discussion of the width of energy levels will be given 
in Section 10. The level width is sometimes very large 
because of a strong interaction between the individual de- 
grees of freedom. The energy spectrum then exhibits a band 
structure, and the system can assume only those energies 
which lie within the bands. 

The specific character of the energy spectrum is reflec- 
ted in the absorption and emission spectra. The basic 
relation in spectroscopy is the Bohr formula 


5 cps et (5.1) 


if 
h 


which gives the frequencies of electromagnetic waves emitted 
or absorbed by a given system. 

Electromagnetic waves are not emitted and absorbed con- 
tinuously (as predicted by classical electrodynamics), but 
in discontinuous steps when the system undergoes trans- 
itions between the available energy levels. If at least one of 
the two levels £, or &; in (9.1) He in the continuum, the 
emission and absorption spectra are also continuous, i.e. 
the system can absorb or emit electromagnetic waves of 
all frequencies. If both E, and E; lie within the discrete 
spectrum, the corresponding absorption and emission spec- 
tra are also discrete, and the system can absorb or emit 
electromagnetic waves at certain frequencies only, i.e. in 
more or less narrow spectral lines. Such spectra are called 
line spectra. As a rule, line spectra are emitted by atoms 
and simple molecules. The individual lines in molecular 
spectra appear in groups which are referred to as bands. 
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If all the energy levels were simply discrete, the spectral 
lines would be infinitely narrow. In reality, all the energy 
levels have a finite width, and this is reflected in the broad- 
ening of spectral lines. If the line width exceeds the dis- 
tance between individual lines, the two lines blend together. 
This phenomenon is encountered in heavy diatomic molecules; 
it is common in complicated molecules andinsolids. For all 
such systems, the spectrum exhibits more or less broadly 
spread formations. 


Schroedinger equations for stationary states. 
Kugenvalues and eigenfunctions 


The possible values of the energy of asystem may be deter- 
mined by solving the Schroedinger equation 


HY =(T+U)P=Ed (9.2) 


where H is the energy operator representing all the forms 
of motion and interaction inside the system and its inter- 
action with the surrounding medium; T and U are the kin- 
etic energy and potential energy operators, | is the wave 
function for the system and E is the energy. 

According to the basic postulates of quantum mechanics, 
the form of the operator H can easily be found by writing 
down the classical Hamiltonian for the system H=T+U, 
i.e. the expression for the energy as a function of general- 
ised momenta and coordinates for all the degrees of freedom, 
and then replacing the momenta Dy. by the momentum oper- 


/ 
ators 5 ex Thus, the Schroedinger equation for the one- 
=z ON, 
dimensional harmonic oscillator is 
h- ae | keep = Ep 5 3 
Sr2n Ox? a ene 


The first term on the left is the kinetic energy operator 
acting on the required eigenfunction y, whilst the second 
term is the potential energy multiplied by the function y. 

fquation (5.2) does not have solutions for all values of 
E but only for certain discrete values of this parameter, 
say, E,;, Eo, E3.... These eigenvalues of the Schroedinger equa- 
tion determine the energies which the system can have. 
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Unfortunately, the solution of (5.2) for specific systems is 
exceedingly complicated. The solutions are relatively simple 
only for a free particle, the hydrogen atom, hydrogen-like 
ions, the harmonic oscillator, and the rigid rotator. Ap- 
proximate methods must be employed for all other systems. 

Most of our information about energy levels of atoms, 
molecules and other systems was obtained experimentally 
by studying the absorption, emission and Raman spectra. 
The composite semi-empirical method has also been widely 
used. The principle of this method is as follows. By solving 
the Schroedinger equation for a number of special cases, it 
is sometimes possible to find not the energies themselves but 
certain regularities in their distribution. The expressions 
obtained in this way contain constants which can be deter- 
mined experimentally. For example, the solution of the 
Schroedinger equation for the harmonic oscillator can be 
expressed relatively simply in terms of well-known analy- 
tical functions. All the eigenfunctions for this problem are 
given by 


Ey = a(u + "/) 
(5.4) 
Oe Ti Ze wes 


where ais a constant which is determined by the reduced 
mass and the quasi-elastic constant. Since the properties of 
a diatomic molecule resemble those of aharmonic oscillator, 
it follows that the energy levels associated with small oscil- 
lations of the nuclei can also be represented by (5.4). If the 
values of E, are known from experiment for two or three 
levels, it is possible to determine a and use Equation (5.4) 
to compute a large number of other levels. 

According to quantum mechanics, any state of a system 
with a definite energy E, is a stationary state, i.e. a state 
which does not vary with time. It is described by an eigen- 
function wp, (x), which may be obtained from the solution of 
the Schroedinger equation (5.2). In the one-dimensional prob- 
lem the quantity |b, (x) |*dx gives the probability that when 
the coordinates of the system are measured, they will be 
found to lie between x and x + dy. For a multidimensional 
system, the quantity |4%,;(%,, 2, %3, ...)|* dx,dx.dx,... equals the 
probability of finding the system in the coordinate intervals 
between +), %,, %3, ... and x, +dx,, x, +dv., %3 + dX5, .... 
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The eigenfunctions y,(x) for different states of a given 
system are linearly independent, expressed mathematically 
as being orthogonal, i.e. they satisfy the relation 


J pi (x) pj (x)dx = 9; 


; 
The square of the modulus of the eigenfunction is normalised 
to unity in accordance with its physical significance as a 
probability density. 

The eigenfunction gives a complete specification of the 
stationary state of a system. It can be used to calculate the 
mean value of any physical quantity measured experimen- 
tally, or to determine the probability of obtaining experi- 
mentally any specific value of this quantity. 

Not all the physicai quantities inastationary state of given 
energy have definite values. In particular, the coordinates 
of heavy nuclei and of the electrons in a molecule do not 
have definite values. Moreover, in addition to energy, there 
are also certain other physical quantities which do have 
definite values in a given stationary state. Among them are 
physical quantities whose operators L commute with the 
energy operator, i.e. satisfy the relation 


HL — LH = 0 


‘Examples of such operators for isolated systems are 
the square of the angular momentum operator and the opera- 
tor representing the component of the angular momentum 
along a special direction in space. Consequently, the energy 
E;, the square of the angular momentum M? and its com- 
ponent (M,),,.have definite values in a stationary state w, (x). 
For some systems there are also other operators which 
commute with H. This facilitates the systematisation and 
interpretation of experimental data. The introduction of 
quantum numbers is based on these properties. Specification 
of the quantum numbers is unambiguously related to the 
specification of the values of physical quantities which are 
discrete in the given state. 


Separation of variables and classification of energy levels 


By solving the Schroedinger equation for any given system, 
and thus deriving its eigenvalues, we obtain the possible 
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energies of the system as awhole.Itis sometimes possible, 
by introducing special coordinates, to separate the variables 
in the Schroedinger equation and use this as a basis for the 
classification of the energy levels. 

Suppose, for example, that the operator H(x) can be writ- 
ten as the sum of a number of other operators which are 
functions of different variables: 


Hs Yay. Sey. os) = Fy) ee) A) + oe (5.5) 


If we seek the solution of (5.2) in the form y = %,(x,) ¥o(%5) 
Ua(X3)..., the equation splits into a number of independent equa- 
tions as follows: 


Hy (43) 9%) = Ey (4); Ha(%2) poly) = Eq pol Xe) (5.6) 


H3(3) Y9(%3) = Es Yg(¥5).-. 
where 


ESS oe -i- Es -+- Est wie (5.6’) 


The total energy of the system is then the sum of the indi- 
vidual terms, each of which has adefinite physical meaning. 
This separation of variables is possible for different non- 
interacting particles or, for example, for the individual 
normal vibrations of a molecule. For a single molecule or 
atom it is always possible to separate out the transla- 
tional motion of the system as awhole. Usually, the operator 
H(x) for the system under investigation cannot be transfor- 
med into an expression of the form of (5.5). However, the 
Schroedinger equation canfrequently be reduced to the form 
[H,(%) -+ Ho(%_) + Hy(x5) +... - HC, , x 


mal®r Kee Xap -)] Yay) 


= Ep(x,, x...) (5.7) 


If the interaction operator H,,,(«1, 9, «3,...) between the dif- 
ferent degrees of freedom is relatively small, the variables 
can be separated approximately, and the total energy of the 
molecule can conventionally be regarded as the sum of the 
individual parts. For example, although the motion of elec- 
trons in a molecule is always connected with the rotation 
of the nuclei, this interaction can sometimes be neglected 
and the rotational and electronic energies may be regarded 
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as independent. Similarly, the rotation of the nuclei ina 
molecule is connected with their oscillations, since the 
moments of inertia depend on the distances between the nu- 
clei. However, when the oscillations of the nuclei are small, 
this interaction is also small, and therefore one can speak 
approximately of the vibrational and rotational energies of 
the molecule. 

On the other hand, if the interaction operator is appreci- 
able, the relation given by (5.6’) is no longer valid and the 
total energy of the system cannot, in principle, be written 
as the sum of the energies associated with the individual 
degrees of freedom, i.e. with the various types of motion. 

The approximate separation of variables in the Schroe- 
dinger equation is an important procedure hecause it serves 
as the basis for the systematisation and analysis of experi- 
mental data. It enables one to classify the various types of 
energy levels into electronic, vibrational, rotational, trans- 
lational, intermolecular groups and so on. All these types of 
energy level reflect the different processes occurring in 
atomic systems exhibiting specific properties and require 
special study. 

When the energy operator is expanded in powers of the 
Small parameter m/M, where M is the mean mass of the 
nuclei and m is the mass of the electron, it can be shown 
that the energy of the molecule is given approximately by [12] 


hl 
Ig + /t i Dae a yy Ee wee) 


The zero-order term [, gives the electronic energy of the 
molecule when the nuclei are fixed, whereas the first-order 
term 


Se 


\/ Ey 


M 


gives the vibrational energy. The second-order term in- 
cludes the rotational energy ofthe molecule and a proportion 
of the vibrational energy. The ratios E,,,/E.. and Erot/Eviv 
are of the order of magnitude of the square root of the ratio 
of the mass of the electron to the mean mass of the nuclei. 

Separation of variables in the Schroedinger equation may 
be of practical importance even for’ systems for which the 
interaction operator is relatively iarge. It enables one to 
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obtain the physically useful zero-order aporoximation which 
may be used with the aid of the perturbation theory to obtain 
a more rigorous solution of the problem. 


Separation of electronic and vibrational coordinates 
of molecules and crystals on the adiabatic approxt- 
mation [13] 


The separation of variables describing the motion of elec- 
trons from those characterising the vibrations of nuclei 
relative to each other is of particular importance in connec- 
tion with the optical properties of molecules and crystals, 
If we ignore the rotation of the molecule, the Schroedinger 
equation may be written in the form 


[Te(x) + Tyin(7)-+ U(x, q)] o(%.9) = E v(x, 9) (5.9) 


where T,,; and T,;, are the kinetic energy operators for 
the motion of the electrons and the vibrations of the nuclei, 
and U(x,g) is the potential energy associated with the 
Coulomb interaction between the electrons and the nuclei. 
The symbols x and q represent the coordinates of the elec- 
trons and nuclei respectively. In molecules and crystals the 
interaction between the motion of the electrons and the vibra- 
tions of the nuclei is frequently very large, and the operators 
H.,(*) and H,,,(9) cannot be written down. 

A good zero-order solution of (5.9) may be obtained 
through the so-called adiabatic approximation, which is 
based on the expansion given by (5.8), and assumes that the 
motion of electrons relative to nucleiis faster by one or two 
orders of magnitude than the vibrations of the nuclei. 

The approximate solution of (5.9) is sought in the form 


V(X, J) = Yer (XG) P yinlQ) (5.10) 


where ¢.(%,g) is a rapidly varying function of x. The nu- 
clear coordinates g enter into ¥.,(x,g) as parameters (to 
each possible distance between the nuclei there corre- 
sponds a particular function »,.,). Substituting (5.10) into 
(5.9) we have 


Yn (Q) Ter (4) 9) + U(X, Q) Pers 7) Yvin(G) -- Trib Dei (%, 7) Pviv (9) 
= Ev) (4, 9) ¥ viv(q) (5,11) 
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This equation is still exact. In order to separate the vari- 
ables, we must assume that the operator Ty, has only a 
slight effect on ‘ei(x,g), and that in the zero-order ap- 
proximation this effect may be neglected. If we now divide 
(5.11) by eilx, 9) ¥,(g), we obtain the following approximate 
equation } 


| 
tt geil, g) + UG Q) + ———Tvin }un(Q)=E (5.12) 
Po (X, q) 0 vin (q) 


The first two terms in this equation depend on the coordi- 
nates of the electrons and of the nuclei, whereas the last 
term is a function of g only. Their sumcanonly be equal to 
the constant E if 


(Ter + U(X, g)] Yale. g) = Fer (Q) pei (®, 9) (5.13) 


[Tyin + Eer(q)] dyin (g) = E dyin (9) (5.14) 


Equation (5.13) is the wave equation describing the motion 
of the electrons for a fixed distance between the nuclei. To 
each configuration of the nuclei there corresponds a particu- 
lar electron energy E., (g), which is equal to the sum of the 
kinetic and potential energies ofthe electrons at the constant 
internuclear distance and the potential energy of interaction 
between the nuclei. The wave equation given by (9.14) deter- 
mines the oscillations of the nuclei relative toeach other. It 
shows directly that the eigenvalue of (5.13) averaged over all 
the electron coordinates plays the role of apotential energy: 


Eei(9) = Uvin(q) (5.15) 


Thus, the forces acting between the nuclei are determined 
by the properties of the electron shell of the molecule. 

It follows from Equation (5.14) that before we can solve 
the problem of the oscillations of the nuclei we must find 
the eigenvalues of (5.13). This can only be done for a small 
number of specific systems (forexample, H, and H,+ mole- 
cules). However, the potential function given by (5.15) can 
frequently be approximated by some simple analytical func- 
tion. For small oscillations of a diatomic molecule, the 
potential function can be approximately replaced by the 
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harmonic function U i, = '/2k(q—qo)2, A more general form 
is the Morse function, — . 


Uvin (q) = DL — e f-*)]* — p (5.16) 


where D, f and g) are constants which are determined 
experimentally and characterise the properties of the elec- 
tron shell (D is the dissociation energy, go is the coordi- 
nate at the minimum of the potential energy curve and 68 is 
a constant which determines the form of the curve near 
the minimum). 

It should be emphasised that the simultaneous solution of 
(5.13) and (5.14) gives only the total energy of the mole- 
cules; it cannot be separated into the electronic and vibra- 
tional terms. If the oscillations of the nuclei are regarded 
from the purely classical point of view, thereis a continu- 
ous transformation of the kinetic energy into potential energy 
and vice versa. According to (9.15), any change in potential 
energy associated with the vibrations must be equal to the 
change in the electron energy, and therefore vibrations of 
the nuclei and changes in the state of the electron cloud are 
inseparable and constitute a single process. At the same 
time. separation of Equation (5.9) into (5.138) and (5.14) 
simplifies the solution of the problem considerably and pro- 
vides a correct interpretation of experimental data. This is 
connected with the isolation of the purely vibrational eigen- 
function w yi,(g) and the resulting possibility of calculating 
the relative intensities of spectral lines. Moreover, separa- 
tion of variables on the adiabatic approximation enables one 
to isolate the electronic part of the energy in the absence of 
vibrations, i.e. the energy of the molecule for those values 
of the vibrational coordinates which correspond to the 
minimum of the potential function. It is precisely in this 
sense that one often distinguishes between the electronic and 
vibrational energies and constructs the corresponding 
energy-level diagrams for the excited electron state (Fig. 
2.1). The total energy E of the molecule can conventionally 
be divided into E,,; and E,vi,, where Ee: =E,,; (9; °*). 

The electron equation (5.13) has, in general, various sets 
of solutions corresponding to different electron states. Each 
state corresponds to definite functions Eg'(qg) = U (q), where 
n is the number of the electron energy level. The vibrational 
equation (5.14) must be solved for eachelectron state charac- 
terised by the particular function U, (q). 
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The expression given by (5.15) is the basic formula for all 
spectroscopic studies of molecules and crystals. It must how- 
ever, be noted that its range of applicability is limited, parti- 
cularly in complex systems. In point of fact, the operator 
Typ in (5.11) acts on y,, (*%, g) and therefore the third term 
in (5.11) must be written in the form 


Tin Yel (x, q)¥ (9) = Yel (x, q) re Y vib’) == V Yelk, q) DA (Q) (Oo. 1 7) 


where V is the operator representing the interaction he- 
tween electrons and nuclei. In many cases the operator V 
cannot be neglected. If it is particularly large,the variables 
x and g cannot be separated and the concept of potential 
energy loses its meaning altogether. For most luminescent 
molecules the adiabatic approximation leads to good results 
if the departure from the adiabatic approximation is subse- 
quently compensated. Departure from this approximation is 
one of the causes of non-optical transitions (see Section 9) 
[14]. We have described the separation of variables for the 


Fig. 2.1 Separation of the 
total energy of a mole- 
cule into the energy of 
electrons and the vibra- 
tional energy of nuclet 


electronic and vibrational degrees of freedom of a molecule 
on the adiabatic approximation. An analogous separation of 
variables for other systems is possible provided they can be 
split into slow and fast sub-systems. For example, the fast 
sub-system may be taken to be the molecules in a solution, 
whilst the slow sub-system may represent the solvent 
(relative motion of the molecules). It is often convenient to 
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define a number of sub-systems in increasing order of 
rapidity (electron and vibrational coordinates of a molecule, 
coordinates of intermolecular vibrations and so on). 


Statistical weights 


It turns out that for the majority of actual systems there 
are a number of independent solutions of the Schroedinger 
equation (5.2) for given E;. Each of these solutions 
Q. =I, 2,..., g,)is orthogonal to the other solutions. The total 
number of solutions, g, is called the degree of degeneracy 
of the level i, or its statistical weight. Incertain problems, 
for example, those which are encountered in connection with 
thermodynamic equilibrium, itis possible to ignore the speci- 
fic properties of the individual components of a degenerate 
level and consider only the degree of degeneracy. The stati- 
stical weight is usually quite small for simple systems. In 
atoms it is determined by the total angular momentum 
(g = 2/+ 1). The vibrational levels of diatomic molecules are 
not degenerate (g = 1) in general. For the rotational levels 
of diatomic molecules, g=2K+1! where K is the rotational 
angular momentum. The statistical weight may be quite 
large in complicated systems with a large number of 
degrees of treedom. 


Representation of real systems by harmonic oscilla- 
tors and by systems of particles with two or three 
energy levels 


Any real system has an infinite number of energy levels and 
an infinite variety of optical properties. One important way 
of analysing experimental data is to divide the energy levels 
into levels and sub-levels corresponding to different types 
of motion, and then to investigate the electronic vibrational, 
rotational and other energy levels with subsequent correc- 
tions for the interactions between them. 

Another widely used procedure is to introduce simplified 
models with a finite number of energy levels. Some of the 
characteristic features of the interaction of light with matter 
can be established by analysing the properties of a system 
of particles with only twoenergy levels. Suchsystems do not 
exist in nature, but there are many concrete situations in 
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which only twoenergy levels participate inthe absorption and 
emission of light, the remaining levels being of secondary 
importance. This occurs, for example, in resonance lumi- 
nescence of atoms, or in transitions between the first and 
second vibrational levels of a molecule. Although results ob- 
tained in this way are only approximate, they nevertheless 
correctly reflect the fundamental properties of the physical 
processes which are involved. 

The use of a simple system of particles with two or three 
levels as a model for real systems is sometimes based on 
the separation of variables and on the isolation of the level 
structure. For example, each electronic level of a molecule 
has a set of vibrational sub-levels, and an optical transi- 
tion between two electronic levels can be associated with an 
infinite number of transitions between different vibrational 
sub-levels in the upper and lower electron states. Neverthe- 
less, on the first approximation, the vibrational structure of 
the bands may be ignored and only the properties associated 
with the electronic levels considered. 

At first sight it is not surprising that the above model 
gives better results for complicated molecules with a very 
large number of atoms than for simple molecules, although 
some information about the latter can, of course, also be 
obtained. However, the different vibrational sub-levels of 
simple systems have clearly defined specific properties 
which cannot be accounted for onthe basis of simple models. 
In complex molecules, on the other hand, absorption and 
emission processes, involving transitions between different 
electronic states, are separated by a rapid redistribution of 
vibrational energy between the degrees of freedom and the 
individual vibrational levels lose their identity. As aresult, 
electronic-vibrational transitions can be satisfactorily de- 
scribed by transitions between two levels which may be 
referred to as generalised or mean (over the vibrations). 
A number of important details connected with the structure 
of an electronic-vibrational level, for example, the shape 
of absorption and emission bands, cannot be accounted for in 
this way. 

The two-level model is widely used in other problems 
of a similar nature. The real energy levels usually have a 
structure associated with various kinds of motion and with 
the interactions between them. This structure can be re- 
placed by a single-level model in most cases, by perfor- 
ming the appropriate averaging over the sub-levels. 
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The three-level model is the natural extension of the two- 
level scheme. The three-level. model correctly reflects the 
properties of a .number of concrete systems, especially 
molecules with a metastable energy level which can exhibit 
the phenomena of fluorescence and phosphorescence. The 
three-level model is of basic importance for masers, the 
interpretation of anti-Stokes fluorescence, problems innon- 
linear optics and a number of other spectroscopic phenomena. 

The harmonic oscillator is one of the most important 
models which have been successfully used to describe the 
properties of real systems. It has been widely used in clas- 
sical theory (Chapter 1), but it is equally important in 
quantum theory. Although a pure harmonic oscillator does 
not exist in nature, there are many systems which approxi- 
mate to it, in particular diatomic molecules with a small 
store of vibrational energy. Small oscillations of polyatomic 
molecules can be described by the motion of a set of har- 
monic oscillators. Even the properties of electronic spectra 
can be described with the aid of the harmonic oscillator 
model, and this explains the success of some of the results 
obtained in classical theory. The success of this model in 
the interpretation of experimental data has served as a 
basis for the so-called principle of correspondence between 
quantum and classical theories and it has been successfully 
used in the quantum theory of the electromagnetic field. 

The great importance of the above models in the inter- 
pretation and systematisation of a wide range of experimental 
data has led to extensive studies of the properties of these 
models. Despite the relative simplicity of the calculations, 
this work has only been undertaken in recent years. Pre- 
vious applications to the analysis of spectra were somewhat 
one-sided and inadequately justified. A detailed discussion 
of systems of particles with two or three energy levels, and 
of the harmonic oscillator model, is in Chapters 6-8. 


6. PARTITION FUNCTIONS 


Population of energy levels 


The energy level population is an important characteristic 
of an atomic or molecular system and has an important 
influence on its optical properties. 
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Suppose that the total number of particles per unit volume 
is n, and that the total energy of the system is zero when all 
the particles occupy the lowest unexcited energy state. If, on 
the other hand, the system as awholehas a store of energy, 
the various particles will occupy different energy states, for 
example. the / -th energy level will be occupied by, say, n,, 
particles with energies E,. The total number of particles, n, 
is equal to the sum of these populations 


Nt tng... Un =n (6.1) 


If we divide both sides of (6.1) by n, we obtain 
op; =— | (6.2) 


where 


p; es En, — 1 (6.3) 

Equations (6.2) and (6.3) are valid as given for a discrete 

energy spectrum, and must be modified somewhat for a con- 
tinuous spectrum. Instead of (6.3) we then have 


(6.4) 


o(E) dE - dn (E) 
fn 


where dn(E) is the number of particles with energies be- 
tween E and E-+-dE, and p(E) is the partition function for 
the continuous spectrum. The function ¢(E) gives the number 
of particles per unit energy interval, its dimensions being 
those of reciprocal energy. The normalisation condition is 


{p(E)dE=1 (6.5) 


E 


If both discrete and continuous levels are present in the 
energy spectrum, equations (6.4) and (6.2) must be combined. 

When we introduced the concept of level population, we did 
not take into account the degeneracy of the levels, and used a, 
to represent the number of particles occupying a given level 
i. However, if this level is degenerate, n; gives the number 
of particles occupying all the sub-levels of the degenerate 
level. This is often sufficient to characterise the properties 
of the system of particles. In some cases, however, a more 
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detailed description is necessary, and the population of each 
of the sub-levels must be specified. If the number of parti- 
cles occupying the sub-level 4 of the degenerate level of 
energy E, is represented “by n;, we have instead of (6.1) 


pip) nn (6.6) 


» nh = Ni; (6.7) 


When the population of each sub-level is takeninto account, 
the partition function for the i-th level will be determined 
by a set of quantities of the form 


ph == — (6.8) 


where 


Zz 
Vy pat (6.9) 


i A=l 


We have based our definition of the partition function on 
the normalisation condition given by equation (6.1). Since 
the levels may be classified by a number of variables, it 
is occasionally convenient to use a different normalisation 
procedure. For example, for the vibrational structure of an 
electronic level the partition function may be normalised not 
to the total number of particles occupying all the levels, but 
only to those particles which occupy the vibrational levels 
of the given electronic state. The form of formulae such as 
(6.3) is then practically the same as before: 


p vib = af (6.10) 


where a represents the particular electronic state. 


Fundamental partition functions 


The various partition functions can be divided into two 
groups, namely, equilibrium and non-equilibrium functions. 
The equilibrium distribution over the energy levels occurs 
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in thermodynamic equilibrium with the surrounding medium. 
It is quite universal in character and is well known. 

Studies of the equilibrium distribution are very important 
in connection with thermal emission and the absorption and 
scattering of light. 

The properties of the equilibrium distribution are also 
important in other respécts, since the system may have 
been in thermodynamic equilibrium prior to a disturbance 
and the initial conditions are reflected in the form of all 
the subsequent distributions. 

Non-equilibrium distributions arise as a result of depar- 
tures from thermodynamic equilibrium, for example, as a 
result of illumination, the incidence of electrons, ions or 
neutral particles, the onset of chemical reactions and so on. 
It follows that the form of the non-equilibrium partition 
functions depends both on the nature and on the intensity of 
the external disturbances. Moreover, non-equilibrium parti- 
tion functions depend on the properties of the system itself 
and on the ability of the system to react to a given external 
disturbance. For example, if the incident radiation is not 
absorbed by the system, there is no departure from equili- 
brium. The form of non-equilibrium partition function de- 
pends also on the temperature of the system, or to be more 
precise, on the temperature of the medium with which it was 
in equilibrium prior to the introduction of the external dis- 
turbance. (The temperature of the system cannot be defined 
for a large departure from equilibrium.) We shall discuss 
these general properties of partition functions aiter we have 
investigated the properties of the systems themselves and 
their interactions with radiation. 

Non-equilibrium partition functions may be divided into 
two main sub-groups, namely, non-stationary and stationary. 
The first characterises distributions which arise when the 
intensity of the external disturbance is time-dependent and 
when a constant external disturbance is either switched on 
or switched off. In all suchsystems the partition function is 
non-stationary and depends on time. 

Stationary partition functions are time-independent. They 
characterise the steady-state conditions some time after 
a constant external disturbance has been switched on. Here, 
there is dynamic equilibrium in the system which is dif- 
ferent from the thermal equilibrium. The system receives 
energy continually from the external source and gives up 
some of it through various channels. 


92 Theory of luminescence 


Partition function for thermodynamic equilibrium 


According to the hasic-postulates of statistical physics the 
population of any particular level FE; is given by 


Xe =—C(T)ye bil! (6.11) 


The population of all the degenerate sub-levels is the same. 
When degeneracy is taken into account this formula may be 
rewritten in the form 


g&. 
oe _F./p 

o = Soh = C (T) ge EVAT (6.12) 
A: 


where g, is the statistical weight of the ;-th level. The 
population ratio for the two levels is 


0 Bi ge (Ep-- Ej) /kT (6.13) 


If the distribution of all the levels and their statistical 
weights are known, the constant C (7) in (6.12) can be deter- 
mined from the normalisation condition given by (6.9). 

For a continuous energy spectrum the equilibrium parti- 
tion function is of the form 


o(E)dE = C(T) g (Eee! dE (6.14) 


where g(E) is the number of independent states per unit 
energy. 

It follows from the form ofthe partition functions given by 
(6.12) and (6.14) that at absolute zero all the particles are 
in the lowest state. i.e. they are not excited. Any increase in 
temperature leads to an increase inthe population of higher- 
lying levels. When 7->+c, the level populations are propor- 
tional to their statistical weights, and when g; = const they 
are all the same. 

Let us consider some numerical examples. Suppose that 
the separation between the energy levels is 20,000 cm! 
which corresponds to electronic levels. The value of kT at 
room temperature is about 200 cm so that according to 
(6.13) 


Mo 


~ 62 110-2 
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Most of the particles occupy the lowest possible electronic 
state. If it is assumed that the total number of particles per 
unit volume is of the order of 10!’ , the number of particles 
occupying thelevel E, is only 10-2*. Anappreciable increase 
in the number of excited particles is achieved at high tem- 
peratures. 

The distribution of particles over the vibrational levels 
is quite different in diatomic molecules. Suppose that the 
separation between neighbouring levels is 3,000 cm~"'!. The 
ratio of the populations for kR7 ~ 200 cm-—! is then 


ny 


and therefore the number of excited particles is still very 
small. For heavy molecules, the separation between vibra- 
tional levels is much smaller. If Es — E,;~E3 — Eo =...* 200 
cm~—', we have 

A = 0.37, --2- 0.37 
ny Ny 


The ratio of the number of molecules in successive vibra- 
tional levels to the number 7, on the harmonic oscillator 
approximation is 1:0.37:(0.37)" :(0.37)°... The constant C 
is equal to 0.63. In the ground state there are 63% of all 
molecules. while the next state is occupied by 22%, the third 
by 8% and so on. 

The distribution of the molecules over the vibrational 
energy levels is very dependent on temperature. For ex- 
ample, when Es—E, = 3,000 cm 'and T =6,000 °K, we have 
nolni= 0.49, The lower energy level of the molecule is then 
occupied by 951% of all molecules while the second is occu- 
pied by 0.25%. If Ex -—- E;y= 200 cm~'and 7 =6,000 °K, so/n, 
= 95%, the first level is occupied by 5% of all molecules and 
the second by almost the same number. 

The separation of neighbouring rotational levels is very 
small as a rule. This means thatevenat room temperature, 
the Boltzmann factor e~'/4! is very nearly equal to unity. 
Since the statistical weights of rotational levels increase 
with the level number, the level population at first increases 
and then falls off as E increases. 

A characteristic feature of thermodynamic equilibrium is 
the so-called detailed balancing, i.e. the number of colli- 
sions of the first kind is equal to the number of collisions 
of the second kind, chemical reactions proceeding in one 
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direction are compensated by reactions proceeding in the 
opposite direction and so on. This is also valid for optical 
processes Since matter is in equilibrium with the thermal 
radiation described by Planck’s function. According to the 
principle of detailed balancing, the number of elementary 
acts of absorption of Planck radiation is equal to the number 
of acts of emission at each frequency and in each direction 
of propagation. It should be noted that the principle of de- 
tailed balancing is not obeyed under stationary conditions. 
The level population remains constant only because there is 
a mutual compensation of different processes, for example, 
compensation of the excitation of molecules by electronim- 
pact through the emission of photons. 


7. RADIATIVE TRANSITION PROBABILITIES 


Differential Einstein coefficients 


If a particular system is illuminated by radiation of fre- 
quency v,, then, as a result of the interaction between 
the field and the medium, the molecules undergotransitions 
to higher-lying levels, for example, from level j to level i 
(Fig. 2.2). These transitions are accompanied by an in- 
crease in the energy of the particle system and, in accor- 
dance with the law of conservation of energy, there is a 
reduction in the energy of the incident radiation, i.e. the 
incident radiation is absorbed. The number of j-/, transi- 
tions depends on the number of particles in the level j, the 
density of the incident radiation u(v,;), the time / and the 
properties of the molecules. Different molecules interact 
differently with radiation. Their ability to absorb radiation 
of different frequency is characterised by transition proba- 
bilities. The ability of atoms and molecules toemit radiation, 
and thereby lose acertain amount oftheir energy, is charac- 
terised by analogous transition probabilities. 

The concept of transition probability for transitions be- 
tween energy levels was introduced by Einstein in a purely 
phenomenological fashion well before it was justified in 
quantum mechanics and quantum electrodynamics. Transi- 
tion probabilities play afundamental part inspectroscopy and 
characterise the basic optical properties of matter. If the 
transition probabilities between the levels of a molecule are 
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fig. 2.2 Transi- 

tions leading to 

absorption and 
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Known, it is quite easy to calculate most of the experimen- 
tally observed quantities. 

To begin with, let us consider the general case of arbitra- 
rily oriented molecules and arbitrary anisotropy of external 
radiation. We shall suppose for the sake of simplicity that 
the molecule has one special axis, whose position can be 
specified by two angles in a spherical system of coordi- 
nates. The orientation of the molecules in space can be 
conveniently represented by the partition functions n; (Q;). 
The quantity nj; (Q,)dQ, is equal to the number of molecules 
occupying the level E; with the special axis lying within the 
solid angle between &; and 2,+d,, where 


{nj (2)) dQ = 1; (7.1) 


2, 


The anistropy of the radiation interacting with the mole- 
cules under investigation may be specified by a distribution 
function u*(v,;, 2), where w* (»,,, 2,)d2, is the density of 
radiation of frequency »v,, propagating in the solid angle be- 
tween Q, and &, +d, with polarisation o. It is related to 
the total density of radiation w(.,,) at a particular point in 
space by the expression 


2 
Ni : 
| u* (v7, St_)d 2, = u(y,;) (7.2) 


oa} © 
ase] t)5 
$ 


Now we suppose that the number of j —/ transitions which 
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lead to the absorption of radiationin atime d/ is proportion- 
al to the number of molecules in the j-th state, to the time 
and to the density*of the incident radiation. These assump- 
tions form the basis of the so-called probabilistic method 
and will be justified later when we come to discuss the 
quantum theory of the interaction of light with matter. They 
have been verified in most applications although they do 
have certain (still not fully understood) limits of applica- 
bility. Thus, 


Anji (Q,, Ly) = bj; (By, 2g) uw? (vz, 22)dQ,0;(Q,)dVdtdQ, (7.9) 


where dnjj.(2,, &,) is the number of j >: transitions ina 
time d/ which are due to the effect of radiation of density 
u* (v.;,2,)d&, experienced by molecules occupying the volume 
dV and lying within the solid angle dQ,. 

Each transition is accompanied by the absorption of a 
photon of energy h»,, and therefore the absorbed energy is 
equal to hy; dnjjzo(S1.%2). 

Let us rewrite (7.3) in the form 


UN j; 2 (2, ’ 2.) 


bi (2,, out (v,,, 2.)d 2, dt = 
_— aii n; (2,)d 2, dV 


(7.4) 


The right-hand side of this expression gives the ratio of the 
number of particles which undergo j-/ transitions in a 
time d/ to the total number of particles in the state j. It 
follows that 6); (2,, 2.) Xut(vj, 2.)d2, is the number of 
j >t transitions per second per molecule. It is called the 
transition probability. A transition probability has the 
dimensions of the reciprocal of time and is characterised 
by a large number (in sec—'). 

From our original assumption we see that the transition 
probability 6;;(2,, 2.) u%(v,;, 22)dQ, is proportional to the 
density u*(v,, 2,)dQ, of the incident radiation. The coef- 
ficient of proportionality b;;(2;,.) is called the differential 
Einstein coefficient for the absorption of light during the 
transition j +/. It depends not only on the properties of the 
absorbing particle but also on its orientation relative to the 
direction of the electric field inthe incident wave. Quantum- 
mechanical calculations of the interaction of light with mat- 
ter show (Section 8) that incident radiation of frequency a 
can induce optical transitions not only in the upward direc- 
tion () >/) but also in the downward direction (i7/). Since 
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this reduces the energy of the system, it follows that in 
accordance with the law of conservation of energy, the field 
energy should increase. An induced i — / transition, should 
give rise to the emission of a photon of energy hv,;. This 
process is referred to as stimulated emission. The pos- 
sibility of such transitions can also be established from 
general considerations based on the principle of detailed 
balancing (see Chapter 3). The absorption of radiation dur- 
ing j >i transitions and the stimulated emission of radiation 
during '—/ transitions will always take place, since the two 
phenomena are different aspects of the same process of 
interaction between light and matter. 

Stimulated emission has one important special property 
whose essence can only he established in quantum electro- 
dynamics (Section 14). Thus, the quanta of light emitted by 
a molecule under the influence of external radiation do not 
propagate in all directions but only in the direction of the 
primary beam, and cannot have arbitrary polarisation but 
only the polarisation of the incident radiation. It is for this 
reason that stimulated emission is frequently referred to 
as negative absorption; a fraction of the energy taken from 
the incident beam as a result of /~i transitions is compen- 
sated for by stimulated emission through : +; transitions. 

In accordance with our original assumptions, the number 
of stimulated ;—j transitions in time df in the molecules 
n{S.)x d®@,dV under the action of radiation of density 
u*(%;, &.) x dQ, is 


stim P 
ANija (82, ’ So) ae bi; (S2, ; Se.) 
XK ur (vz, 2) d Qn; (L,) dQ, dVade (7.9) 


where 6;; (&,, 8.) ut (v,,, 2,)d&, is the probability of stimu- 
lated emission of radiation and 0j;(,, ,) is the correspond- 
ing differential Einstein coefficient. 

The processes of absorption and stimulated emission occur 
as a result of the effect of external radiation. However, an 
excited molecule will alsoundergo spontaneous transitions to 
lower-lying states. These occur both in the presence and in 
the absence of external radiation. Spontaneous transitions 
are accompanied by a reduction in the energy of the mole- 
cule and the simultaneous emission of light in different 
directions with different polarisations. 

fividence for the existence of spontaneous transitions is 
supplied in the first instance by experiment (emission of 
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light by bodies after preliminary illumination, emission of 
radiation under the action of non-radiative agents and so on). 
The existence of ‘spontaneous transitions is explained in 
quantum electrodynamics: they arise as a result of inter- 
actions with the so-called zero-point fields. 

The number of spontaneous ; —j transitions in a time df 
which are accompanied by the emission of radiation with 
polarisation « between the solid angle 2, and Q,4 dQ, is 


ia Oe Q,) = at (Q, 2 a25i (2 2,)dQ, dV dt (7.6) 


The proportionality factor ar, (2,, 2,) is called the differ- 
ential Einstein coefficient of spontaneous emission and deter- 
mines the probability of emission of a photon by a single 
excited particle per unit solid angle. 

The expressions given by (7.3) to (7.6) have been written 
out for discrete levels. Insome cases itis convenient to have 
a more rigorous formulation which takes into account the 
profiles of the resulting spectral lines. In such cases the 
Einstein coefficients are functions of frequency. For ex- 
ample, the probability of transition from a level j to a level 
t under the action of radiation in a frequency interval dv is 
equal to 


bj;(2,, 2., v)ut (», @,.) dvd 


The various frequencies are absorbed in different ways within 
the limits of a given line. If the system is, illuminated by 
non-monochromatic radiation, then by integrating this 
expression with respect to frequency, we arrive at (7.4) 
where 


| bi (2a, Q., vy ut (vy, Q) dv = bj (Q_, Q2)u* (%;7, Qe) (7.7) 


If the radiation density per unit frequency interval .,; within 
the confines of the line is constant, we have 


| OF:(Q,, Qe, v)dv = bir (Q, 2) (7. 7a) 


v 


The probability of spontaneous emission is alsoa function 
of frequency and 


aij (Qy, 23)= \ ai, (Q2,, 23, v)dv (7.8) 
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Universal relationships between the differential 
Einstein coefficients 


It is quite easy to show that, when a set of molecules is in 
thermodynamic equilibrium with electromagnetic radiation, 
the Einstein coefficients 67;(Q),Q2), bi (21,Q2) and aj;(Q), Q2) 
are connected by universal relationships which are valid 
for all systems. 

Consider the optical transitions between any two levels j 
and i of an atom or molecule. The principle of detailed balan- 
cing requires that, under thermodynamic equilibrium, the 
number of acts of absorption should be equal to the number 
of acts of emission in an arbitrary volume AV and an arbi- 
trary time interval Af. This is valid not only for the total 
number of eee and jt transitions but also for each set of 
angles Q, and @, and tor each polarisation individually. 
Therefore, in thermodynamic equilibrium 


An jig (Qy » 24) = dnN™(Q, Oy) + dnsP7(Q,, Q) (7.9) 


ijo 


Substituting the expression dnj,_(Q,, ®,) and dni Qy , (,) 
from (7.3), (7.5) and (7.6), and the expression dnsPon| (Q,, Q.) 
(with Q,=,) and abbreviating with df, dV, dQ, and dQ,, 
we have 


Bj (Qy, Q3)u% (4%; , 2) Mj (1) 


— bi; (Q, ; Q,) u* (y ifs Q.) nN; ( @2)) =i ar, (0, ’ 2.) n, (02)) 


(7.10) 


where n; (Q,) and 1;(@,) are the leve! populations which are 
related by the Sélienans equation (6.13) and u? (%;, ,) is 
the density of equilibrium radiation, which is related to 
Planck’s function by (7.2). Since equilibrium radiation is 
completely isotropic, we have 


0.) i vee ] 711 
Gp, 0) Sie ee ee, Y: 
if, “4% on (vi; ) 3 of vii/kT ; ( ) 
From (7.10) it follows that 
at. (Q,, 64) n,(Q4 
ice tas © (4, (22) 11;(Q)) — 


Di, (S24, $29) 127 (224) — BE, (Qy, Qy) 2; (Q)) 


If we divide both the numerator and the denominator on the 
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right-hand side of (7.12) by 67, (2), 2,)n;(Q,) and substitute 
for n;(Q,)/n(Q,) from (6,13), then, on equating the right-hand 
sides of (7.11) and*(7.12), we have 


at, (G2,, 925) h v 


ait SES see eee (7.13) 
tj (Q,, ¢2,) c? 

bt AO. Ox | 
jeiSa, Mo) (7.14) 


The two Einstein relations given by (7.13) and (7.14) were 
derived on the basis of (7.10), which is valid in thermody- 
namic equilibrium. However, the final formulae do not con- 
tain parameters which depend on the partition functions or 
parameters characterising the properties of the external 
field. The ratios of the Einstein coefficients depend only on 
the properties of the system itself, i.e. on the separation 
between the levels v,j and their statistical weights g;, gj. 
Hence, it follows that (7.13) and (7.14) are useful relation- 
ships which are valid for any partition functions and any ex- 
ternal fields. If (7.13) and (7.14) were not valid, it would be 
impossible to satisfy (7.10), which would mean that there 
could not be thermodynamic equilibrium between matter and 
radiation. 

The relationships given by (7.13) and (7.14) show that for 
theoretical calculations or experimental determinations of 
the Einstein coefficients itis sufficient to limit one’s atten- 
tion to the determination of only one out of the three coef- 
ficients characterising a given pair of levels. 

In writing down (7.5), we assumed that the interaction of 
light with matter leads not only to absorption but also to 
stimulated emission of radiation. Equation (7.14) gives direct 
confirmation of this assumption. According to (7.9) and (7.10), 
the absorption of light through j —: transitions under thermo- 
dynamic equilibrium cannot, in principle, be compensated 
by spontaneous emission only. Moreover, it follows from 
(7.14) that whatever the density w (v,;) of the exciting radia- 
tion, the absorption probabilities 0), (82), Q ) u* (¥;, Q2) dQ» 
are equal within the statistical weights to the spontaneous 
emission probabilities 6;; (921. Q2) u* (v,,, Q2) d2.. These pro- 
babilities are equal in general for non-degenerate levels. 

To estimate the ratio of the probabilities of spontaneous 
and stimulated emission in i-—j transitions, consider the 
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expression 
az (Q > 
ee _ PG (7,15) 
b;. (821, Q,) U? (4,7, Q,) dQ, u* (¥,j;, Q,)dQ, C3 


where u* (¥,;, 2) is given hy the Planck formula. This yields 


peg ed (7.15a) 
by ju; ;) 

When fv/kT > 1, i.e. in the visible part of the spectrum 
at normal temperatures, stimulated emission is negligible. 
If, on the other hand, Av/kT <1, which occurs, for example, 
at radio frequencies, the right-hand side of (7.15a) is very 
small and therefore the probabilities of spontaneous emis- 
sion may be neglected. 

The relations given by (7.13) and (7.14) were derived here 
in a purely phenomenological fashion. They will be derived 
later by the methods of quantum mechanics and quantum 
electrodynamics. Formulae will also be established for the 
absolute values of the Einstein coefficients. 


Integral Einstein coefficients 


In the solution of specific problems it is frequently necessary 
to know the total number of optical transitions i--j and Jj! 
without introducing detailed considerations concerned with 
the anisotropy of the radiation and the angular distribution 
of the molecules. These numbers can easily be obtained by 
integrating (7.3) and (7.5) with respect to the two angles 2, 
and 9, and (7.6) with respectto ®,; and 2. and summing over 
the two resolved polarisations. The result is 


dn;, = didV | 2; (2,)d9,V | Als Q,, O,) ut (4;j, Qn) d Q, (7.16) 


a 


dns” dtdV | n, (2,) dQ, \ bt (Q,, 2) u* (447, Q)dQy (7.17) 


dns" = didV \r (Q,)d2 | at (Q,, 2.) dQ, (7.18) 
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The result of the integration is independent of the order of 
integration with respect to Q),°Q,9 (Q3). 

Let us supposé to_begin with that the orientation of the 
particles is arbitrary and that the external radiation acting 
upon them is isotropic. This is encountered for completely 
diffuse radiation (and in particular for equilibrium radiation). 
If the radiation is isotropic we have 


1 (%;)) (7.19) 


u" (ii, 02.) r= 


Si 
and therefore the integrals which enter into (7.16) and (7.17) 
become much simpler. Let us substitute 


1 yy 
By =—— | &(,, 2)dQ, (7.20) 
’ Pi 0, 
B= —— 3) | 0%, (2, 2) a9, (7.21) 


2 Q, 


The quantities B,; and 4; are independent of 2, because 
the state of a molecule is independent ofits orientation with 
respect to the external isotropic radiation. The significance 
of the two parameters 8;, and 8;; can be elucidated by sub- 
stituting (7.20) and (7.21) into (7.16) and (7.17) and bearing in 
mind (7.1): 


dnj. = Bj,u (v,;) 1; dldV (7,22) 
dns??? — Bou (1,;) n,dtdV (7,23) 


It follows from (7.22) that B;,(»;;) determines the total 
probability of the j —: transition. The quantity Bju(»,;) has 
an analogous meaning. The two coefficients B,; and 5;,; are 
called the integral Einstein coefficients for absorption and 
stimulated emission of radiation. 

In the above special case of arbitrarily oriented molecules, 
the spontaneous emission by the entire set of molecules is 
anisotropic, i.e. it exhibits a specific distribution of the 
emitted radiation with respect to the directions of propa- 
gation and polarisation. However, the total emission ofeach 
individua! molecule is the same and therefore the integral 


Ave > | a, (2s, Q,) dQ. (7.24) 


tt 
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in (7.18) is independent of 0 . Substituting (7.24) into (7.18) 
we have, in view of (7.1), 


dn grr didV \ n,(Q,) dQ Ajj = Ayn,dVadt (7,25) 


The coefficient A;; has the/meaning of a total probability of 
all spontaneous i->; transitions and is called the integral 
Einstein coefficient for spontaneous emission. 

Consider now the second special case which is frequently 
encountered in practice and involves a considerable simpli- 
fication of the calculations. Suppose that the particles in a 
volume dV are oriented randomly both in the upper and lower 
state and therefore in accordance with (7.1) 


n;(Q,) = roa N,(Q,) = — n, (7.26) 


The radiation acting on the molecules may be anisotropic. 
If this is so, by integrating (7.16)-(7.18) with respect to 2, 
and bearing in mind (7.2), it is quite easy to obtain the re- 
lations which are similar to (7.22), (7.23) and (7.25) except 
that the three coefficients 5;;,, B;; and A,; have a different 
meaning: 


Bi =~ | Bil Qr, 2) a0, (7.21) 
7 
I a 
Bias rea b%. (Q,, 25) dQ, (7,28) 
A, =2 \ u%(Q,, Qn) dQ, (7,29) 


In contrast to the preceding case, the transition probabilities 
B,u(y,;), B,july,;) and A, refer not to a single molecule but to 
a set of molecules, and they determine the mean value of the 
transition probability in the various molecules. Since the 
orientations of the molecules are random, these average 
prohbahilities depend only onthe total intensity of the external 
radiation and are independent of 0 and a. 

As the differential Einstein coefficients are symmetrical 
with respect to 2, and ®, (though this is valid only for those 
molecules whose orientations in space can he defined by a 
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single axis), integration with respect to 2, and®,leads to the 
same result. If the polarisation is also taken into account, it 
is easy to see that the coefficients 8;;,, B,; and A,; in (7.27)- 
(7.29) equal numerically the integral Einstein coefficients 
calculated from (7.20), (7.21) and (7.24) respectively. 

The integral Einsteincoefficients B;, B,; and A,;; arere- 
lated by universal expressions analogous to (7.13) and (7.14). 
Substituting 6), (Q,, Q,) from (7.20) into (7.14), and comparing 
with (7.21), we have 


oun eagle (7.30) 


As in the comparison of (7.24) with (7.21) it follows, in view 
of (7.13). that 
A;j 8x hv; 


Then (7.31) 


Equations (7.16), (7.17) and (7.18) may be written in the 
form of (7.22), (7.23) and (7.25) even when the radiation field 
and the orientation of the molecules are simultaneously ani- 
sotropic. It is quite easy to show from these formulae that 


. 
Vf Je sis 24) OF (2, Q) m) (Q,) dd Q, 
sai AMET OT (7.32) 


Peeoeal re 
pa wee (4,7, Q2) bij(Qy, Q2) 2; (Q,) dQ, dQ, 


Bs , 2,).2; (O,) dQ, d, 


NE ae (7.34) 


Jn(Q,) dQ, 


In the present case, the coefficients B;;, B;; and A;; cannot 
be represented by numbers characterising only a giventype 
of molecule. They explicitly depend onthe form of the distri- 
butions n;(2,), 2;(Q,) and u* (Q,). Nevertheless calculation of 


By = 
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dneer dni n,;; and dnj, from (7.22), (7.23) and (7.25) together with 
A 32)-(7.34), has definite advantages. The probabilities 

Bu(y,;)and B:.(»;;) refer as before to a single molecule, and 
represent averages of all actual transition probabilities in 
individual molecules over all the orientations of the mole- 
cules, all directions of propagation and polarisation. In 
contrast, the spontaneous transition probability A;; was ob- 
tained by averaging over all the orientations of the molecules 
and summing over all directions of emission. The coefficients 
Bii, Bij and A,;; are not related by universal expressions 
of the form of (7.13) and (7.14). Such relationships can be 
obtained only in special cases. For example, if the distri- 
bution of the molecules with respect to the angles , is the 
same in states i and / we have 


Bil Bi = B18, 


Equations (7.32) and (7.33) become much simpler when 
polarised radiation travelling in a particular direction Q, 
falls on a system of arbitrarily oriented particles. The den- 
sity of such radiation may be represented by a §-function: 


u* (9,;, 2.) == U9 8 (Q, -- Q,) (7.35) 


Substituting (7.35) into (7.32) and (7.33), and using the 
well-known properties of 6-functions, we have 


| bj: 2, Qy) 2) (Qj) dQ 
. = (7.36) 


i 


\, Nj(22,) dQ, 


|B. (2. $ 2, 29) 2; (Q,) dQ 
Se ease (7.37) 
\n, (21) dQ, 


ee eee eee 


Degenerate levels 


Let us suppose that the energy levels / and j are degenerate 
(Fig. 2.3). The degrees of degeneracy,are respectively equal 
to g; and g;. The populations of the sub-levels Ey and [; 
will be denoted by nv and n’ respectively, where 
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ying = f,, > ne = Nj (7.38) 
p=l . A=] 


he 


The expressions given by (7.22), (7.23) and (7.25) determine 
the total number of i-j or ji transitions from all sub- 
levels of a particular state to all sub-levels of another state. 


Fig. 2.3 Radiative transi- 
tions between sub-levels of 
degenerate levels 


If we consider transitions between the sub-level E} and the 
sub-level E;, these relationships assume the form 


dni in) = Bit u,jnjdVdt (7.39) 
ditynnyir) = Bir y. jn; aVdt (7.40) 
niin jn) = Abs nb dVat (7.41) 


The coefficients Bj, B’} and Aj may be different for dif- 
ferent combinations of » and 4. 

To obtain the total number of i*,j transitions we must 
sum (7.39) to (7.41) over and 4. This leads to the ori- 
ginal formulae (7.22), (7.23) and (7.25), where 


A ry »\ Ay 
Tus, Yad sy 


Dg ee (7.42) 


Ba, See Ss (7.43) 
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ray dune ay 
Ai = re = —— (7,44) 


|» 


It follows from these expressions that summation over 
initial sub-levels yields a mean rather than a sum. For ex- 
ample, in (7.44), the probability of spontaneous transition 
i+jis equal to the sum of the probabilities of transitions to 
all sub-levels of the set j from one sub-level of the set i 
averaged over the population. 


8. QUANTUM-MECHANICAL THEORY OF ABSORPTION AND 
EMISSION OF RADIATION 


Formulation of the problem 


The quantum-mechanical theory ofthe interaction of light and 
matter is semi-classical in character. The properties of 
matter are described from the quantum-mechanical point of 
view but the properties of the electromagnetic field are de- 
scribed purely classically. It is precisely for this reason 
that quantum mechanics cannot account completely for the 
process. Nevertheless, it is very effective in many respects 
and provides, among other things, avery good description of 
the absorption of light and ofthe mainfeatures of stimulated 
emission. 

According to the basic assumptions of quantum mechanics, 
any isolated system ina stationary state of energy E, de- 
scribed by an eigenfunction , (x) will remain in that state 
indefinitely until it is disturbed by an external agent. There 
can be no spontaneous transitions from a level ; to other 
levels ; which are associated with a change inthe energy of 
the system. It is precisely for this reason that quantum 
mechanics cannot, even in principle, describe spontaneous 
emission of radiation. 

The limitation is not accidental. Inthis particular respect, 
quantum mechanics is analogous to classical mechanics: in 
an isolated classical system the total energy is also con- 
served. Classical mechanics provides a good description of 
some features of the interaction of charged particles with 
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electromagnetic fields when these fields are regarded as 
the cause of changes in the particle motion. However, it 
does not take into account the emission of radiation by 
charged particles executing accelerated or decelerated 
motion. Such processes are described only by classical 
electrodynamics. Similarly, a rigorous description of the 
interaction of light with matter, including spontaneous 
emission. can only be given within the framework of quan- 
tum electrodynamics. 

The difficulties which arise in the quantum-mechanical 
investigation of emission may be greatly reduced by using 
Einstein’s phenomenological theory in conjunction with 
quantum mechanics (see Section 7). The phenomenological 
theory is based on the generalisation of experimental data, 
and can be used together with the results of quantum mech- 
anics to obtain a quantitative description of the process 
of emission. 


Schroedinger’s equation 


Letus suppose that the particle experiences a variable elec- 
tromagnetic field. The Hamiltonian for the system can then 
be wiitten in the form H(x, t)=Ho(x) + V(x, t) where Ho( x) 
is the Hamiltonian for the system in the absence of the field 
and V is the operator representing the interaction of the 
particle with the field. Since the Hamiltonian depends on the 
time, it follows that possible non-stationary states of the 
system are characterised by a time-dependent wave func- 
tion ') (x, ¢). The form of this function may be found by 
solving Schroedinger’s equation 
h Ov(x, 2) 


oo =H p (x, t) ae [Ho (x) aie V (x, t)] Y (x, t) (8.1) 


When the interaction operator is absent, e.g. before the 
light source is switched on, the solution of the equation 


kh db (x,t) | 
t oe ay = H, (x) b (x, 2) (8.2) 
reduces tothe solution of the time-independent Schroedinger 
equation (9.2). Knowing the solution of (5.2) it is quite easy 
to obtain the solution of (8.2) simply by multiplying ¥%,(x) by 
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the time factor e7*"°Fi/")t) Thus, when V ==0, we have 


LE 
Qri-— 


v(x, Q=o, (xe # (8.3) 


The quantity j%(x, ‘) dx is time-independent and represents 
the probability of finding the system with energy E,; inthe 
interval of coordinates between x and x + dx. 

In accordance with the general postulates of quantum 
mechanics. the eigenfunctions are orthogonal and normal- 
ised, that is, 


(oi Oy, D4; (x, Odx = 4; (8.4) 


The set of eigenfunctions for the stationary states of the sys- 
tem is complete and closed and therefore any function 4¥(x, f) 
may be expanded in terms of the functions given by (8.3): 


oF 
i 
f 


v(x) = VC (Ny (xye 7 (8.5) 
Since the Schroedinger equation (8.2) is linear, the state func- 
tion given by (8.5) is also a solution. However, in this case 
the state of the system is not stationary and its energy does 
not have a definite value. By measuring the energy we shall 
change the state of the system, takingitto a stationary state 
with one of the possible definite values of the energy, and 
therefore experiment yields one of the possible values of E, 
which are admitted by the Schroedinger equation (5.2). The 
probability of obtaining experimentally a particular value 
of E,, or of finding the system in the stationary state 


—2rt a 
vi (X)e 
is determined by 
Wi) = IC; ({)|° (8.6) 


which is time-dependent. The mean energy of the system 
which is obtained as a result ofalarge number of measure- 
ments is given by 

(o* (x, OH)? (X. dx = > E,|C, (0) |? (8.7) 


This is also a function of time. 
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Solution of Schroedinger’s equation by perturbation 

theory methods — 

Suppose that the external disturbance has been switched on 
and that we require the corresponding solution of (8.1). It 
will be a function of coordinates and oftime and may there- 
fore be sought in the form of (8.5). Substituting (8.5) into 
(8.1) we have 


oC 
ie 2 (D461) ee! YC; (OH) te t) 


+ VOove. need —_ 


On replacing the derivative oe by the expression given 


by (8.2), we have 


se ae sd) = Lic (t) V(x, 8) &, (x, 8 (8.9) 


If we now multiply both sides of (8.9), by 4, (x, ¢), integrate 
with respect to x over all space and use the orthonormal 
property of the functions expressed by (8.4), we can easily 
obtain the following set of simple equations for the coef- 
ficient C; (L) 


pen oF 
—— dCi (‘)e Vi (0) (5.10) 

where 
Vii (t) = \ 5 (x) V (x, fp, (x) dv (8.11) 


are the matrix elements of the interaction operator for the 
states j; and i. 

The system of equations given by (8.10) replaces the ori- 
ginal Schroedinger equation (8.1). By determining the values 
of C;(t)for all ¢, we completely determine the state of the 
system. 

When the interaction operator V(x, t) is relatively small, 
the solutions of (8.10) are moresimply obtained from pertur- 
bation theory. Let us suppose that attime ¢ = Othe system is 
in a stationary state k& and therefore, in (8.5), 
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Co=1 for i=k; Cl=0O for i#R (8.12) 


Substituting (8.12) into the right-hand side of (8.10) we obtain 
a system of equations for the first approximation C* (f) 


ih dC\(t) ,; org LAB 
j = Vilip h 8.13 
oz ~=6oal ie!) ( 


Hence, in view of the initial conditions we have 


. t A E,;—-E, 
Cl(t) = | Yi (je " adt+8&, (8.14) 
l 
0 


If we substitute this first approximation into the right-hand 
side of (8.10), we can easily find a system of equations for 
the second approximation: 


E —E, 


ih dC'l (?) ni —_—* 
so ge = Vee CHEE) (8.15) 
ke 


By integrating (8.15) with respect to time, we obtain Ci'(). 
This procedure may be continued and will yield successively 
more accurate solutions for C;(¢). For the interaction of 
radiation with matter, the operator V(x, /)is relatively small 
and it is frequently possible to stop after the first or second 
approximation. 

The above calculation is, in principle, suitable for any 
perturbation. For interaction with an electromagnetic field 
E=E,cos2nv of given frequency y, the operator V (x, é) 
is a periodic function of time and adetailed solution is pos- 
sible. The operator V can then be written inthe form 


V (x, f) = V(x) ete VF (x) eh (8.16) 


and is determined by the properties of the system, the density 
of the electromagnetic field and the properties of the inter- 
action between them. Substituting (8.16) and (8.11) we obtain 


Vi (x, t) = Veen Ve, etre (8.17) 
where 


§ 


Vic = SY) VX) oO) de, Vie = J oO)" (4) pe) de (8.18) 
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are the matrix elements of V(x) and V#* (vx). 

Substituting (8.17) into (8.14) and performing the integra- 
tion with respect ‘to time subject to the given initial condi- 
tions, we obtain the first-approximation coefficients Cj (‘). 
To indicate the initial level k.we shall write C1 (t) instead of 
C7; (t). We then have for j #k 


. e a’ 
] — PO Ne ace ats tele 


(8.19) 


Some special cases 


Let us suppose that the frequency v ofthe incident radiation 
is equal to the j—2& transition frequency, i.e. 


— E; —E, a (8,20) 
h 
Moreover, let E; > E,. The denominator in the first term in 
(8.19) will then be zero. Since 
lim Ri pein Sa (8.21) 
Moe 2 seal 
the first term in (8.19) will continuously increase with time 
and may become very large. The second term in (8.19) is 
negligible. Similarly, small values of C!(¢) for all i do not 
specify (8.20). 

According to (8.6) the quantity |C}, (‘| is the probability 
of finding the system at time ¢ in the state j if at /=0 it 
was in the initial state k with energy E,< k;. It therefore 
follows from (8.19) and (8.21) that the energy of the system 
increases under the action of the incident radiation. This 
energy could only be taken at the expense of the incident 
flux, and therefore the above result describes the process of 
absorption of radiation which is accompanied by achange in 
the state of the system. If the energy of the initial state 
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%% (+) is greater than the energy of the j-th level, the first 
term in (8.19) will be negligible. When »=.,;, the second 
term in (8.19) becomes important. After the light source has 
been switched on, the system may then be found in the state 
j of lower energy. The energy difference is emitted in the 
form of radiation, and thérefore equation (8.19) describes 
the process of stimulated emission. 

For monochromatic radiation and a discrete energy spec- 
trum it follows from (8.21) and (8.19) that 


Bee 2 
C1, (OP = hh ae e (8.22) 


The probability of finding the system in the state j isa 
quadratic function of ¢. This holds for small ¢f when the 
first approximation of the perturbation theory is adequate 
(ICL, (OF K 1). 

The quadratic dependence on time is rarely foundin prac- 
tice, although it must be taken into account in the solution 
of some problems. The other special cases are encountered 
much more frequently. In the first, the systemis illuminated 
by non-monochromatic light with a fairly narrow range of 
frequencies. In the second case, the incident flux is mono- 
chromatic, but the energy levels form acontinuum. In order 
to establish the effect of the incident radiation in these two 
cases, we must investigate the frequency dependence of 
IC(1)\2. If we neglect the second term in (8.19), i.e. if we 
consider processes accompanied by an increase in the energy 
of the system, we obtain 


_ AlVil* sin’ = (vjz — ¥) E 


Chg (EOP , 
h* (Vik = v)? 


(8.23) 


Figure 2.4 shows the probability Chi (t)|? as afunction of the 
frequency of incident radiation. The principal maximum lies 
at » = »,,. The height of the principal peak is proportional to 
(? and the area under the curve is proportional to ¢. The 
first minima of (8.23) lie at the points 


“min = Vk 2 

i 
where / is the time measured from the instant at which the 
light source was switched on. For large values of ¢, the width 
of the principal maximum is very small. The minimum ex- 
posure time which it is possible to use is of the order of a 
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Fig. 2.4 Plot of the function 
(8.23) 


microsecond and therefore the width of the principal maxi- 
mum is of the order of 10° sec—!. 

All the usual sources of light produce non-monochromatic 
radiation and even for the best of them there is a spread of 
~10’ sec! in the visible region. Therefore, in studying the 
absorption at discrete levels we must take into account the 
fact that the incident light has a continuous spectrum, but 
the density of the incident radiation is independent of fre- 
quency under the principal peak of (8.23). 

The basic equation (8.19) is also valid when matter is 
illuminated by radiation with a continuous frequency spec- 
trum. It need only be remembered that interaction operators 
such as (8.16) will include a set of frequencies. Since these 
frequencies are very Close together, the operators V(x) and 
V*(x)in (8.16) and matrix element (8.18) may be regarded 
as frequency-independent. The resultant effect of the incident 
radiation is obtained by integrating (8.23) with respect to 
frequency at constant |V;,|?. Since 


tre ~ 
Uae, een (8,24) 


it follows that 


Ch (OF = [iy npay—= Ea, 8.28) 
; i 
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The probability of finding the particle in the state ; at time 
f (if at /=0 it was in the state £) under the action of radia- 
tion with a continuous frequency spectrum is therefore pro- 
portional to the time /. 

An analogous result can easily be obtained for the second 
special case, i.e. the interaction of monochromatic radia- 
tion with particles having a continuous energy spectrum. 
Equations (8.19) and (8.23) are alsovalidinthis case. Under 
the action of radiation of frequency v, a particle which at 
¢=Qwas in the state k, may occupy one of the continuum of 
levels E; = E, + Av. The probability of finding the particle in 
states with energy E; #E,+ hv is given by (8.23), and the 
central peak of the probability curve is very narrow. Inte- 
grating (8.23) with respect to E; on the assumption that | V;,; |’ 
remains constant, we have 


0) ” 4 2 9 
Chey OP = | iCreiOl*dE) = Went (8.26) 
In the case under consideration, the probability |Cze; «|? 
is also proportional to ¢. The transition occurs ina very nar- 
row energy interval near 


E=E, +h» (8.27) 


So far, we have been concerned with the solution of the 
system of equations given by (8.10) subject tothe initial con- 
ditions (8.12), i.e. C,(¢= 0) =1; C; (¢=0) = 0. If at the initial 
instant of time C,;(¢=0)=1,C,(¢{=0)=0 and E; > E,, an 
interchange of the subscripts j; and & in (8.10) should have 
no effect on the solution of (8.10). When the system is il- 
luminated by light with a continuous frequency distribution 
concentrated near v=», and the process of stimulated 
emission takes place, the system may be found in an ener- 
getically lower state with a probability 


7 An? lV 2; 2 
Cin (f)|* = sia t (8.28) 


hy? 


Comparison of (8.25) with (8.28) will show that the qualita- 
tive characteristics of the processes of absorption and of 
stimulated emission are identical. Other conditions being 
equal, the two processes proceed at the same rate. 
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The concept of transition probability 
According to (8.25) and (8.26), first-order quantum-mechani- 
cal theory of the interaction of radiation with matter predicts 
that the probability of finding the system in a higher energy 
state is proportional to the time. Since at ¢ = 0 the particle 
was in the state & while at time ¢ it may be found in the 
state j, it is possible to speak of atransition from the state 
R to the state /. 

When |C,,(‘)? is proportional to ¢, we can introduce the 
concept of the k — j transition probability which is defined by 


» 
-~ 


47° 
Vie 


d 
(22 IC (Ae 


(8.29) 


The transition probability p,; is independent of time and 
this justifies its name. It must be emphasised that the word 
‘probability’ is used here in twodifferent ways. The quantity 
IC, ())? is the probability in the usual sense ofthe word given 
to it in mathematics. It is equal tothe ratio of the number of 
cases in which measurements show the particle to be in the 
state / to the total number of measurements. The transition 
probability pr; is a dimensional quantity (sec!) and may 
assume large values. It is, infact,the proportionality factor 
determining the rate of change of |C;,,(¢)). 

The transition probability (8.29) characterises the process 
of absorption. The probability of stimulated emission associ- 
ated with ;~& transitions can be introduced ina similar way. 
According to (8.28), the probability 


d ‘ Ar? 4 
Pik = Ci, (OP = a Vial (8.30) 


is equal to p,;. This is the quaantum-mechanical justification 
of the relation given by (7.30) for the Einstein coefficients 
characterising the absorption and stimulated emission of 
radiation by a particle. 

It follows from the discussion inthe preceding section that 
the concept of transition probability is not universally valid, 
but is frequently applicable nevertheless. It is invalid when 
the frequency of the incident radiation v is not equal to the 
frequency v;, corresponding to any pair of levels, i.e. for 
the phenomenon of scattering of light. Again, it is invalid 
for resonance transitions under the action of monochromatic 
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radiation of frequency .,; and in many other cases. At the 
same time, the transition probability can conveniently be 
used for the description of the absorption and stimulated 
emission of radiation, since the experimental conditions 
under which these processes occur approach those which 
were postulated in the derivation of the solution which is set 
out above of the Schroedinger equation in the presence of an 
external perturbation. 

As indicated by the symbol |C;, (/)|?, all the results obtained 
above are valid in first-order perturbation theory. Whether 
a particular approximation is valid or not can be easily 
checked with the aid of the inequality 


ICL, (Of = pet <1 (8.30a) 


which should hold either for small values of ps; orfor short 
times. In the first approximation it is assumed that the 
probability of finding the system in the initial state & is 
equal to unity, although there is already a finite probability 
of finding the system at a higher energy level j. This inter- 
nal contradiction can be resolved only in higher-order 
approximations. 

For large ¢ the actual process is quite complicated. As 
IC;()P initially increases, there is a reduction in |C,(z)? 
which leads to a reduction in the rate of increase of |C; (/)/. 
As a result of the stimulated emission of radiation, there is 
also a tendency for |C,(¢)? to increase, and this may become 
appreciable for large |C;(¢)?. As ¢ increases further and 
the system departs from its initial state, the importance 
of voth levels, j and k, becomes comparable. Moreover, the 
quantities |C,((|* and jC; (f)|> become equal after a sufficient 
length of time, and the instantaneous values of |C,(‘)* and 
IC; (OP fluctuate about a mean value. When |C, (é)/* and |C; (O/ 
remain constant, the state of the system can naturally be 
referred to as astationary state, whereas the preceding per- 
iod during which |C; (/)->) increases may be calleda transient 
period. The time necessary to reach the stationary state is 
determined by the density of the exciting radiation and the 
degree of interaction between the field and the medium, i.e. 
by the matrix elements (8.18). 

In a real experiment the particles may be illuminated with 
a very short pulse of radiation or witha pulsating radiation. 
If the period of illumination is short, the first approximation 
may give satisfactory results and may provide a complete 
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description of the process. However, the illumination is 
usually continuous, and the interaction of incident radiation 
with the medium continues.indefinitely. The stationary state 
is then definitely reached and the first approximation to the 
Schroedinger equation (8.1) is, of course, invalid. At the 
same time, higher-order approximations are exceedingly 
difficult to obtain. It is only for particles with two energy 
levels that a precise solution of (8.1) can be obtained for 
illumination with monochromatic radiation. 

A semi-phenomenological probabilistic method has been 
developed in the literature for the quantitative calculation 
of the rates of absorption and emission of radiation, and of 
its other properties. The method originated in Einstein’s 
work, in which the concept of transition probability was 
first formulated (see Section 7). The probabilistic method 
has been found useful in practice, and whenever it has led 
to a quantitative result it has been verified experimentally. 
The accuracy of the method and its limits of applicability 
are still not clear however. 

The probabilistic method, which is essentially based on 
(8.29), can be justified by quantum mechanics. Itis assumed 
that the method is valid not only for the initial instant of 
time (which is immediately apparent from its derivation), but 
also for all times. Let us suppose that at time ¢ = fp, the 
probability of finding the system in state k which is de- 
scribed by +,(x) is equal to |C, (fo) |?, while in the state / it 
is equal to |C; (f)|?. The complete eigenfunction for the 
system at this time is 

E. 


Cr] 


b(x, f) = HCH) oe (e (8.31) 


In order to find the change in the state of the system in 
the time interval between f, and f) + df, we must solve the 
system of equations (8.10) subject to initial conditions which 
differ from (8.12) and take into account not only the real but 
also the complex parts of C,(fo). By analogy with (8.29) 
we have 


d|C; (t) f° = pit (8.32) 
where P; is different from px; in (8.29). It depends not only 


on the interaction operator V(x, /), but also on the initial 
conditions C; (t)) and C, (fo). In the probabilistic method it is 
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assumed that p; may be expressed directly in terms of the 
transition probability (8.29) subject to the conditions |C, (0) |? 
= ],and |C; (0)|* = 0, and in terms of the probability of finding 
the system in states k and j at time t=—f,: 


p, =| Cp (to) Pai — | Ci (Lo) P Pie. (8.33) 
Similarly, the change in the probability |C, (¢)|? is given by 


d|C, (t) |? = p, dt (8.34) 
where 
P, = 1C; (to) IP Dik — [Cx (fo) PP Pa (8,35) 


The time dependence of the probabilities p: and p, is 
therefore transferred to the quantities |C, (s)|? and |C, (|. 
while the transition probability itself is supposed tobe con- 
stant. The values of Pf; in (8.33) andof p; in (8.35) are written 
as differences because absorption and stimulated emission 
proceed in parallel and are merely twoaspects of the inter- 
action of radiation with matter. A justification ofthe proba- 
bilistic method will be given in Section 16. 


Operator for the interaction of radiation with matter 


Let us consider in greater detail the operator for the inter- 
action of a charged particle with the electromagnetic field. 
An electromagnetic wave may be specified in a vacuum by 
a single vector potential A, which may be chosen so that 
divA=0. The interaction operator is thenofthe form 


A?’ 


Vine = ——— (PA +r or 3 (8.36) 


This expression is usually derived from the classical Hamil- 
tonian function. If in addition to the electromagnetic poten- 
tials A, » the particle is in the field of some other forces 
specified by the force function U, the correct equation of 
motion is obtained from the Hamiltonian 


H=5-(p—= a) ter+u (8.37) 
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where e and m are the charge and mass of the particle and 
p is the generalised momentum. In quantum theory, p is 
replaced by the momentum operator 


A 6, 6, 6, h 
= — 1 —- | T ji — k — = — | — 
is roa A aa re a u 


where V is the so-called nabla operator. Since the momen- 
tum operators and the function A obey the commutation 
relations 


} A 
pA; — App; = —i— = (8.38) 
= Ox 
it follows from (8.37) that 
: ] ; 
H = —p’ + U—— (pA) + A’ —i 


2m ae 
(8.39) 


The first two terms in this expression do not depend on 
the presence of the light wave. They form an operator which 
may be regarded as a Hamiltonian for a free quantum sys- 
tem. The interaction operator is given by the remaining 
terms 


Az; h 
= ~ (pA) a7 oj divA-+-e@ (8.40) 
mc 2inc? 4zm 


When g = 0 and divA = 0 (gauge invariance), equation (8.40) 
becomes identical with (8.36) and p commutes with A. 

The second term in (8.36) is smaller than the first by a 
few orders of magnitude, and can be neglected for single- 
photon processes such as absorption or emission of radia- 
tion. The term containing A? need only be taken into account 
in calculations of multi-photon processes such as, for ex- 
ample, scattering of light. It follows that in first-order 
perturbation theory we may write 


e ieh 
Vin= —— (pA) — 
mc 


AV (8,41) 
27 MC 


Suppose that a charged particle (the optical electronof an 
atom) interacts with a plane monochromatic wave 
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B= E,sinde| te — 29) (8.42) 


where n is a unit vector specifying the direction of propa- 
gation of the wave and v= v,;;.Itcanreadily be verified using 
(1.2) that the vector potentfa! for this wave is 


A =—— E,cos2n tine (8.43) 

Onv d 

while the interaction operator is 
Vine (t,t) = — —— (pE,) cos 2r | vf — _ 
2n mv d 

e Qn int). : 

OO 4nim: (pE,) ¢ Ege (8.44) 
_(nr) 
ae *P*) p2dnivl 
4x my (PmE 


Comparing (8.16) with (8.44) we obtain 


e Dri (2) ien Qnt i 
V(x) = ——*—(pE,)e | \7 = SB 
4nmy Snr 


Multipolarity 


Some of the general properties of the matrixelements of the 
interaction operator, and therefore of the transition proba- 
bilities, can easily be established with the aidof (8.45). Sub- 
stituting V(x) into (8.45) and (8.18) we have 


Vie E, | 9500 Y. (x ( r V 4; (x) dx (8,46) 
= my 


where the integration should be performed over all x. Since 
the wave functions have appreciable,values only within the 
limits of the atom (molecule) it may be assumed that r does 
not exceed the radius a of the atom. This means that for 
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wavelengths in the optical region nr~2a is much smaller 
than unity. The factor exp. QT =}, which gives the change 
in the phase of the incident wave within the atom, may there- 


fore be expanded in powers of 2= és 


In the first approximation, equation (8.46) will then read 


Le. 


h A he 
Rhein E, | Y V 0; dx — 


Vie = a | ; (nr) yydx + ... (8.47) 
4m tc 


The first term in this expression is the matrix element of 
the momentum operator 


_A . 
pi = — i \¥ Vib; dx (8.48) 
ox 


It may be expressed in terms of the matrix elements of the 
position vector and therefore of the dipole moment [15]: 


, ] 
Pye = Qe imvyy Pjg = Wx imvji— Dj (8.49) 
€ 


The second term in (8.47) contains the matrix element of 
the operator 


p dr 
nr)— == (nr) — 
(nr) m a dt 
which can easily be written in the form 


n c “all (8.50) 


The quantity 3e(nr)r is the product of n and the second-rank 
tensor 


dr l d ] 
— = — — ((nr) r) — — 
(nr) a 7 ((nr) r) 5 


Bex* Sexy 3exz 
Q=|Seyx Sey’ 3eyz (8.51) 


Sezx Sezy 3ez2” 
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which is analogous to the quadrupole-moment tensor (see 


d 
Section 1), while t a is the angular momentum operator 


i — t [rp] = tw (8.92) 
m 


It is related to the magnetic moment M of the atom by the 
simple expression 


e 


M = — M’ (8.53) 


2c 


Since, moreover, the time-independent matrix element of 
the derivative of L is given by 


a = 6 levi Lin (8,54) 
dt} i 


we can rewrite (8.47) in the form 


id 
Vit (x) =—=-—! - (E,D;; ) 
- (8.55) 


e 


ip me (E,(nQj: )) — = (E,[nMjz]) +... 


If we neglect the change in phase withinthe atom, the mat- 
rix elements of the interaction operator will depend only on 
the matrix elements of the dipole moment of the atom so that 


l 
Vii(x)= — 7” (E,Dj; ) (8.56) 


The absorption and emission of radiation, associated with 
changes in the dipole moment, are usually referred to as 
dipole absorption and emission. 

The quadrupole and magnetic dipole emission, associated 
with changes in Q and M respectively, arise when the phase 
Change is taken into account on the first approximation. The 
next terms in the expansion in (8.47) give the octupole, mag- 
netic quadrupole and higher-order emission. If the dipole 
emission at a particular frequency is allowed by the selec- 
tion rules, it is usually much stronger than the quadrupole 
and magnetic dipole emissions. The ratio of the intensities 
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associated with quadrupole and dipole emissions is of the 


2ra \? ; wc 
.. Classical electrodynamics leads toasimi- 


order of 


lar conclusion (Section 1), 

If transitions with dipole emission cannot take place from a 
givenenergy level, then owing to the lowprobability of quad- 
rupole transitions, the corresponding lifetime t is rela- 
tively long. In the case of visible radiation and a=1 A, it is 
approximately equal to 0.01 sec. States with lifetimes of this 
order are called metastable states. The quadrupole and mag- 
netic dipole emission must be allowed for only when dipole 
emission is forbidden. 


Selection rules 


It was noted above [see (8.29) and (8.30)]that the probability 
of stimulated transitions depends on the properties of the 
quantum system, the density of the incident radiation and the 
nature of the interaction. Equation (8.55) may be used to 
investigate these effects individually. Itis easy tosee that V,. 
depends on the properties of the system only through the 
matrix elements of the dipole moment, the quadrupole moment 
and so on. If, for example, a particular matrix element D,,, 
is equal to zero, a transition between levels m and 7 with 
dipole absorption or stimulated emission of radiation is not 
allowed. If Q,,, or M,,, are equal to zero, transitions with 
quadrupole or magnetic dipole absorption or emission are 
forbidden. 

Each quantum system is characterised by certain selec- 
tion rules which indicate which transitions are allowed. All 
other transitions are forbidden. There are noselectionrules 
which would apply to all quantum systems. The selection 
rules are not connected with the structural details of a 
particular system, however, but are determined by certain 
fundamental properties which are common to certain classes 
of systems. 

Consider the selection rules for a particle moving ina 
centrally symmetrical field (optical electron of the hydrogen 
atom or alkali-metal atom; or, approximately, certain more 
complicated atoms). The stationary states of asystem of this 
kind are described by the wave functions [15] 


Yaim (1, 9, @) == Ru (7) Py (cos §) em # (8.97) 


Quantum theory of absorption and emission 125 


where R,,(r) are the radial functions, P? (cos 4) are the 
spherical harmonics and n, 1, m are the principal, orbital 
and magnetic quantum numbers respectively. 

To begin with, letus consider the selection rules for dipole 
emission. Since the matrix elements of the dipole moment and 
of the position-coordinate operator differ by the constant 
factor e, it is sufficient to calculate only the position- 
coordinate matrix elements. In order to reduce the algebra, 
it is convenient to calculate the matrix elements of the fol- 
lowing combinations of coordinates: 


s==x+iy=rsin§el? 
y= xX—iy=rsinbe¢ (8.58) 
z=rcos6 


Hence, we have 


9) us Qn 
ae vin = \ Rane? dr fPrPr’ sin? 6d6 je! (m—m’)et+eé rd Y 
0 U 0 


foe x 
Naim, n'Um’ = \RaRnwrdr | PmPr sin? @ d 4 
0 


UV 


2r 
8.59 
x [elimmen~ivdg ( 
0 


re) Tt 
Znlm, alm’! = {Ry Rnv Pdr \ PrP cosisin6dé@ 
y 0 


Qn 
x felim— med g 
0 


The integrals with respect to @ are clearly given by 


2n 
je! (m— MEE dD =2nbnz 1, m 
0 

2x 

\e' (m—me dy = 276 _, 


U 


(8.60) 


ym 


Since the fact that these integrals are not equal to zerois a 
necessary condition that the integrals in (8.59) should have 
non-zero values, it follows immediately from (8.25) that the 
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selection rules for the magnetic quantum number are 


a 
* 


“m —~m=+0 or +1 (8.61) 


This means that only those dipole transitions are possible 
for which the magnetic moment of the system remains either 
unchanged or changes by + 1 (inthe appropriate units). When 
Am = 0 the emitted photon is linearly polarised along the 
z-axis. When Am = +1 the polarisation may be circular or 
elliptical, depending on the direction of observation, as in 
the case of a rotator (see Section 1). | 

In order to find the selection rules for the orbital quan- 
tum number / we must establish the conditions under which 
the integrals with respect to v do not vanish. When m = m’ 
they are of the form 


Oe | PP" cosy sin vd v (8.62) 


0 


If we substitute x= cos @ into this expression we have 


Cons: | Pm (x) P™ (x) xdx (8.62a) 


—! 


Using the following property of spherical harmonics 
XPP (xX) = APR (4) + OymPM, (x) (8.63) 


where ad,, and 0,,, are certain coefficients which depend on 
m and l, Recalling that P7 are orthogonal, we have from 
(8.62) 

CT” = Am Sv, ttt Om br, 11 (8.64) 


and hence the following selection rules for m= mm’: 


b—l=+] (8.65) 
When m’' = m+ 1 we need only to evaluate the integral 


+1 
Sm, mil \ Pmtl (x) V1 —x? P, (x) dx (8.66) 
—! 
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Since 


V1 — x2 Pi (x) = aim PO! (x) + bimP TA! (x) (8.67) 


we have from (8.66) 
f 


Ot x a Ot, ait 8, ny 144 


(8.68) 


These two expressions again lead to the selection rules 
(8.65). We thus see that only those transitions are allowed in 
dipole emission or absorption for which the orbital quantum 
number changes by +1. 

We recall that in spectroscopy the state with orbital quan- 
tum number / = Ois called the s-term, the state with / = | 
is calledthe p-term,the state with /= 2iscalledthe d-term 
and so on. The selection rules state that the only transitions 
possible are those between terms Ss and p, pand d, dand f 
and so on, 

There are no selection rules for the principal quantum 
number. The difference n—n’ can assume any value. 

In order to find the selection rules for quadrupole emis- 
sion, we must evaluate the matrix elements of the compo- 
nents of the quadrupole moment tensor given by (8.51). 
Since the matrix elements for x, y and z have already been 
calculated, this can easily be done using the rule for the 
multiplication of matrices, For example, 


(X™)p+) = y) Xp rX yl. 


{* 


Since l’=1”" +1 and [" =1+1, it follows that /—l’ = 0 or 
+ 2. Similar results are obtained for the other components 
of the tensor Q. Calculations lead to the following selection 
rules for quadrupole emission: 


m—m =0, +1, +2 


ee ee eee (8.69) 
These rules have one exception: transitions between states 
for which / = /’ = 0 are forbidden, since the corresponding 
matrix elements are zero. There is no magnetic dipole emis- 
sion in atomic systems with single optically active electrons. 
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Classical theory leads to the same conclusion. Selection rules 
for more complicated systems lie outside the scope of the 
present book [16]. ; 


Dipole emission. Correspondence principle 


If we substitute (8.56) into (8.29) and confine our attention to 
systems with non-degenerate levels, we obtain the transition 
probabilities for dipole absorption and stimulated emission: 


Ae? , x 
Prj = Pik mere Viel = a | (EpDz;) | (8.70) 


If we denote the angle between D,; and E, by 0,,, this expres- 
sion may be written in the form 


T° 9 9 An? 2 2 
Pri = ry | Dz; |? EZ cos? 9p; == ary | De; P cos? Oj (v) (8.71) 


where 

i 
8r 
is the density of the incident radiation. Comparison of (8.71) 
with (7.4) leads to the following expression for the differen- 


tial Einstein coefficients for the absorption and stimulated 
emission in the direction of the incident radiation: 


u(v) — F? 


8x3 heals 
bnj (¥) = Oe (¥) = ry | Dz; |? cos” 9%; (8.72) 


It should be noted that the coefficients 6,; depend on the 
frequency scale (v or ») of uw. Since unit intervals on the y 
and w» scales differ by a factor of 2x, it follows that 6; (v) 
and b,;(w) are related by 


Oyj (w) = 2r pg; (y) 


In the ensuing analysis we usually employ the v scale. 
Using (7.13) and (8.72), we obtain the differential Einstein 
coefficient for spontaneous emission (j > k): 


h y my 
aay 9 eae eo Ral 2 : 
Qik a C3 Dip ay hes | D,; | COs 8, (8. 73) 
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The coefficients 6; and aj given hy (8.72) and (8.73) are 
functions of the angle between E, and D,;. However, before 
we can determine the integral Einstein coefficients, the dif- 
ferential coefficients must be referred to two independent 
polarisations, and must be written as functions of angles } 
and # which define the direction of propagation. Let e. be 
the first of the two polarisation vectors. It is perpendicular 
to the ray direction and lies in the plane containing the ray 
and the vector D,; (Fig. 2.5). The second polarisation vector 
e, Will then be perpendicular to both e, and the wave normal 
n, and therefore also to the vector D,;. AS can be seen from 


Fig. 2.5 Direction of polar- 
~wsatton vectors 


Fig, 2.5, 3 = —,;, and hence, using (8.72) and (8.73) 
we have 2 


8r 
bt) = ot! = “pa (ail? sin? $, bt) = Of) = 0 (8.74) 
Br3u3 
(1) R era a 
Qik = nce ID,jP sin® 8, a" = 0 (8.79) 


Substituting these formulae into (7.20) and (7.24) and inte- 
grating over all directions of propagation, we obtain the 
integral Einstein coefficients 


Rad 

B,; = By, = — |D,; 8.76 

kJ fk ve xi | ( ) 
64x43. : Sr A ve 

Aj, = aa | Dy |? == eer B;,j (8.77) 
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Suppose now that the system under consideration was in 
the excited state j at time ¢ = 0. It follows that soon after 
this instant (¢ ~ 0) the rate ‘of emission of radiation per unit 
solid angle in the direction 0 is 


 gaay! | 
W cin (O) = jg h¥jyp = Ong [DyPsin? © (8.78) 


C3 


which corresponds to a total of emission 


4 
W om a \ W om (3) d 2 = St ID, ;|? 
s (8.79) 
dui 2 
= —z73— | Dail 


Substituting the quantum mechanical formulae (8.78) and 
(8.79) into the classical formulae (1.15) and (1.16a) we see 
that both the angular distribution of the emitted energy and 
the total rate of emission by the quantum-mechanical sys- 
tem during j—2 transitions is the same as for a harmonic 
oscillator of frequency >; and dipole-moment amplitude 
(D,)* =4|Dj,*. This is the basis for the correspondence prin- 
Ciple, according to which a quantum-mechanical system 
absorbs and emits radiation as a set of classical harmonic 
oscillators. This principle has been very fruitful inthe solu- 
tion of a wide range of optical problems. Its limits of applic- 
ability will be discussed in detail later. 


Oscillator strengths. The sum rule 


Well before the emergence of quantum mechanics and the 
formulation of the correspondence principle, the classical 
theory of the harmonic oscillator was widely used for the 
investigation of the interaction of radiation with matter. By 
associating a harmonic oscillator with each spectral line of 
an atom, classical theory led to a series of correct predic- 
tions, including the dependence of the absorptton coefficient 
and the refractive index on the frequency of external radia- 
tion. There was, however, aquantitative discrepancy between 
theory and experiment. As has already been mentioned (Sec- 
tion 2), the discrepancy was partly overcome by introducing 
dimensionless correction factors which are otherwise known 
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as oscillator strengths. Quantum theory leads to explicit ex- 
pressions for the oscillator strengths and also to a clearer 
interpretation of their physical meaning. This is achieved 
by comparing classical and quantum-mechanical formulae 
for the induced dipole moment, polarisability tensor, absorp- 
tion coefficient and so on. , 

Consider, for example, the absorption of plane-polarised 
radiation. According to (2.38) the rate of absorption by a 
linear oscillator of frequency v =v; is given by 


Te 
cos* 9, ; U(¥j_) (8.80) 


Weve (Yin) ae Fes 


where the oscillator strength /,; is introduced in order to 
achieve agreement with experiment. According to quantum 
theory the rate of absorption by asystem which at the initial 
instant of time was in the lower level & is given by 


m 8x3 ; 
Wars (in) = Seite) hie = : [D,;|? CoS? 8,7 A vj, UC Yj) (8.81) 


abs 
h 


When k>/j this expression gives the stimulated emission. 
A more precise definition of the concept of the rate of ab- 
sorption with allowance for stimulated emission will be given 
in Section 17. 

Comparison of (8.80) with (8.81) shows that 


’ 8n2m : 8x? m 
[rj = a a vjx [Dy i)" = meme. Xpil? (8.82) 


Using (8.76) and (8.77), we can express oscillator strengths 
in terms of the integral Einstein coefficients: 


’ 3 v; 
fe __ sme" Ay, = Rosita | (8.83) 


2 
87° e* vip Tt @ 


These expressions may be written in the following more 
convenient form 


bri om Pre a Boe (8.84) 


where we have used the integral Einstein coefficients for 
1=0 transitions in the harmonic oscillator (see Chapter 6). 
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This illustrates the physical meaning of the oscillator 
strength; it gives the. ratio of j ~k and 1+ 0 transition pro- 
babilities for a harmonic‘oscillator of natural frequency vj, . 
In other words, if we choose the harmonic-oscillator transi- 
tion probability as the unit of measurement, the transition 
probabilities for a given quantum system will be numerically 
equal to the oscillator strengths. It will be shown later that 
Ap is equal to 27,_ which is the classical damping constant. 

The second equality in (8.82) is valid for molecules and 
other systems in which the direction of the dipole moment is 
independent of the external field and may he parallel toa 
chosen axis. In atoms disturbed by an external field E, the 
direction of D;, will, to a greater or lesser extent, depend 
on the direction of E, and therefore the vectors Dj, always 
have non-zero components in a fixed system of coordinates. 
The isotropic harmonic oscillator is then more convenient 
than the linear oscillator as a standardfor comparison, The 
direction of its induced dipole moment is always parallel 
to the direction of the external field, andthe rate of absorp- 
tion does not contain cos?6. Instead of (8.80) we then have 


c Te” 
Woos = fei tt (jp) (8.85) 
m 
Comparison of this expression with the rate of absorption 
averaged over 6,,, which is given by 


<3 


Vir ID, j/? (vip) (8.86) 


ryqm 
Wabs ae 


yields the following new expression for the oscillator strength 


eee 2 , 
| One mvj, ID, 2 = One 1 7p 


oh 3h 


The quantities /,; satisfy (8.84) if A, and By; represent the 
Einstein coefficients for an isotropic (three-dimensional) 
harmonic oscillator. They are greater by factors of 3 than 
the Einstein coefficients for the linear oscillator. 

The oscillator strengths /|,; satisfy the so-calledsum rule 
which states that the sum of all the /,; for transitions from 
the level & is equal to the number JN of optical electrons: 


(Xp il? + [Ypsl? + [zpyl?) (8.87) 


Fnj rae 


Veg = N (8.88) 
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This rule, like other rules of its kind, is based on the fact 
that the functions y; in the expansion for the perturbed func- 
tion form a complete set. We shall confine our attention to 
the one-electron system (N = 1) and will show that 


8520 
2 n~ vip Ltpgl? = (8.89) 


The sum in this expression includes both positive terms 
corresponding to transitions to higher levels j > k andnega- 
tive terms associated with transitions to lower-lying levels 
j < k. The sign of a particular term is determined by the 
sign of v;, = (E; — E,)/h. 

In view of the first equation in(8.49),the left-hand side of 
(8.89) may be written in the form 


LN 8n2m 
, h 


Yin Xjxl” = y (XjpX i, + XX jn) 

(8.90) 
QT 4 st 

ae Th (DinX jx — PinXin) 
The matrix elements x;, and pj, are the coefficients of the 
expansion in powers of the eigenfunctions which arise as a 
result of the application of the position and momentum opera- 
tors to 4,: 


Xb, = Mi Xin Y (8.91) 
/ 
A 
P. Vk se, a Gis a. =% Pir v1 (8.92) 


Similar equations hold for the complex conjugate quantities: 
X= Di xed (8.93) 
j 
h 
— 4, = _ az Pir 1 (8.94) 


OT 


~ 


If we multiply together the right- and left-hand sides of 
(8.91) and (8.94) and also (8.92) and (8.93), and integrate 
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over all space, we have 


h SS 6, | 2 
cocnas | ™ e re be ae = ; x. 
cs \ at, OX a DP (8.95) 
hh - o- tg 
t On \ X Vk >) Op AX == Pi yXjp (8.96) 


from which 


z  (igty— Pik oo (x lal dx = | (8.97) 
f 
The validity of the second equation in (8.97) can easily 
be verified by integrating by parts and remembering that 1, 
vanishes at infinity. Since (8.89) is valid for all the three 
position coordinates of the electron, it follows from (8.87) 
that for the special case NV = |, we havethe sum rule 


Lig (8.88a) 
j 


Franck-Condon principle 


Consider the optical transitions between vibrational sub- 
levels of two electronic levels of a molecule. The discussion 
will be valid for any system consisting of a fast and a slow 
sub-system. It was shown in Section 9 that on the adiabatic 
approximation the eigenfunction for the electron-vibrational 
state may be written in the form 


dng (%, 9) = 94x, g) d¥1%Q) (8.98) 


where n and/ represent the electronic and vibrational levels, 
x are the position coordinates of the electrons andg are 
the position coordinates of the nuclei. The probability of 
transition from the j-th sub-level of the first electronic state 
to the j -th level of the second state is given by 


pig = Cl) ¥5, (x, 9) VOX, 9) day CX, 9) ax dg? (8.99) 


where V(x, g) is the operator which represents the inter- 
action of the medium with the field and is responsible for 
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optical transitions. Substituting (8.98) into (8.99) we obtain 


Pix = C | {dg 43 (qy* ¥¥(9) X fds, " W(4.9) YF (% 9) ax]? 
(8.100) 


If we denote the result of integration with respect to x (mat- 
rix element for the electronic transition) by V(g) we have 


pie = CY vy (9)* VQ) o (9) dq |? (8.101) 


This formula determines the distribution of the probahility 
of transitions from a given original state (1/) to all sub- 
levels (2/) of the final electron state. The dependence of p on 
iand jis called the Franck-Condon factor. 

On the first, and frequently adequate, approximation it 
may be assumed that the optical transition operator depends 
only on the coordinates of the electrons. On this approxi- 
mation (the Franck-Condon approximation), 


Pj; = |Viel | ) ho (q)* ie (9) dq |? (8.102) 


where 
[Vio P= CI fps Vix) HT del (8.103) 


is a constant which characterises the probability of transi- 
tion between electronic levels, and is given by 


Vier = Vi pin (8.104) 
This result may be established by expanding the eigenfunc- 
tion vit? (9) for the initial state into a series in power's of the 
vibrational eigenfunctions yb for the upper electronic 
State: 


vii? (9) = > Cede (9) (8.105) 
k 


On multiplying (8.105) by Yy¥'?(q)*, integrating with respect 
to g and recalling that the functions are orthonormal, we 
obtain 


(bay (Q)* 44; (9) dq = C, (8.106) 
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Since £{C;|? = |! we find that (8.104) is in fact correct. It 
follows that on the Franck-Condon approximation, the sum 
of transition probabilities from a vibrational sub-level / 
of the original state to all the vibrational sub-levels of the 
final state is independent of the number / and is the same 
for all vibrational levels. Moreover, the intensity distri- 
bution of the individual vibrational bands depends only on the 
properties of bie (qg) and $2; (g), i.e. on the mutual dispo- 
sition of the potential surfaces of the upper and lower elec- 
tronic states. 

The expression given by (8.102) has a simple classical 
interpretation. We shall see in Chapter 6 thatfor large E yj, 
the vibrational eigenfunctions are appreciable only inoneor 
two narrow intervals of g. The integral in (8.102) is large 
when the eigenfunctions 3/'°(q) and ¥i;'"(q) have appreciable 
values in the same intervals of g. In other words, the sys- 
tem will undergo transitions with a large probability only to 
that vibrational level of the final electronic state for which 
the most probable values of the coordinates are the same as 
for the initial vibrational level. This corresponds to a 
situation in which the electronic-vibrational transitions are 
such that the distance between the nuclei remains practi- 
cally constant during the transition. 

The Franck-Condon approximation is widely used to ex- 
plain the intensity distributions in the spectra of diatomic 
molecules, and establish on the basis of experimental data 
potential curves for the upper and lower electronic states. 


9, NON-RADIATIVE TRANSITIONS 


Formulation of the problem 


Non-radiative transitions between energy levels are fre- 
quently encountered in practice. They are absent only in very 
simple isolated systems, but are important whenever one is 
concerned with real systems which interact with the sur- 
rounding medium. The probabilities of non-radiative tran- 
sitions may have different values depending on the nature of 
the interaction. Incomplicated systems the i—j transitions 
(E, > E;) will also occur as the result of internal interactions 
and the released energy is transformed into forms of energy 
other than electromagnetic radiation. 
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The simplest type of transition in which there is no ab- 
sorption or emission radiation occurs during collisions with 
electrons under conditions where the kinetic energy of the 
electrons can be transformed into the internal energy of 
atoms or molecules, and the excited particles then give up 
part of the energy in the form of radiation. Similar pheno- 
mena occur in many light sources. Transfers of kinetic 
energy from incident electrons to atoms or molecules which 
result in transitions to electronic excited states are refer- 
red to as collisions of the first: kind. 

When an excited particle collides with an electronthe re- 
verse process may occur, i.e. the excitation energy may be 
transferred to the electron. The kinetic energy of the elec- 
tron will increase, while the excited particle will undergo 
a transition to a lower state. This is not accompanied by the 
emission of radiation and is thus a non-radiative transition. 
Such collisions are known as collisions of the second kind. 

The existence of collisions of the second kind can easily be 
established experimentally for electrons. They are a neces- 
sary consequence of general physical principles, e.g. as a 
means of establishing the thermodynamic equilibrium in a 
mixture of atoms and electrons. Moreover, it will be shown 
below that the probability of collisions of the second kind is 
much greater than that of collisions of the first kind. 

Non-radiative transitions are observed not only in colli- 
sions with electrons but also in collisions with other parti- 
cles. Consider for example the case of the so-called 
sensitised fluorescence of a mixture of mercury and thal- 
lium vapour illuminated by light from a quartz mercury lamp. 
The incident radiation can be absorbed only by the mercury 
atoms which undergo transitions to an excited state. In the 
absence of the thallium vapour, transitions to lower energy 
levels would result in the emission of mercury lines. In the 
presence of thallium, however, the emission spectra exhibit 
thallium lines as well as mercury lines. This has a simple 
interpretation. Some of the excited mercury atoms collide 
with thallium atoms and communicate their excitation energy 
to them. As a result, the mercury atoms undergo transitions 
to lower states without the emission of radiation, and the 
thallium atoms become excited without absorption of radia- 
tion. The excess energy is transformed into the kinetic 
energy of the atoms. The thallium atoms subsequently under- 
go the usual radiative transitions to lower energy levels, and 
this gives rise to the emission of the thallium line spectrum. 
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sensitised fluorescence is frequently encountered in nature 
and is being systematically studied at the present time. 

Non-radiative transitions induced by collisions between 
particles are also known to occur during the so-called 
luminescence quenching. Let us consider as an example the 
luminescence of optically excited mercury vapour. For a 
given source intensity there is a definite intensity of lumi- 
nescence, but the intensity is sharply reduced when a small 
amount of a foreign gas is added to the mercury vapour. 
Figure 2.6 shows the ratio of intensities inthe presence and 
absence of the impurity as a functionofthe partial pressure 
of the foreign gas. It is evident from the figure that the 
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Fig. 2.6 Quenching by impurities 
of the luminescence of mercury vapour 


excited atoms transfer their excitation energy tothe foreign 
atoms during the collisions. This process is significant for 
collisions with hydrogen and oxygen, butis practically absent 
in collisions with inert gases. The effectiveness of the colli- 
sions is different for different gases. This is connected with 
differences in their chemical composition, electron shell 
structure and energy level schemes. 

Non-radiative transitions are produced not only during 
collisions, but generally in all kinds of interaction between 
an excited particle and other systems, for example in inter- 
actions with a solvent, with other molecules ina crystal and 
in the intermolecular interaction in an amorphous solid. 
Any transfer of energy from one system toanother which is 
not accompanied by the emission or absorption of light con- 
stitutes a non-radiative transition. Absorption andemission 
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of light are influenced by accompanying non-radiative tran- 
sitions. This fact must be taken into account in spectroscopy. 
Conversely, the study of the optical properties of matter is 
sometimes an excellent method of studying other processes 
involving energy transfer. 

An important example of‘non-radiative transitions which 
occur in solvents, crystals and biological objects, is the 
resonant transfer of excitation energy from one molecule to 
another. Having absorbed a photon, the initially unexcited 
molecule transfers its excitation energy to another similar 
molecule, even when the interaction is small. Since the 
energy levels of the interacting molecules are the same, 
transfer of energy has a resonant characteristic. In some 
systems this kind of energy transfer is repeated hundreds 
and thousands of times, until a photon is emitted or a non- 
radiative transition takes place. In crystals, the process is 
referred to as the motion of an exciton, while in solutions 
of molecules it is called migration of excitation energy. 

Non-radiative transitions occurring within a given sys- 
tem, for example a molecule and occasionally evenan atom, 
have an important influence on the optical properties of 
matter. It was shown in Section 5 that the total energy of 
a system may be approximately divided into the energy 
of electronic motion, the vibrational energy of the nuclei, 
the rotational energy of the molecules, and the energy of 
translational motion. In simple systems the accuracy of this 
approximation is high, but in complicated systems itis low. 
Suppose that at the initial instant of time the total energy of 
a system is E and that it can be divided into a number of 
components, e.g. electronic, vibrational and rotational. If 
there were no interaction between these types of motion, 
radiative trarsitions between energy levels could be dis- 
cussed separately for each of these groups of degrees of 
freedom. Transitions between electronic levels would occur 
independently of transitions between vibrational and rotation- 
al levels. In reality the interaction betweenthemis not zero 
and the electronic energy may become converted into vibra- 
tional and rotational energies, and vice versa. These proces- 
ses unavoidably affect the optical properties of matter. If 
we confine our attention to transitions between electronic 
levels, for example transitions from an excited state to the 
ground state, then the transformation of electronic energy 
into vibrational energy is represented as a transition from 
one level to another without the emission of radiation. 
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The probability of such processes depends on the degree 
of complexity of the system. These processes are rare in 
atoms, but they are encountered in the form of the so-called 
pre-ionisation, in which the total energy of two electrons is 
transformed into the energy of one electron. In diatomic 
and simple polyatomic molecules they gre encountered very 
much more frequently, e.g. in pre-dissociation, but are still 
not typical (the electronic energy is released in the form of 
vibrational energy, or is used to disrupt a valence bond). 

Non-radiative processes play a leading part inthe proper- 
ties of complicated polyatomic molecules and crystals, and 
frequently dominate the emission of radiation. The electron 
energy is transformed either into vibrational energy of the 
molecule or into the vibrational energy of the crystal lattice, 
i.e. into heat. This phenomenon can be referredto as inter- 
nal de-activation of electronic energy. 

Processes accompanied by chemical transformations are 
a particular type of non-radiative transition. Suppose, for 
example, that a molecule becomes excited as a result of 
absorption of light. It is sometimes found that the excited 
electronic state is chemically unstable and the excited mole- 
cule decays into parts, or there is achange in the structure 
of the molecule. The original molecule then ceases to exist, 
and therefore the radiative transition from an excited state 
to a lower state cannot occur. This causes a reduction in the 
emitted intensity, and can again be taken as a non-radiative 
transition from the excited state. However, the molecule 
can no longer participate in the subsequent absorption and 
emission of radiation, and there is therefore no true non- 
radiative transition. Nevertheless, from the point of view 
of emission of radiation, the existence of the photochemical 
process formally leads to the same results as the usual non- 
radiative transition, and the two may be discussed in parallel. 


Probability of non-radiative transitions. Ratio of 
probabilities for direct and reverse transitions 


By analogy with the transition probabilities for the absorp- 
tion or emission of radiation, it is convenient to introduce 
the concept of a non-radiative transition probability. Any 
non-radiative transition within a complicated system can in 
principle be reduced to the transfer of energy between two 
(or several) sub-systems. We shall denote the energy levels 
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Fig. 2.8 Non-radiative transitions in the 
first (a) and second (b) sub-systems 


of the first system by (, j, m,..., and those of the second 
system by i’, j’, m’,.... The energy of the system asa whole 
will be represented by E;-+ E;. Possible non-radiative tran- 
sitions from state uw’ to the states jj’, mm’, nn’, are shown 
in Fig. 2.7. In the absence of radiative transitions 


E; +- Fi = Ej -+- Fj: aaa ee + Eni era abe (9.1) 


The system as a whole undergoes transitions only between 
different sub-levels of a given degenerate level. In accor- 
dance with the law of conservation of energy, non-radiative 
transitions are forbidden if the levels of the complete sys- 
tem are non-degenerate. Non-radiative transitions may be 
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represented graphically in another way. According to (9.1) 
E; — Ej = -- (Ev > Ey} E;— En = —(Erv—Em)... (9.2) 


A reduction (increase) in the energy of the first sub-system 
is Compensated by an increase (decrease) in the energy of 
the second sub-system. It is precisely for this reason that 
we can concentrate our attention on the main processes in 
which we are interested, and ignore the complicated and fre- 
quently uncontrollable transformations of energy ofthe sec- 
ond sub-system. In Fig. 2.8a the possible energies of the 
first sub-system are plotted along the ordinate axis. The 
non-radiative transitions E,—-E;, E,;-E,, E,;-E, arere- 
presented by the curved arrows. They correspond to the 
transitions indicated in Fig. 2.7. Figure 2.8b shows the ac- 
companying transitions in the second sub-system. 

Let us suppose that the number of non-radiative transi- 
tions from state ii’ to state jj’ in time df is proportional 
to the number of the first sub-systems which occupy the 
level E,, to the probability 4, that the second sub-system 
has the energy E§;, to the transition probability pw. jj: 
and to the time interval df: 


AN jg* , 55° = Pitt, jje Uz Pi’ dt (9.3) 


Similarly, the number of reverse non-radiative transitions 
is given by 


Ajj, in" == Pjjr iv Nj pjr al (9.4) 


Let us consider the processes occurring in the first sub- 
system. A transition from level : to a lower level /; may 
occur simultaneously with various transitions in the second 
sub-system, depending on its initial state. Inorderto obtain 
the total number of /- ; transitions it is necessary to sum 
(9.3) over all (’: 


drt; = » Dit’, ji" Nl. pi dt 6 [ (Ex ae Ey ) aie (E, very E,)| (9.5) 
}° 


We can now use the ¢-function to separate the final state 
j’ which is unambiguously related to i’. If we let 


»} Pii’. ji’ p,6 (Ex —s Ey pees (E; _ i) or dj (9.6) 


1’ 


Quantum theory of absorption and emission 143 


we obtain hip dell 9.7) 
The quantity d,; can conveniently be referred to as the pro- 
bability of a non-radiative transition inthe first sub-system. 
We shall now omit the words ‘in the first sub-system’. 

For the reverse transifions j--/, which are associated 
with an increase in the energy of the first sub-system, we 
can write 


dij; == d,,n jdt (9. 8) 
where 


ip » Pisa pj 8 (Ey — Ex) — (Ej —- EDI (9.9) 


J 


As it is possible to establish thermodynamic equilibrium, 
the probabilities pw, jj. pjj-. i, dj; and d;; are not all inde- 
pendent. In fact, in view of the principle of detailed balancing 
we have at thermodynamic equilibrium dnjy ;;-=dnj;, i. Equa- 
ting (9.3) and (9.4), we have, using (9.2) and the Boltzmann 
relation (6.13), 


Dit’. jj? = Pyy ii’ (9.10) 


The probabilities of direct and reverse transitions are thus 
found to be equal. 

The relation between the probabilities of non-radiative 
transitions in the first sub-system with allowance for stati- 
stical weights is of the form 


dij, be §i oe (E;, — Ej) /kT (9.11) 
dij Bj 


The statistical weights of the second sub-system are auto- 
matically allowed for in the summation of (9.6) and (9.9) 
over i’ and j’. 

The relation given by (9.11) is equivalent to the relations 
(7.13) and (7.14) between the Einstein coefficients, although 
it is not of an equally universal character. The Einstein 
coefficients are fully determined by the properties of the 
system itself. At the same time according to (9.6) and (9.9), 
the probahilities of non-radiative transitions, d;,; and d,;, 
depend on external factors, including in particular the distri- 
bution of the second sub-systems over the energy levels. 
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The relation given by (9.11) is strictly valid only when 
the first and second ‘sub-systems (molecules and medium) 
are in thermodynamic equilibrium. It may be used in the 
solution of many problems if it is assumed that the external 
disturbance which upsets the thermodynamic equilibrium in 
the first sub-system does not affect the equilibrium in the 
surrounding medium (second sub-system), and thus does 
not change the interaction between the molecules and the 
medium. Since according to (9.6) and (9.9) the probabilities 
d,; and dj; depend only on ni and n,, it follows that in such 
a departure from equilibrium they remain constant and ex- 
plicitly depend on temperature. 

A similar situation frequently arises in radiative exci- 
tation (photoluminescence). Let us suppose that before the 
external excitation was introduced the system was inthermo- 
dynamic equilibrium and the number of radiative j > i tran- 
sitions associated with the absorption of Planck radiation was 
equal to the number ofradiative : -’ / transitions; direct and 
reverse non-radiative transitions were also compensated by 
each other. Under the action of the external electromagnetic 
field the number of particles occupying the upper level will 
increase, and if the external radiation has no effect on the 
state of the medium, and the non-radiative transitions are 
as before determined by the thermal motion ofthe particles, 
the values of d;; and d,; will remain unaltered, and will 
depend on the density of the incident radiation. 

It follows from (9.11) that when E,—E,;>> &T the probability 
of a non-radiative i - | transition associated with a loss of 
excitation energy is much smaller thanthe probability of the 
reverse transition. 


Calculation of non-radiative transition probabilities 


The theoretical calculation of non-radiative transition pro- 
babilities is made difficult by the variety and complexity 
of the problem. In most cases the theory is semi-empirical 
and is limited to the formulation of general regularities. The 
resulting formulae contain certain constants which must be 
determined experimentally. 

The classical theory (see Chapter 1) treats this problem 
phenomenologically in a very simple way. Itis assumed that 
the damping constant 7 consists of two parts 
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= lew Ui (9.11a) 


where jem represents the energy loss by dipole emission 
and ¥;, represents the energy loss through interaction of the 
dipole with other objects and must be known in advance. 
The latter constant characterises all non-radiative proces- 
ses and represents a statistical average of the interaction 
of the dipole with the medium. 

Real interactions with the medium areusually functions of 
time. However, the interaction time for a dipole is much 
shorter than the interval between the interactions and in 
order to simplify the calculations it is assumed that the 
effect of the medium is continuous and the constant 71: 
is independent of time. Despite these approximations, the 
results of the classical theory are in qualitative agreement 
with experiment. Non-radiative transitions are treated 
quantitatively in quantum mechanics. Inprecise calculations 
it is necessary that we know, however, not only the eigen- 
functions for the system under consideration but also the 
eigenfunctions for all the other systems interacting with it 
(electron flux, solvent, etc.) as well as the form of the 
interaction operator. It is precisely for this reason that 
the calculation of non-radiative transition probabilities 
is of particular difficulty. 

Let us consider the simplest problem, i.e. the interaction 
of two groups of degrees of freedom of a single system (elec- 
tronic and vibrational motion in a molecule, molecules and 
solvent and so on). The results obtained can easily be gen- 
eralised. Suppose that the Schroedinger equation is of the 
form 


th 
Ox 


a 
4 (x, g) == [H,(x) + L(g) +H (x, 9) (4,9) (9.12) 


where x and g are the coordinates of the first and second 
sub-systems and H,, is the cperator representing the inter- 
action between them. If we are concerned with transitions 
associated with the transformation of electronic energy 
into the vibrational energy of the nuclei, then the operator 
H.i(*% g) is the non-adiabatic operator in (5.17). 

The solution of (9.12) is analogous to the solution of (8.1) 
and we shall therefore confine our attention to the final re- 
sults only. On the zero-order approximation, when H_ (x, q) 
is not taken into account, the solution of (9.12) is given by 
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_ bi ay 
. —2ni ~— f On, be 9.13 
bie (X, Qo (xye beget ef O18) 
where EI, and [E; are the possible values of the energy of 
each sub-system. When H,,({x,q) =0, radiative transitions 
in both systems proceed independently of each other. 
The precise solution of (9.12) will be written in the usual 
form 


$ (x, 9, 2) = SCivlt) 9x) be (Qhe re FROM (9,14) 


ay 
By analogy with (8.23) we have 


n (Ej + Ey—E,— Er)? 


9 fy ) h 
Cl, ner cf e == 4 V.., cog ia (pe Rf 7S EC PO TS. (9.15) 
OE = Ape Pe 


where 
Vir. cv = 9; (4) 99) A, a) oe (x) be (Q)dt (9.16) 


The expression given by (9.15) has the characteristic 
properties of a é-function: it has non-zero values only at 
FE, +E; =E;+Ev, It follows that non-radiative transitions occur 
only between different sub-levels of a given degenerate level. 
This result has already been used above in our discussion 
of equations (9.1) and (9.2). 

If the energy levels of the system under consideration 
form a discrete set of degenerate levels, then for small ¢ 
we have from (9.15), by analogy with (8.22) 


Ant Vi ir Pp 


[Civ iy (L) P = he 


(9.17) 
The probability of finding the system inthestate jj” is pro- 
portional to the square of the time. The concept of time- 
independent transition probability cannot be introduced. 

If the set of energy levels E;+ E; forms a continuum 
(one of the substances should have a continuous spectrum), 
the probability of finding the system in one of the levels of 
the set E; + E; can be found by integrating (9.15) over E; + E;-. 
This yields 


4x° 
[Che OP = 


[ Viz, ti’ |? g(E; ) 6 (E; zi Ey — E; ar E;)é (9.18) 
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where g(E;) is the level density of the second sub-system. 
The i/’-+ jj’ transition probability is given by 


d 
(9.19) 


Ar? 2 = . 
— [Vii ae P B(E; ) 8 (Ej + Ey — E, -- Ev) 


The probability of the reverse transition jj’ — ii’ is equal to 
the probability of the direct transition. This result was ob- 
tained above (see (9.12)) when we discussed the possibility 
of thermodynamic equilibrium. 

Determination of the non-radiative transition probability 
Pi, ;7, is thus reduced to the determination of the interaction 
matrix element (9.16). In some cases the calculation can be 
successfully completed. Occasionally it is possible toeluci- 
date the main characteristic properties of the matrix ele- 
ments and find under what conditions they have non-zero 
values. It is then possible to formulate selection rules for 
non-radiative transitions which are analogous to the selec- 
tion rules for emission. 

Equation (9.19) gives the probability of transition from 
level ii’ to only one of the sub-levels jj’. The number of 
degenerate sub-levels is very large incomplicated systems, 
and hence in order to determine the transition probabilities 
for the first sub-system, the expressions given by (9.6) and 
(9.9) must be summed over all possible states of the second 
sub-system, allowance being made for the corresponding 
distribution function. Should the second sub-system be in 
a state of equilibrium, the probabilities d,; and dj, are 
temperature-dependent. 

Subsequent calculations are only possible under some 
definite assumptions about the properties of the interacting 
sub-systems [17]. 


Propagation of energy in linear chains 


If at least one of the sub-systems under consideration has 
a continuous energy spectrum, then in accordance with (9.18) 
it is Convenient to introduce the concept of non-radiative 
transition probability, enabling us to investigate the time 
dependence of the state of the system by the probabilistic 
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method which will in fact be. used below in the solution of 
various special problems. 

If the energy levels of the interacting sub-systems are 
discrete, then the probabilistic method may be used to inves- 
tigate the time dependence: of the process. Many real pro- 
cesses do in fact involve resonant transfers of energy from 
one system to another, and it is then necessary to know the 
exact solution of (9.12) for any value of the time. 

In this section we shall give a brief outline of the exact 
solution of Schroedinger’s equation for a simple model, Let 
us suppose that the system consists of N identical sub- 
systems, and that the interaction occurs only between 
neighbouring sub-systems whose indices differ by one. This 
is equivalent to considering a linear chain. For the sake of 
simplicity we shall also assume that the interaction between 
any pair of adjacent sub-systems is the same. 

The solution of the Schroedinger equation (9.12) for the 
problem in hand will be sought in the form 


b (85, N55 Kes. xe tS > C(t) 9; (9.20) 


where 4; is the zero-order eigenfunction which is equal to 
the product of the eigenfunctions for all sub-systems, only 
one of which (the j-th) is in an excited state, all others 
being in the ground state. The system of differential equa- 
tions equivalent to (8.13) may be written in the form 

th d 
—— C(t) = V [Cj-1(t) + Cj41(0)| (9.21) 
On dt 


where YV is the matrix element of the interaction between the 
state p,; and the states ;-, and $;+:. In view of our original 
assumption this interaction is independent of /, and the total 
number of levels is determined by the total number N of 
elements in the chain. 

The exact solution of (9.21) which is valid for any value of 
the time subject to the initial conditions C(t = 0)== |].C.(¢ = 0) 
=(,... Cy(f = 0) = O(excitation at the end of the chain) is of 
the form 


C; et oe v Ce (2) 
N-- | = N - | N--! 


R --1 
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where 
4AnV ke 


D, = COs i 9.23 
P Hh N41 ( ) 


Jf the number of elements in the chainis infinite, equation 
(9.22) becomes very simple and can be expressed in terms of 
special functions 


4AxVt \ Ge 4nVi \ ; 
C; = ca [a] i! HN —Tiey (5 pe (9.24) 


The probability of localisation of the excitation energy in 
the j-th sub-system is 


ei fh Yt 


_ jh 4 4xVi 
—— «OnVE I; | h 


(9.25) 


The formulae are also very simple in the other limiting 
case (N = 2) which corresponds to the interaction between 
the components of a two-fold degenerate level 


9xV on V 


C= Cos f, Gee 2: Even grenes (9.26) 


l 


Let us censider these solutions in greater detail. It follows 
from (9.26) that the probability |C,.|? is at first proportional 
to 72 (and not ¢). The rate of increase falls off rapidly, and 


at time ? = a the system goes over completely from the 


state ; to the state w.. The original state is re-established 
after a comparable interval of time, and the excitation energy 
continuously pulsates between the two sub-systems. The 
larger the matrix element of the interaction, the smaller the 
pulsation time. For V~1 cm, the period of the oscillatory 
process is ~107'!' sec. The mean values of |C,|? and |C,|? are 
equal over the pulsation period and therefore the two sub- 
systems are equivalent. 

The expressions given by (9.22) are thus easy to interpret 
for a three-element chain. Figure 2.9 shows plots of 
[C,|?, |C,)* and |C,|* as functions of time. All of them are 
harmonic in nature and after the short interval of time 
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1,2 - end elements, 3 - middle element 


Fig. 2.9 Linear chain consisting of three elements 


h/ VW the initial distribution is re-established. The mean 
probabilities of finding the excitation at the extremities 
of the chain !C,|? and |C,|?, are equal to 3/8,while the mean 
probability of finding it in the second element is |C, |? = 1/4. 

Further increase in the degree of degeneracy of an energy 
level (number of elements in the chain) leads to qualitative 


1C5’ 


02 4 6 8 10 1214 1618 Vt 


Fig. 2.10 Infinite linear 
chain excited atone end 
(j} as parameter) 
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changes. The periodicity of the process is lost and the initial 
distribution of energy over the sub-systems is never re- 
established. When the number of elements is large the quan- 
tities |C;|* fluctuate about their mean values without any 
characteristic periodicity. 

The distribution of excitation energy along an infinite 
linear chain described by (9.25) is of particular interest. 
Figure 2.10 shows the dependence of |C;|? on time for a num- 
ber of elements of an infinite chain, while Fig. 2.11 shows 
plots of |C;|? as functions of j for different times. These 
graphs represent the instantaneous states of the system. 
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Fig. 2.11 Infinite linear chain excited 
at one end (Vt as parameter) 


It follows from Fig. 2.9 that the wave packet travelling 
along a chain is complicated. As ¢ increases the first maxi- 
mum propagates into the region of large valuesof j, and its 
intensity decreases while its widthincreases. The remaining 
maxima exhibit similar changes, but differ from each other 
in their intensities which decrease with distance from the 
first maximum. For large values of 4nV¢t/h the first maxi- 
mum travels along the chain with the constant velocity 


d 4xnV 


are Imax => 


dt h 


(9.27) 


The initial velocity of propagation of the excitation energy is 
somewhat smaller than that given by (9.27). 

As can be seen from (9.22) the probabilities under investi- 
gation are functions of the product Vé. This means that the 
same distribution of probabilities will be established along 
the chain for different V thoughoccurring at different times. 
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In finite chains the motion of the wave packet is limited; 
it is reflected from the ends and the resultant effect is a 
superposition of wayes travelling in opposite directions. 


10. PROFILES OF SPECTRAL LINES AND BANDS 


Time-independent perturbation theory 


The quantum-mechanical theory of spectral line profiles may 
be developed by solving the Schroedinger equation for station- 
ary states. Let us suppose that we know the solution of the 
equation 


Hg (x) ; (x) = E; $, (%) (10.1) 


which is valid in the zero-order approximation. The solution 
of the exact equation 


([Hy(x) +H (x) $ (x) = E4(x) (10.2) 


which takes into account internal interactions in the system 
can be sought in the form 
v(x) = LC, 4, (x) (10.3) 


t 


Substituting (10.3) into (10.2) and using (10.1), we have 
»y CiE; 9; (x) + C,H, ob: (4) = > E +; (x) (10.4) 


In view of the orthogonality of the eigenfunctions, if we 
multiply both sides of (10.4) by 4; (x) and integrate with 
respect to x we obtain the following system of linear equa- 
tions for the coefficients C;: 


(E; —E)C; + SCV it =O). 0 = 1, 2,85: (10.5) 

where : 
Vii= SF (X)H (x) 4; (x) dx (10.6) 
Vie = Vi, (10.7) 


The system given by (10.5) has anon-zero solution providing 
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This equation is the so-called secular equation and deter- 
mines the possible values of the energy of the system when 
the interaction operator is taken into account. Toeach value 
of E there corresponds a system of the form of (10.5) and 
therefore the coefficients C, are functions of E. 

The solution of the secular equation (10.8) andthe system 
of equations (10.5) can be obtained in a straightforward way 
only in simple cases. Let us suppose that all the Vj;;- are 
zero except for Viz and V2. This means that we confine 
our attention to the ‘interaction’ between two levels and 
ignore the effect of all other levels (for example, in the study 
of the splitting of degenerate levels). It then follows from 
the secular equation 


ae [=o (10.9) 
Vv, E £E 


that 
aes Ey ae Ey iy. FE» —E, ; & 10.10' 
aa ae VV (=) i | Vou (10.10) 


When E2—E,>>|V,,|, we have Ey.= Es, E_= E, , there is no 
‘interaction’ between the levels and the zero-order approxi- 
mation is satisfactory. Maximum departure from zero-order 
approximation occurs at resonance (E2=E,)when E,=E+|V.,], 
i3;=E—|V,,| and E,—E_=2|V.,|. The greater the interaction 
matrix element, the greater the shift of the levels. 

The system of equations for C, and C, corresponding to 
(10.9) is 


(Ey ie E,)C, + Vio, = 0 
Vice HEC = 6 


and has the simple solutions 


(10.11) 


by = 1 a Ss ov, (10 12) 
VE—ES tar VEEP + War * OO 
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When E,—E, >|V,.], we have $i-—, and =. —,. At reso- 
nance (E,=E,) | * 


s 
. 


| 
by = Vr (b, + 9.) 
(10.13) 


! 


I= Te be 

It follows that when the square of the interaction matrix 
element |V.,|? is small in comparison with the distance be- 
tween the levels, the inclusion ofthe operator H,,, gives only 
a small correction to the zero-order solution. On the other 
hand, if all energy levels coincide, for example in the pre- 
sence of degeneracy, the zero-order approximation is in- 
valid. This is so even for small [V.;] because the two states 
in (10.13) have equal weights. 


Level widths 


Absorption and emission lines always exhibit a finite width, 
so that the emitted radiation is never exactly monochromatic. 
Classical theory (Section 2) relates line broadening with the 
damping of dipole oscillations during the emission process, 
or with the transfer of dipole energy to other bodies. Quan- 
tum theory provides an analogous interpretation. 

The basic Bohr relation (5.1) predicts that if the energy 
levels involved in a transition are strictly discrete the ab- 
sorption and emission lines must be infinitely narrow. This 
is never observed in practice, and therefore at least one of 
the two levels must have afinite width. The profiles of spec- 
tral lines or bands depend on the profiles of the energy 
levels. The latter are quite complicated, and cannot always be 
calculated. 

As has already been emphasised, the broadening of energy 
levels is associated with the interaction of the emitting par- 
ticles with the surrounding medium. If the concept of a 
medium includes zero-point electromagnetic fields, the 
effect of the medium can never be fully eliminated in any 
practical experiment. 

In order to determine the level profiles bythe methods of 
quantum mechanics, we must use the perturbation theory 
and consider the interaction between two sub-systems. 
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We shall suppose that one of them (atom or molecule) has 
discrete levels, while the other (medium) has continuous 
levels. In order to simplify the calculations we shall use 
continuous-spectrum eigenfunctions, and replace the con- 
tinuous distribution of levels of the second sub-system by a 
discrete set of closely spaced levels. 

The Schroedinger equation for stationary states is of the 
form 


[H (x) + H (9) + He, a1 9%, 9) = E(x, 9) 9 (10.14) 
In the zero-order approximation 
die (x, 9) = 9; (%) pr (9), E=E,;+ Er (10.15) 


A representation of the energy levels on the zero-order 
approximation is shown in Fig. 2.12. To each level of the 
molecule there corresponds an infinite set of sub-levels 
of the medium. 

The solution of the exact equation (10.14) is 


bp (x, q) =y z Cw (E) v; (x) pir (9) (10.16) 


where E is the energy of the system as a whole and contains 
all the states of the zero-order approximation. If on the 
zero-order approximation the energy of each sub-system 


e, + €4° 


E+ &’ 


E,+ ei" 


E, + €)° 


Fug. 2.12 Energy level diagram for a system consisting of two 
sub-systems (zero-order approximation) 
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were Strictly determined, then when the interaction between 
the sub-systems is*taken into account the energy becomes 
undetermined. The .quantity |C;,(E)|? is the probability of 
finding the first sub-system in the level E, arid the second 
in the level <, where the sum E,+<¢, may not equal the 
energy E of the complete system. Each zero-order state 
v, (x) pi (g) can be detected with a finite probability i in all states 
be (x, q) with any E. 

The values of C;; can be determined by solving a system 
of equations equivalent to (10.5): 


(Ej + ¢; —E)Cj (E) + Cir (E) Viz, a = 0 (10.17) 


ar a 


The secular equation for the eigenvalues E is obtained by 
setting the determinant of (10.17) equal to zero. 

It follows from (10.17) that the C;;-(E) depend onthe inter - 
action matrix elements between all the /j' and ii’ levels 
Shown in Fig. 2.12. The solution of (10.17) for C,;-(E) is 
exceedingly difficult, and can only be obtained under sim- 
plifying assumptions. Here we shall discuss only the first- 
order approximation, which is equivalent to the first-order 
theory of non-radiative transitions. 

Let us suppose that we are interested in the effect of the 
operator H,,,0n a particular level in the zero-order of 
approximation which in Fig. 2.13 is indicated by the symbol 
E° . On the first approximation it is convenient to ignore the 
interaction between the levels and discuss the effect of all 
remaining levels on this particular level. 

For the level scheme shown in Fig. 2.13 the system of 
equations (10.17) assumes the simpler form 


a({E) 


Ec 


6; 
Fig. 2.13 Profile of an energy 
level 
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(E° —E’) © (E) + SC; (E) Vi = 0, 
o 


(10.18) 
V*.C{E) + (¢ —E)C;(E) = 0, j’ = 1, 2, 3,.. 


The eigenfunction which is suitable for the first-order ap- 
proximation is of the form 


be (x, 9) =C°(E) peo(x, 9) + SY Cr (E) br (x, 9). (10.19) 


This approximation gives correct estimates of C°(E), but 
introduces considerable errors into C;(E). This is due to 
the interaction of levels e«, not only with the level E° but 
also with all other levels, which is not allowed for in first- 
order theory. 

The possible energies of the system may be obtained from 
the secular equation for (10.18): 


Vo 0 e—E 0.../=Q (10.20) 


An exact solution of (10.20) and (10.18), subject to certain 
further assumptions, will be obtained inthe next section. The 
main conclusions associated with the introduction of the level 
width may be obtained without detailed calculations. Since 
the second sub-system has a continuous energy spectrum on 
the zero-order of approximation, it follows that the energies 
€1, €2,... differ by a very small (in the limit, infinitely small) 
quantity. Interaction between the first and the second sub- 
systems does not affect the nature of the energy spectrum; 
it remains continuous. The number of energy levels is also 
unaffected. It follows that the coefficients C°(E) and C; (E) 
are continuous functions of the energy of the system. 

Let us consider in greater detail the physical interpre- 
tation of [C°(E)|?. We have frequently emphasised that this 
quantity determines the probability of finding in we (x, g) 
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the true state of the system, properties which are charac- 
teristic of the zero-order statewer. As aresultof the inter- 
action between the suh-systems, properties of the level E° 
can be detected not only for E = E” but for all other values 
of E with the probability o(E) = ]|C°(E)|?. It follows that the 
discrete level spreads into a band. The emission and ab- 
sorption of radiation, which inthe zero-order approximation 
is characteristic only of the single discrete level E°, is 
thus extended to all other energy levels. 

The probability |C°(E)|? may be represented by the o(E) 
curve, which can be conveniently referred to as the profile 
of the level E°. Anexample of this is illustrated in Fig. 2.13. 
The precise form of the curve can be obtained by solving 
(10.18) for given values of the interaction matrix elements. 
o(E)usually reaches a maximum either at E=E° or near this 
point. The latter effect is associated with the reduction in 
the ‘interaction’ between levels ¢;' and E® as they separate. 


Calculation of level widths 


In order to determine o(E) we shall introduce two simpli- 
fying assumptions: 

1. The level separation in the second sub-system is con- 
stant, i.e. the quantity A =e,-4,—e, is independent of 
j. This is not always valid. Variations inthe level den- 
sity at large values of «—E® will not, however, affect 
results of the calculation, since the contributions from 
distant levels are small. 

2. The interaction matrix elements V; of the level E° and 
the levels ec; are independent of j’. This assumption 
is also valid for €; approaching E°. 

These assumptions are equivalent to the assumption that 
the matrix elements are independent of E. This assumption 
is widely used in the theory of radiative and non-radiative 
transitions, for example in the integration of (8.23). 

Since V;,=V it follows from (10.18) that 


Cj = ——— (10.21) 


EE = —|vpP )) —— (10.22) 
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Equation (10.22) is identical with the secular equation 
(10.20). Let E be one of the solutions of (10.22). The system 
of equations (10.21) has an exact solution (for A — 0) when 
the normalisation of the eigenfunctions is taken into account 
[18]. Here we shall only quote the final result: 


|V |? 
o(E) = | C°(E) |? = ————_—____-+___ 

(E) = | C°(E)| V4 (EPS Ep (10.23) 
In contrast to (10.21) and (10.22) the values of |V|*? and{C®(E) |? 
are calculated per unit frequency interval inthe entire range 
of j. This removes the arbitrary assumption associated with 
the selection of the distance A between the levels of the 
continuous spectrum, 

The expression (10.23) determines the profile of an 
energy level on the first approximation of the perturbation 
theory. The function o(E) has the usual dispersion form. 
The maximum of ¢(E) occurs at E= E® and the height of the 
maximum is 


pees 
| V |? x? 


In the absence of interaction with the medium (V = QO), the 
half-width 2z|V]? is equal to zero. As the interaction in- 
creases there is a continuous increase in the width of the 
level at E° and a reduction ino,,,. The level E°® disappears 
altogether as |[V |*- oo. 

The integral over the level profile for any V is 


Cmax aa 


fea) 


fe} 
E)dE = | ——_—“#..__, — dE= | 
{o \ 14 (E° — E)? 22, (10.24) 


This means that the sum of probabilities of finding the pro- 
perties characteristic of the level E® among the levels E 
of the system is equal to unity. A discrete level becomes 
broadened but does not disappear altogether - its properties 
are conserved throughout. In order that (10.23) should deter- 
mine the true level profile, it is necessary that the condi- 
tions formulated at the beginning of this sectionbe satisfied, 
at least near the profile maximum. These conditions are 
usually satisfied for small V, but for strong interactions 
the maximum of the o(E) curve may be shifted relative to 
E° and the profile may become asymmetric. 
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Connection between level profiles and the profiles 
of spectral bands . 


Consider the absorption of radiation by an atom or mole- 
cule. If there is no interaction with a medium, the proba- 
bility of radiative transition between discrete levels / and 
tis given by (8.29). On the dipole approximation the matrix 
element V,; is proportional to the matrix element of the 
dipole-moment operator 


Di; = § 9; (x) DY, (x) dx (10.25) 


Let us suppose that the medium does not absorb in the spec- 
tral region under investigation, so that the matrix elements 
for the transition 


f dir (9) Dm $j (9) Eq (10.26) 


are all zero. If we regard the molecule and the medium as 
two parts of a single system, (10.25) and (10.26) may be 
combined into the single expression 


Dai, f° = | 4; () $7. (9) DY, (x) by (9)dxdg (10.27) 


where Dy’, ;;, is not zero except when i’ =j; so that when 
the molecule absorbs radiation there is no change in the 
state of the medium. 

The expression given by (10.27) is valid only in the ab- 
sence of interaction between the molecule and the medium. 
This can only occur in reality if the absorption spectrum 
contains strictly discrete lines. Figure 2.14a illustrates 
a transition of this kind. The transition frequency is inde- 
pendent of the original energy of the medium (e°). 

Let us now consider the transition between a discrete 
level E; and an energy level E. with a profile o(E). Only 
the unexcited energy levels of the molecule canbe regarded 
as strictly discrete. The eigenfunctions for the first and 
second levels are (see (10.15) and (10.19)) 


peo (x, Q) = by (X) Heo (9) (10.28) 


be (x, 9) = COE) Yo (x) bee (Q)-+ S$ Co(E) $y (x) He (9). (10.29) 
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Fig. 2.14 Transitions between the 
energy levels of a system on the 
zero-order approximation when the 
unteraction between the  sub- 
systems is allowed for 


In the state ¥,o (x, qg), the energy of the molecule is zero and 
the energy of the medium is arbitrary (e°). In the state 
be (x,q) only the total energy of the system as a whole is 
precisely determined and cannot be separated into the 
energy of the molecule and the energy of the medium. 

The matrix element for a typical transition between the 
level E=c® of the system and any other level F corre- 
sponding to the excitation of the molecule is 


Doge = Po (x, q) D YE (x, qydxdq 


= CE) {4} (x) Db, (x)dx ( 2, (4) Yeo(9)dg 
(10.30) 
+ }) Ce(E) (47 (x) $2 (9) D py (4) ber (q)dxdq 


a C°(E) Dio 


The integrals under the summation sign are zero since the 
medium does not absorb. The integral 


Dy, = JY; (4) Dp, (x)dx (10.31) 


is determined by the properties of the molecule on the zero- 
order approximation. 
The quantity 


| Deo B |? = | CE) |? | Dy. |? (10.32) 
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is proportional to the probability of the radiative transition 
©? —- E. Instead of a discrete line we now have a band with a 
definite profile. . 

A number of pessible transitions are shown in Fig. 2.14b. 
As |D,.;? = const, it follows that the distribution ofthe tran- 
sition probabilities over the frequencies 


VE .o = (E = a") /h 


is the same in form as the profile c(E) = ]C°(E),?? of an ex- 
cited level. Substituting for {C)(E)|? from (10.23), we obtain 
the following expression for the frequency dependence of the 
transition probability 


p (v) —: const | D.. ? ne aa 
(Yg, —— ¥)® + 7? | V [4/h? 


(10.33) 


where V is the matrix element of the interaction between 
the molecule and the medium per unit energy interval in the 
continuous spectrum, and v2; is the frequency of a discrete 
line in the absence of the interaction. 

The form of the function given by (10.33) has been discus- 
sed earlier. Maximum absorption occurs at the frequency 
% , the band is symmetrical, the probability of absorption 


at the maximum is equal to const |D,,|? and the 


ee 
7 | V ? 
half-width is _ 2riVe The spectral line broadens as the 
h 


interaction with the medium increases. Itis important, how- 
ever, that the integrated absorption remains constant, i.e. 


§ p(») d» = const |D,,|? 


and is equal to the absorption of radiation before the inter- 
action is ‘switched on’. 

So far, we have been concerned with the spectral line pro- 
file for a transition between a discrete and a broadened 
level. If the width of one level is much greater than the 
width of another, the line profile will be determined almost 
entirely by the profile of the broader level. If the widths are 
comparable, the line profile depends on the profiles of both 
lines o’(E’) ando”’(E”). The probability of radiative transi- 
tions from an unexcited level in the range between E’ and 
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E’+-dE’ to an excited level between E” and E”-+dE” is pro- 
portional to 


ID, oI2¢’ (E’) dE’o” (E”)dE” (10.34) 


ae . The same fre- 


The corresponding frequency Is v = 
quency can be emitted as a result of transitions from other 
levels EF’. The total probability for the frequency interval dv 
may be obtained by substituting E” = E’+ Ay, dE” =hdy and 
integrating (10.34) with respect to E’ 


p(v)dv = const |D,,|? Ad » \ a’ (E’)o”(E’ + hv) dE’ = (10.35) 


-? 


The integral can be evaluated by substituting expressions 
similar to (10.23) for o’(E’) and o”(E”) into (10.35). It is 
found that the width of the resulting line is ‘approximately 
equal to the sum of the twolevel widths. This result is valid 
only in first-order perturbation theory. Inexact calculations 
it is necessary to take into account the interaction between 
the two levels which occurs through the medium and the 
mutual dependence of the two level profiles. 


Relation between lifetime and half-width 


As we have seen, there are two ways of studying the inter- 
action between a molecule and a medium (the first and 
second sub-systems). In the first of these (Section 9) the 
interaction with the medium (or any other interaction) which 
is ignored on the zero-order approximation, is looked upon 
as the cause of transitions between levels. In the second 
approach (Section 10), the effect of the interactions on the 
stationary states is characterised by a shift or broadening 
of the levels. 

It can readily be shown that the two methods are closely 
related and constitute two different ways of describing the 
Same physical situation and the same result of the interac- 
tion. Studies of the shift and broadening of levels can serve 
as a reliable means of determining transition probabilities, 
while experimental studies of the temporal characteristics 
of such processes enable us to predict the structure of energy 
levels and hence the emission and absorption spectra. 
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Let us verify this statement for some simple examples. 
Suppose we have two levels of equal energy and the matrix 
element for the interaction between them is V. We then see 
from (10.10) that the exact energy is given by E=E,+V| 
and the level separation is + 2|V|. Onthe other hand, accord- 
ing to (9.26), the time necessary for the transition to take 
place from one state to the other on the zero-order ap- 
proximation is t= 41V) . It follows that the ‘perturbed’ 
level separation AE and the time taken by the transition 
are related by the simple expression 


pe i (10.36) 


The larger the level shift, the smaller is the time interval. 
Moreover, the product AEr is independent of V. An anal- 
ogous result is obtained by considering the ‘interaction’ 
between three components of a degenerate level, or the 
‘interaction’ between two non-degenerate levels. 

Consider another limiting case, namely, the ‘interaction’ 
of a single discrete level with levels in a continuous spec- 
trum. According to (10.23), the discrete level becomes broad- 
ened and its half-width is AE = 2z|v|*. On the other hand, the 
theory of transitions yields the zero-order probability of 
a transition from a discrete level to one of the levels in the 
continuous spectrum. Equation (9.19) shows that this pro- 


2 
bability is p= +" |vsec~. The quantity t= 1/p is usually 


called the lifetime of a given discrete state. If we multiply 
t by AE, we have 


ee (10.37) 


on 


Any process involving a transition from one state to another 
is unavoidably accompanied by a broadening of the level 
and the magnitude of the broadening is inversely proportional 
to the lifetime of the initial state. 

The expression given by (10.37) differs from (10.36) by a 
small factor because the definition of the level width is, to 
some extent, conventional. In either case the productA E tis 
of the order of Planck’s constant. 

Similar results hold good for the natural width of levels, 
which is associated with radiative transitions (Secticn 14). 
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All special cases, no matter how different are the rele- 
vant interactions, always lead to the same result irrespec- 
tive of the zero-order level scheme. This suggests that 
the result is, in fact, quite general. 


e 


Uncertainty relation for the energy 


The interaction of atoms and molecules with the medium 
and the associated transfer of energy are unavoidably ac- 
companied by broadening of energy levels. The energy of a 
particle thus loses its precise meaning. This is a conse- 
quence of the basic postulates of quantum mechanics. We 
shall confine our attention here to a simple analysis using 
the expression given by (9.15). This can be rewritten in 
the somewhat simpler form 
ee oo 
sin* « ——_——— f (10.38) 
Cx — 2 . 
Cece (2)? = 4 Vj (pe 


The right-hand side of this expression gives the probability 
of finding the particle in the level E of the continuous spec- 
trum at time ¢ if at time ¢= 0g, when the interaction was 
‘switched on’, it was in the discrete level E°. 

The graph of |Cecr/* as a function of E is similar to the 
curve shown in Fig. 2.4. The maximum probability corre- 
sponds to finding the particle inthe state with energy E = E°. 
There is, however, a finite probability that the particle will 
be found in states with E + E’. After the transition the energy 
is undetermined and individual experiments may yield dif- 
ferent results. — oe 

The probability |Ceor (t) |? has sinusoidal functions appro- 
ximately from — 7/2 to + 7/2, thatis, appreciable values only 


s 


for (E—- E,)/A between — —- and see The energy in- 


A ; 
terval Aa , in which the system can be found as a 


result of the appearance of an interaction continuing for a 
time ¢, is very dependent on ¢. The smaller the time f, i.e. 
the earlier the state of the system is observed, the larger 
is the interval AE in which the system can be found. All 
values of the energy are almost equally probable for ¢ close 
to zero. Conversely the interval AE issmallfor large ¢,and 
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the energies which are obtained as a result of measurement 


will approach E°. , : 
‘ : no 
The observed spread AE~—— is independent of the 


magnitude of the interaction:V, and occurs however weak 
the interaction is between the sub-systems. This isa purely 
quantum-mechanical result, and it shows that the law of 
conservation of energy can be verified by two measure- 
ments only to within f/Af, where Af? is the interval between 
the two measurements. The relation 


AEAtw~h (10.39) 


is the mathematical expression of the principle of uncertainty 
for energy. 

The formula given by (10.38) is a particular form of the 
uncertainty relation. In fact, if the state of the system is 
observed at a time t equal to 


| h 
= a Se eS 
p 4n?|V|? 


i.e. the mean lifetime of the initial state, it follows from 
(10.39) that the uncertainty in the energy will be AE~ =. ; 
Since measurements yield precise values of the energy, the 
uncertainty in the probability of obtaining a particular ex- 
perimental result must be due to the uncertainty in the 
energy of the original state. The smaller the mean lifetime 
of a given state of the system, the greater will be the mean 
uncertainty in its energy. 

We have regarded the interaction matrix element V as a 
measure of the interaction between the sub-systems. How- 
ever, in practice one measures either AE ort. Both of 
these are directly related to V and unambiguously charac- 
terise the magnitude of the interaction. 


TABLE 1 Level widths 


T; 


] | 10-2 10-4 1Q—§ 10-8 | 10-1!) 10-32} 10-34 


sec 


V/s. 10-10 | 1/3-10—8| 8/4-10-8| '/5-10—4| 1/3. 10-2 


AE 
: "Ls 
cm 


33 | 3300 


’ 
1 
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In Equation (10.39) the energy is expressed in ergs. If it 
is expressed in cm—!, we have 


AE ee 
C 


Table 1 gives the values of AE for different t. 


The profile of a system of energy levels 


A calculation of the effect of interaction with the medium 
(continuous spectrum) on a number of discrete levels has 
been given in papers by Stepanov and Rice [18]. A similar 
situation is encountered, for example, when one discusses 
the vibrational or rotational structure of molecules. The 
problem can be solved subject to the same initial assump- 
tions. It is also postulated that the various discrete levels 
can interact in different ways with the levels ej; in the 
continuous spectrum (V, #V,,). We shall only quote the 
results of these calculations. 

By analogy with (10.19), the wave function for the system 
when the ‘interaction’ between the levels is allowed for 
should be sought in the form 


UE = CY ve, + cH WE, -.. b Ce VE +... 
+ Cie}, + Coebe, +... 


(10.40) 


where E is the energy of the system as a whole. Substituting 
(10.40) into the Schroedinger equation (10.14) and solving a 
system of equations analogous to (10.21) we obtain 


| 


2 p) [V ml” / 
Weal? Em—E (10.41) 


E,—E Vial? 2 
l +7? ne ee 
(m) 


where Cr’ is defined to within a phase factor. In accordance 
with (10.23), o(E) as given by (10.41) should be called the 
profile of the m-th level. It must, however, be noted that 
it depends not only on |V,,| but also on the position of all the 
other discrete levels and on the nature oftheir ‘interaction’ 
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with the continuous spectrum (i.e. on all the V,). 

The connection between the energy level profiles and the 
profiles of spectral, bands deserves particular attention. 
They are not identical even when the initial level of a radia- 
tive transition is strictly discrete. Letus suppose that there 
are no transitions tolevels inthe continuous spectrum on the 
zero-order approximation, The square of the matrix element 
for the radiative transition from the state to to the state », 
given by (10.40) is proportional to the probability of the tran- 
sition Ej—~ E, and is given by 


\Dor 2 =|) yoDyed=|=|NC™(E)Din | (10.42) 
where 
Don = { YoD Yn 7 (10.43) 


are the matrix elements for the transition E, —E, on 
the zero-order approximation. They are regarded as known. 

According to (10.42), a continuous spectrum should be 
observed both in: absorption and in emission. The transition 
probabilities depend not only on the magnitudes of D,,, and 
C”(E) but also on their phase. 

Consider the following special cases of (10.42). 

1. Distance between the levels very large. We canneglect 
the small terms for E close to E,,. 


| 1 


Bak ayer. 
and therefore 
2 
| Dok |? — IDom |? Vil 


7 Vinl* + (Em — E)? 


This formula is identical with (10.23), and has already been 
discussed. Figure 2.15a shows the form of the absorption 
curve for 2z|V,,|7 = 200 cm! 

It is easy to establish the limits of this special case, i.e. 
the possibility of discussing the broadening of each level 
(line) independently of all others. The necessary condition 
is that the half-width 2x|V,|? should be smaller than the 
separation E,, — E,_; between neighbouring levels. 

2. Dy. m=Dy. m+: = Dy, m1 = --- = D. The transition proba- 
bility is the same for all levels and is given by 
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Here, there is a particularly clear distinction between the 


profile of a level and the profile of a line. The line profile 
is not formed by superimposing the |C'™ (E)|*. In addition 
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Fig. 2.15 Plots of (10.42) for different special 
cases 


to L|C’"(E)i*, the expression given by (10.44) includes cross- 
terms of the form C'™(E)C—)(E), which are not equal to 
zero even for equal values of V,, (and equal phases). 

Figure 2.15b shows the result of an exact evaluation of 
(10.44) with the following parameters: |V,,/? independent of 
m, 27|V|> = 200 cm™, levels E,, equidistant from each other 
(E, = 0, E, = 100 cm™, E, = 200 cm™...). At lower values 
of |V|? the distribution resembles the broadening of indi- 
vidual lines, while for large values it resembles continuous 
absorption. 

Figure 2.15c shows a graph of (10.44) when the discrete 
levels are at different distances from each other but V,, is 
constant, while Fig. 2.15d gives the result for different V,, 
but constant E,,—E,_,. The graphs are not drawn to scale. 

3. De =Dom . We have 


[Doe |? = |D?? C™ (E) |? (10.45) 
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which is plotted in Fig. 2.l5e using the parameters employed 
in the preceding special case. Itis worth noting that the con- 
tour of the absorption spectrum in this case is the same as 
the contour of the set of discrete levels. The form of the 
contour is quite unusual, and has a series of secondary 
maxima. 

Figure 2.15f shows a plot of (10.42) when D,,, = Dy. m1: 
All the remaining matrix elements for the transition are 
zero. The above special cases show that various secondary 
spectral formations appear when interactions between mole- 
cules and the medium are taken into account, and the inter- 
pretation of such details may be quite difficult. 


11. MOMENTS OF SPECTRAL BANDS 


Definition 


The absorption and emission spectrum of any given system 
exhibits a specific frequency distribution of absorption and 
emission. The profiles of spectra depend on many parameters 
and their precise analytical form is unknown asa rule. It is 
for this reason that the essential result obtained from ex- 
periment is the distribution function p(v) which is usually 
given in graphical form. Although this method is convenient, 
it does suffer from serious disadvantages. For example, 
reproduction of the curves leads to considerable inaccuracies 
and thus, comparisons between curves obtained at different 
laboratories is difficult. The most important disadvantage 
is, however, that with graphical representation of spectral 
bands it is difficult to investigate the dependence of the 
spectra on temperature, the frequency of the exciting light, 
the nature of the solvent, the aggregate state, the structure 
of the molecules and other parameters at the disposal of the 
experimenter. Moreover, it is almost impossible to relate 
the form of a band exhibited graphically tothe internal pro- 
perties of the absorbing and emitting centres. 

It is therefore quite usual to augment graphical data on the 
form of spectral bands by numerical data giving their area, 
position of maximum and half-width. Such characteristics 
are unfortunately not unambiguous since the same values of 
the area, the position of the maximum andthe half-width can 
correspond to very different spectral formations. These 
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difficulties may he overcome with the aid of the method of 
moments. This method has long been known in the theory of 
probability but has been introduced only quite recently into 
Spectroscopy. 

The moment S, of order / of a distribution function p(v) is 
defined by the integral [19]- 


Sp = |v a)dy (11.1) 


where the integration is performed over the entire range 
of v. If the independent variable is discrete, the integral 
must be replaced by the sum 


Sp = Yves (11.2) 

The expression (11.1) may be used to calculate the mo- 
ments of the spectrum as a whole. Ifthe spectrum can be re- 
solved into a number of independent non-overlapping bands, 
it is convenient to calculate the moments of each hand indi- 
vidually. The moments of the spectrum as a whole will then 
depend on the moments of the individual bands. It is suffi- 
cient to include in the integration only those values of v 
which are sufficiently large. If the analyticalformof f(v) is 
unknown, but is given by a table of numerical values ob- 
tained experimentally, the moments (11.1) can easily he 
evaluated graphically. 

The first moments of a spectral band have a simple 
meaning. The zero-order moment S, is equal to the area 
under the band. The ratio S,/S, gives the centre of gravity 
of the band, i.e. the mean frequency vy. 

In addition to the moments defined by (11.1) it is very 
convenient to introduce the concept of central moments 


S,= J —9)!'p()dy (11.3) 


The central moments S, can be related to the moments de- 


fined above: 
k 
pe Jib 1)* Cy ts Sp (11.4) 
k=0 So 


where C, are the coefficients of the binomial expansion. The 
first few moments are given overleaf. 
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Sy = Sp, S, = 0, Sy = S, — SYS, 


~ 
f“ 


Ss = S3 — 3S, S,/S, + 2Si/S¢ 
The second central moment is related to the bandwidth (root- 
mean-square deviation from the mean) and the third to the 
asymmetry of the band. If the function p (v) is symmetrical 
with respect to v, all the odd central moments are equal to 
zero. 

Strictly speaking, a band p(v) is characterised unambig- 
uously by the complete set of moments S, or S,. Ifthe band 
has a structure, the number of moments necessary for its 
description is quite large. The absorption and emission bands 
of complicated systems often resemble the Gaussian curve. 
When this is so, it is sufficient to determine the first four 
or five moments in order to specify their form. Structural 
elements are determined by higher-order moments. 

If the moments of a band are known, the band profile can 
easily be synthesised with the aid of Edgeworth’s formula 


9(») = Sye 9 (t) — 2 ge) + 22-9 ( 
3! AI 
| (11.5) 
07? 
6! 


] 
+ pM) (E) + ... 


where 


S, 
= ——S —3 
sane 5 


9 (8) =(2n)-% eth 


and go (§&) is the n-th derivative of @(E). 

In Edgeworth’s formula, the Gaussian curve ¢ (§) is taken 
as the zero-order approximation. This is very convenient 
in practice because the functions g(&), @®(€), ¢(&), ... have 
been tabulated. Other expansions of o(v) are also used. It 
is often sufficient to describe experimental curves by the 
first two terms in (11.5). The first term gives the Gaussian 
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curve while the second represents the asymmetry. The third 
and fourth terms are even and govern the form of p (v) near 
the maximum and in the wings. 

If pv) is represented by the first two terms of (11.5), it 
is quite easy to express the frequency vmx corresponding 
to the maximum of the distribution and the half-width Av in 
terms of the above moments. It can be shown that 


ergot a os ee SO (11.6) 
= 2 Ss, 
S 1 \- 
oe 2 2.364 + (0.491 2.123 | (11.7) 
So 11 


We have used the method of moments to characterise the 
absorption and emission band profiles. This method can also 
be used to describe other distribution functions encountered 
in spectroscopy, for example the distribution of transition 
probabilities over vibrational levels in excited states, or the 
distribution of particles over available energy levels. 

It is worth noting that not all distribution functions have 
moments. This is so especially for the dispersion curve 


A 
y) = ——____ 11.8 
p(v) BLCW (11.8) 


According to the definition given by (11.1) the second moment 
of this function is already infinite. This may be avoided by 
defining (11.8) for a limited frequency range and assuming 
that elsewhere pv) =0. 


Hzamples 


As an illustration, let us evaluate the moments of a number 
of frequently encountered distribution functions. The mo- 
ments of the Gaussian function normalised to unity with a 
maximum at v=vo 1.e. 


9(Y—%)=V/ — e-a—n (11.9) 
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are _ ; 
5,.= S,= 4 
S; Yo CF = 0- 
= j = 
Sy. = ; VS, =0.71 
20. 
=e 3 
S3 = 0 V S3 = (0 (11.10) 
eo I (2.5) ro ae 
i ar a = V Si ==0.93 
ae of = 
Se = Q } Se = () 
= I (3,5) 6/;—= 
Se = Va Y Ss =I1.11 
where 


C (a) = fart x dx 
0 


In addition to the moments, we have also given the values 
of V S, , etc. for «= 1. These have immediate physical 


meaning; they are the root-mean-square deviation from the 
mean, root-mean-cube deviation from the mean, and so on. 
They all have the same dimensions, and can easily be com- 
pared with each other and exhibited graphically. 

All the odd central moments of (11.9) are equal to zero in 
view of the symmetry of the function with respect to v,. The 
greater the value of a,the smaller the even central moments. 


Figure 2.16 shows a plot of (11.9) and the values of Vy S): 


The moments of the normalised exponential function 


1 _Eer 
E) = —e 11.11 
p (E) 7 ( ) 
are _ 
So= S,=1 
S, = kT, S,=0 
Sp=2(kT) S,= (AT), YS, =&T (11.12) 


ae 3; 3 
S3=31(kT), Ss =Q(kTP, Vo os = V 2 RT 
S 


= = 4 
4 = O(RTY' ) Sy = V9 RT 


S, = 41 (kT), 
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Fig. 2.16 Central moments of the 
function given by (11.9) 


The sharp asymmetry of the function is reflected in the 

large value of the third central moment. Its positive sign 

indicates that the function pe(E) falls off rapidly at large E. 
The function 


p(E) = C(T) Efe Et (11.13) 


is frequently encountered in spectroscopy. It describes the 
population of the energy levels of a system of L—1l non- 
interacting classical oscillators, When (11,13) is normalised: 


| 


C(t) = —— TT 
(7) jE po E/AT (11.14) 


The initial moments of (11.13) are then given by 


S,=1 
S, =kT(L 41) 
S, = (RT) (L + 3)(L + 2) (11.15) 


The expressions for the central moments are more compli- 
cated. When L = 1 they are 


S,=0, S,=2(kT)?, S,=4(kT)3, S, = 24 (kT) 

Ss = 128(kT)S. 
A plot of (11.13) for L = 1, and the corresponding moments 
for kT == 200 cm™ are shown in Fig. 2.17. 


176 Theory of luminescence 


0 200 400 600 800 1000 Ecm” 


Fig. 2.17 Central moments of the 
function p(E) = CEe"E/kT 


Figure 2.18 shows the luminescence spectra [20] for 3- 
aminophthalamide vapour at f= 265°C. The curves are 
normalised to unity. When the frequency of the exciting 
radiation is changed, there is a corresponding change in 
the spectrum. This is not very clear from the graphs. 


Table 2 shows the values of S,, S,, S,, V§,,S3,5, and y S, 
for the three experimental curves. As can be seen, a mono- 
tonic change in the frequency of the exciting radiation leads 
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Fig. 2.18 Luminescence band of 3-aminophthal- 
amide vapour at T = 285°C 
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TABLE 2 Moments of the luminescence bands of 


3-aminophthal amide 


~— Be a -e ee: 


oS a OS EE 


365] 11765] 28120 -104 | 23901 | 40360-10® {1850/— 48500-109%) 44030-1023 |2470 
334} 12985} 30619 -104 | 23580 | 54200-10® |2040}— 59500-109) 74600-10!% }2750 
313]14625) 34320-104 | 23466 | 82420-10% |2380|—139300- 109%] 153650 - 1023 |3200 


to a monotonic change in the moments of the luminescence 
band. AS Yexe increases, the first moment decreases, indi- 
cating a shift towards lower frequencies. 


At the same time, there is an appreciable increase in the 
second and fourth moments, the fourth moment increasing 


a 4-= 
somewhat more rapidly. The values of VS, andvS, for 


one of the bands are shown in Fig. 2.19. The negative sign 
of the third central moment shows that the values of /(y) 


I/v° 
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Continuous line - experimental; dashed line - cal- 
culated using the first two terms of (11.5) 


Fig. 2.19 Central moments of the luminescence 
band of 3-aminophthalamide vapour 
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decrease on the right of the maximum more rapidly than on 
the left (¥ < %max)..The ‘increase in the absolute value of the 
third central moment -represents an increase in the asym- 
metry of the luminescence band. 

The broken curve in Fig. 2.19 shows the form of the band 
calculated using the first two terms in Edgeworth’s formula 
(11.5). The agreement between the experimental and calcu- 
lated curves is quite good even in the first approximation. 
When the third term was taken into account the agreement 
was virtually complete. 

By calculating the moments of spectral bands, it is thus 
possible to obtain a description of the dependence of the band 
profile on frequency. Similarly, one could investigate the 
dependence of the moments of other parameters which affect 
the spectra. Systematic calculations of this kind can serve 
as a basis for the interpretation of spectra. It is important 
to note that application of the method of moments, and the 
determination of the connection between moments and the 
internal properties of absorbing and emitting objects, re- 
quire an increase in the accuracy with which the functions 
op (v) are measured, particularly in the tails of bands. It is 
desirable to have experimental determinations of the first 
and second moments to an accuracy of atleast 1% and of the 
third moment to 5-10%. 


Connection between moments of a spectral band and 
internal properties of absorbing and emitting centres 


Consider radiative transitions between vibrational sub- 
levels of two electronic levels. The analysis will be valid 
for a combination of a fastandslow sub-system. The distri- 
bution of transitions from the j-th level of the initial state 
I to the i-th level of the final electronic state II with the 
absorption (or emission) of frequency v,; is determined by 
the Franck-Condon factor (Section 8) 


pie = const | f diz (9) P (4) by; (9) dg |? (11.16) 


where %,;(g) and driui(g) are the corresponding vibrational 
eigenfunctions and P(q)is the matrix element for the elec- 
tronic transition. The symbol 7 represents the vibrational 
coordinates of the system. Thesubscript ¢ is looked uponas 
variable. On the dipole approximation the operator P(g) is 
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given by (see (8.100)) 


P(q) = { ¥y (% MDa ty (%, g) dx 


We have already pointed out that the concept of moments 
can be used with any distribution function, including of 
course the distribution function given by (11.16). The initial 
moment of order / for the distribution (11.16) is given by 
[21] 

) Wt. p, — AP pe: 11.17 
S; 3 ij Pit h ie Ej )° pj ( ) 


t 


These formulae hold for discrete vibrational levels, but 
our subsequent analysis will also be valid for a continuous 
spectrum. In order to be specific, we shail refer to ab- 
sorption only. 

Consider the quantity 


l 
(E; — Ej)! brn (Q)P (9) b1j (9) = Y= 1)8C} BEF br: (q) PQ) 
k=0 


(11.18) 
l 
x EF 7 (q) = Y (— 1) CF P(g) LHF b2; (IIH * 97,49] 


k=0 


We have used the Schroedinger equation for vibrational 
eigenfunctions (see (5.14)) 


Hy 475 (9) = Ej 927 (q), Arr $11 (Q) = Ey 911i (9) 


where H, and H,, are the Hamiltonian operators which 
determine on the adiabatic approximation vibrations of the 
nuclei in the first and second electronic states [H = T,,, + 
U(q) = Ty, + Een (q)). 

Integrating (11.18) with respect to g and using the self- 
adjoint property of the operators Hi, it can readily be 
shown that 


(Ey — Ej { ¥ire @) P (9) $1 (9) da 
(11.19) 


= (=I Ch din (Q) Hy PQ) Hy Yai (a) da 


k=0 
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If we now multiply (11.19) by « 
f 929°) P#(Q') bane (9') dQ’ (11.20) 


and then sum the resulting expression over all the final 
states 1, we have 


1 
l = 
si) = const — dt ~1)tC \u (q) P*(q) Hj," 
h a (11.21) 


x P(g) Hy 91; (9)d@. 


since » v: (Xv (q') = 8(¢ —q') . In contrast to (11.19), this 


expression does not contain the eigenfunctions 47;;(q) for 
the final states, and is determined exclusively by the eigen- 
functions for the original state and by the form of the oper- 
ators H,, HH, and P (q). 

The first few moments of the distribution of transition 
probabilities from level j are 


See = const rat |P(q) |? | 1; (9)? dq = | P|? (11.22) 


: ] ; 
Sy) const (9s (9) (P¥(@) His PCa) — | P(@) Hil 4 (ada 
Pp z 
~1 | i [Hy, — H,] $s; (9) dq ee) 


} I * , 
Sf) = const — | i; (q) P*(g) H2, P(g) — 2P(q) Hr P(q) Hi 
ong? cate x 2 
+| P(g) PH, ) $2; (dge= Loni, -— 2Hy; Hy 
+ Hi 144; (9) dq (11.24) 


The second parts of these expressions (after the sign =) 
give the moments of the distribution in the Franck-Condon 
approximation (the operator P is independent of the vibra- 
tional coordinates). 

It is quite easy to transform the moments of the transition 
probability distribution into the moments of the distribution 
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of absorption or emission probabilities, i.e. into the mo- 
ments of the spectral bands produced as a result of transi- 
tions between electronic levels. Note that in order to obtain 
the absorption and emission probabilities p, the experimen- 
tally determined absorption coefficient k must be divided by 
v andthe emitted power v‘ (see Chapters 4 and 9). To do this, 
the transition probabilities corresponding to frequencies v 
must be averaged (with allowance for the population of the 
levels) over all the initial levels j. The analogous operation 
is valid for the moments 


Sas’ (11.25) 
J 
If there is an equilibrium distribution over the energy levels 
before the absorption (emission), the values of n; given by 
(11.25) are determined by the Boltzmann formula. The ex- 
pression given by (11.25) may be reduced to the more con- 
venient form 


Sy= — [Pin (11.26) 
| 
$= qlee | U aetaag (11.27) 
J : ; 
S= 7 iP ral U*(q)p, (q) dq (11.28) 


where n= 2%n; and U(r) = Hy;; —H,; = U;; (g) —U;(q) is the 
difference between the potential energy for the upper and 
lower electronic states (the kinetic energy operators are 
the same in both states and therefore cancel out). Moreover, 


pr (q) = lvi(g) (11.29) 


J 


is the distribution of the system over the coordinates of the 
nuclei. If the system is in a state of thermodynamic equili- 
brium (if only over the vibrational degrees of freedom), 
pr (q) is a function of temperature. p(g) is different for each 
specific system and depends on the. vibrating masses. The 
form of the third initial moment is somewhat more compli- 
cated, and will not be given in this instance. 
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It should be noted that according to (11.26) the area of a 
band on the Condon ‘approximation is independent of tem- 
perature and generally of the distribution function for the 
vibrational levels. 

The moments of bands are:thus unambiguously related to 
the internal properties of matter, i.e. to the operators 
H,, Hy,. P(g) and the population n;. If these quantities are 
known, the moments can be calculated. Conversely, if the 
moments are known from experiment, it is possible to de- 
duce specific information about the properties of absorbing 
or emitting centres. The calculations are particularly simple 
for special cases such as the harmonic oscillator, the dia- 
tomic molecule and the polyatomic molecule with small 
anharmonicity. The moments for a harmonic oscillator will 
be calculated in Chapter 6. In practice, one is often concerned 
with more complicated objects for which the form of the 
operators H,; , H;;, P(g) is unknown. Further progress may 
be achieved by assuming a particular model, i.e. by calcu- 
lating the moments for a number of suitable systems and 
then comparing the results with experimental data. Work on 
this very promising procedure is only just beginning. The 
first interesting results were reported in papers quoted 
earlier [21]. The Condon approximation has been used to 
investigate a single harmonic oscillator, aset of independent 
harmonic oscillators (normal vibrations of a molecule), 
a single anharmonic oscillator and a system of anharmonic 
oscillators with a small anharmonicity. A few cases in which 
the Condon approximation cannot be used have been sclved. 


Laz’s method 
The profile of a given band may be written in the form [22] 
p(v) = 7 \" ag | (11.30) 
l 
where 
I(t) = AS p(v)e'*! dy (11.31) 
is the Fourier transform of p(v). It is found that for elec- 


tronic-vibrational transitions the Fourier transform is quite 
simply related to the internal properties ofthe absorbing or 
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emitting centre, i.e. to the operators H,. H,;,; P(g) and to 
the population of the vibrational levels of the initial elec- 
tronic state. In practice, the calculations are based on the 
expression (11.16) for the probability of transition from a 
vibrational level ; of the first electronic state to the vibra- 
tional level i of the second state. By averaging (11.16) over 
all the initial levels j, with allowance for the population n,, 
it is quite easy to show that the probability of transitions 
from all levels j is given by 


p(v) = SY) nj; pj; = const Yn; |) bin (9) P(q) ri(q)dg |? = (11.32) 


For complicated systems, the vibrational energy levels form 
a continuous spectrum and therefore, instead of summing 
over j/, we must integrate over E,. 

A detailed comparison of (11.30) with the equivalent ex- 
pression (11.32) is given in Lax’s original paper. It is found 
that the Fourier transform of p(v)may bewritten in the form 


S. | P* (q) art H,7 t/h P (q) po H; t/h ad x/T | 


[(f) = S (ew /kT) 


(11.33) 


where the symbols are defined in the preceding section. The 
symbol S, represents the trace of the matrix, i.e. the sum 
of its diagonal elements. 

By calculating the Fourier transform /(¢) with the aid of 
(11.30) for a given model of the molecule (impurity centre), 
it is possible to calculate the appropriate band profile. The 
initial moments of ¢(v) are particularly easy to determine. 
Expanding the exponential under the integral sign in (11.30) 
into a series, we have 


d l 
S == vin v dy = Se a eee 
\ ait on \_/o eeemne 


On substituting (11.33) into (11.34) and evaluating the first 
few elements, it is found that they are the same as the 
moments (11.21)-(11.24), averaged with the aid of (11.25). 

This method has been used in recent years to study the 
luminescence of complicated molecules of crystals and other 
systems [23]. It appears to be very promising. It is worth 
noting that Lax’s method can also be used when the moments 
of »(v) do not exist (the integrals diverge). In contrast to 
the moments, the Fourier transform exists for all p(v). 


Quantum-electrodynamic 
Theory of the Interaction of 
Radiation with Matter 


12. QUANTISATION OF THE FREE ELECTROMAGNETIC 
FIELD 


Formulation of the problem 


Classical electrodynamics and quantum mechanics each pro- 
vide a good description of different aspects of the interaction 
of radiation with matter. However,they donot give a strictly 
correct and entirely complete representation of this process. 
Classical theory does not take into account the quantum pro- 
perties of atoms and molecules, or the quantum properties 
of radiation. Wave mechanics, on the other hand, takes into 
account the quantum properties of mechanical systems only. 
The electromagnetic field itself is not studied in wave mech- 
anics and enters into it only as a perturbation which leads to 
transitions of the mechanical system from one stationary 
state to another. 

The absorption and emission of radiation, and even more 
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so, the properties of radiation, can he investigated in quan- 
tum mechanics only in an indirect way. Since the electro- 
magnetic field is described by classical quantities, and its 
specifically quantum-mechanical properties are not taken 
into account, it follows that the perturbing effect of light on 
an atom is allowed for only approximately. In particular, 
the analysis does not include the interaction of matter with 
zero-point fields, which leads to such important processes 
as the spontaneous emission of radiation. Quantum electro- 
dynamics is free from these shortcomings. Matter and fields 
interacting with it are regarded as a single quantum-mechan- 
ical system with its own specific wave functions. 

The quantum theory of radiation starts with the Schroe- 
dinger equation 


j—- — =Hy (12.1) 


where H_ is the Hamiltonian of the matter + field system. If 
we denote by H,, and H, the energy operators for matter 
and for the field, and by V the operator for the interaction 
between them, the resultant Hamiltonian may be written 
as the sum 


H =H. +H,+V (12.2) 


In general. both H and »p must be relativistically invari- 
ant. However, in the optical region the motion of particles 
takes place relatively slowly, the energy quanta are small, 
and therefore relativistic effects are also small and may be 
disregarded. 

We shall regard the operator H,, and its eigenfunctions 
as known. Many of the specific forms of these operators are 
considered in quantum mechanics. The first step must there- 
fore be to find the explicit form for H, and to investigate 
its eigenfunctions. In other words. we must first consider 
the quantisation of the free electromagnetic field. 


Quantisation of the free field 


The electromagnetic field equation in a vacuum may be de- 

rived from the vector potential, which satisfies the equations 
1 OA 

AA + — = 0 ae 

c& df? \ 
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divA = 0 (12.4) 
with the scalar potential *@ set equal to zero. It was shown 
in Section 4 that these two equations follow directly from 
Maxwell’s equations when 9p = 0. The relation between the 
electric and magnetic fields on the one hand, and the vector 
potential on the other, is given by (1.2). If we confine our 
attention to a cube of volume v=L*, the solution of (12.3) 
can be written as the sum of plane monochromatic waves 
equivalent to the set of harmonic oscillators (Section 4) 


a= »? [qn(f) Aa(r) + 9% (4) AX (r)} (12.9) 


A,(r) = / Ane eset en ; gt)= qe.’ (12.6) 


Summation over \ is equivalent to summation over all the 
possible values of the wave vector x, and over the two 
polarisation directions. 

If we substitute 


where 


Q=qatqan, Py= —2rivyi(q—gq ) (12.7) 


the energy of an individual plane wave will be given by the 
Hamilton function 


Hy = — (P+ (204)? QI (12.8) 


i 
2 
and the total Hamiltonian for the field will be 


H,=H, = a [P? + (2rv,)? Q ] (12.9) 
i ’ 


t 
2 
The expression given by (12.8) is the Hamilton function 
for harmonic oscillator. In quantum theory Q, must be 


looked upon as a time-independent multiplication operator 
and P, must be replaced by the momentum operator Py, 


: .The operators Q, and P, are analogous to 
2m 0Q3 


the position and momentum operators for anordinary oscil- 
lator in that they satisfy the commutation relations 
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_h 
(P,Q,] = P,Q, —Q,P, = —1 ae 


(12.10) 
[P,Q,,] = [P,Py] = [Q,Q,] = 0 


4 
The Schroedinger equation for the free electromagnetic 
field is of the form 


H,® = —» [Po + (2rvy)?Q: 1d = E,® (12.11) 
dX 


Since the field oscillators do not interact with each other, the 
function ® may be sought in the form of the product of wave 
functions of the individual oscillators: 


D = Mry,PrPa --- Pry -- = LT] Pa (12.12) 
A 


The total field energy will then be equal to the sum of the 
individual energies: 


E,= DE (12.13) 


d 


and (12.11) will become thesystem of equations for g, and E, 
l he =o | 
| — — —— 4 (2ny,)Q; | Ya = ExQa (12.14) 


This equation is well known in quantum mechanics (Chapter 
6). It describes the properties of a harmonic oscillator of 
mass m = 1, and its solutions are 


Pan(Ex) = 7 5? HaalEx) (12.15) 


l 
Fa, = [m + 4 hy, (12.16) 


where /7,,(&) is the Chebyshev-Hermite polynomial of order 


n and 
2y 
A = / ~ Qh (12.17) 
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In these expressions v, is the frequency of the i-th oscil- 
lator, which in view of (4.10) is given by 


c | % | c . : 5 
Sas ama tiae Ts Vneo+ ny, aly (12.18) 


and mj=0.1,2,3,.... 
Substituting (12.15) into (12.12) we obtain the possible total 
energies of the electromagnetic field: 


E, -L(mt >) (12.19) 
d 

As can be seen from (12.16), the energy of the individual 

field oscillators is strictly discrete. The energy ofthe field 

as a whole is also discrete. According to (4.26) the number 


of oscillators per unit frequency range is equal to v, 


and therefore as yv and the volume of the cube increase, 
the energy level density will increase very rapidly. It is for 
this reason that the energy of the electromagnetic field can 
frequently be regarded as practically continuous. The lowest 
state of the field has the energy 


I NY 
B= > he (12.20) 
which is known as the zero-point energy. The state of the 
field with zero-point energy is the ground (unexcited) state 
of the electromagnetic field. It can only be achieved at the 
absolute zero of temperature. All other states are excited 
states and are completely defined by the set of quantum 
numbers of all the oscillators nm, , m4, , M,,.... 


Field quanta 


Since the field can communicate to matter, or receive from 
it, only discrete amounts (quanta) of energy, it may be said 
that the field itself consists of individual objects,i.e. quanta 
of radiation or photons. If an oscillator A is excited to the 
k-th level, then it is said thatthe field consists of & photons 
of energy hy,. The zero-point energy is then ignored, since 
it remains constant. 

The concept of a photon as the elementary particle of a 
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field can also be introduced by considering the momentum 
of the field. It may be shown that each plane wave has a set 
of discrete momenta which are proportional tothe energy of 
the wave. The momentum and energy of the wave transform 
as a 4-vector under the Lorentz transformation [1]. There- 
fore, each individual plane wave 4 occupying a level 7, be- 
haves as a beam of n, free particles of energy hy, each 


with momentum —- hx, 
on 


Matrix elements of the operators q), 


After quantisation the vector potential A, and therefore the 
field vectors E and H, will also transform into operators 
acting on the field wave function ®. Infurther calculations we 
shall be concerned with the effect of the operators q, and qi. 
According to the quantum theory of the harmonic oscil- 
lator (Chapter 6) the matrix elements of a coordinate Q, 
calculated with the aid of the wave functions (12.15) are 


r _n* = h(n, + 1 
Q, n+l Qt. n _ | aa 
: (12.21) 
Ox = O, if ny Fly ae I 
Since i = — 201° an @ mn? it is easy to show, using (12.7) 


and (12. 31), that the matrixelements ofthe operators q, and 
qx, are 


aa / A (My, 1) + ey q” _ h (1, + 1) 
In, aen Ya ; Aca sacar. eae 
ow se (12,22) 


™ 
Gud io Gi naa oe 


Applying the operator q, to the function ,, we obtain a 
new function which can be expanded into a series of terms 
of the eigenfunctions of the operator q,: 


Gan Pan = Yoon Pan (12.23) 


m 


If we now multiply (12.23) by x and integrate over all 
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Space. we have . 
Qi, = \ Pe da Gandt = AV bent (12.24) 
8i*v, 
Consequently 


h 
G2 Pan = / a2, V a Dans (12.25) 


: /h 
D Pr,z= om V ryat+] Qyintt (12.26) 


As can be seen from these equations, theoperators q, and 
qx transform the wave function 4g,, into the wave functions 
%, n-y and Q,,,4,. Since these functions describe the state of 
the field in which the number of photons of a given sort is 
fewer or greater by one as compared withthe state 9, , the 
operators q, and qi are called the absorption andemission 
operators respectively. 

Equations (12.25) and (12.26) can beused to find the result 


Tee yy 


Similarly 


of the application of the operator 2 


qx q, to the wave 
function: 


Srey, 


qx Ga Pan = 20 Pan (12.27) 


Since the eigenvalues of this operator are equal to the num- 
ber of quanta, the operator itself represents the number of 
quanta of a given kind. 


Uncertainty relation for field operators 


All the physical quantities which describe the electromag- 
netic field, i.e. vector potential, field strengths, energy, 
momentum, number of photons, and phase of the wave are 
replaced by operators in the quantum theory. Someof them, 
for example the energy and momentum operators, com- 
mute with each other, and therefore the corresponding 
physical quantities can be simultaneously measured with an 
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arbitrary degree of precision. Other field operators do not 
commute. 

It is known from quantum mechanics that iftwo operators 
A and B satisfy the commutation relation 


AB— BA =C (12.28) 


then the uncertainties AA and AB in a simultaneous deter- 
mination of the physical quantities A and B satisfy the 
inequality 


AAAB2(C| (12,29) 


According to (12.7) and (12.10), the operators q, and qi 
satisfy the commutation relation 


Gx, G, — Gi, Ma, = ee (12.30) 


81745, 


1 


Hence it is clear that the operator for the number of photons 
does not commute with the field operators E and H,i.e. the 
number of photons (the energy of the field) and the field 
strengths cannot be simultaneously measured with an arbi- 
trary degree of accuracy. If ”, is determined precisely, then 
E and H are completely undetermined and vice versa. This 
holds good even when ny, = 0. 

The uncertainties in the electric and magnetic field 
strengths are of a fundamental significance, but are not 
reflected in practical calculations in typical optical prob- 
lems. In Chapter 1, when we were concerned with these 
problems, the final results never contained the instanta- 
neous values of the field strength or the coordinates, but 
always involved averages over the period of the oscilla- 
tions. A similar averaging procedure is carried out in the 
quantum theory of radiation. 


Quantisation of the field for open systems [24] 


All the results in the present section were obtained on the 
assumption that the Hamiltonian (12.9) does not explicitly 
depend on time, i.e. that the electromagnetic field forms 
a closed system. However, in most,cases encountered in 
practice, the field does not form a closedsystem. As a rule 
a real experiment will involve not only field and matter, but 
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also sources of radiation (lamps, arcs, sparks, etc) and 
detectors of radiation (photographic plates, bolometers, 
etc), which means that the system is not, in fact, closed, 

The methods of classical electrodynamics which were 
described in Chapter 1 do not as a rule require the intro- 
duction of the assumption that the system is closed when opti- 
cal processes are analysed. The methods of quantum 
electrodynamics can also be applied to real experimental 
conditions. Analyses of closed systems will, of course, be 
useful, since they frequently yield good approximation to 
reality, and the necessary mathematical formalism is much 
simpler. 

To begin with, let us consider the difference between a 
closed and an opensystem from the point of view of the clas- 
sical theory of radiation. A closed system is basically an 
electromagnetic field in a finite volume bounded by per- 
fectly reflecting walls. The set of field oscillators is deter- 
mined by the size and form of the volume, and their 
vibrational state is prescribed by the amplitudes q, and q,”*. 
The field can be represented in suchasystem by the sum of 
plane standing waves, since to each wave with wave vector 
%*, and amplitude q, there corresponds an opposite wave 
with wave vector —»x, and amplitude q_, =4, . The quantities 


A A 
q maybe regarded as time-independent internal parameters 


of the system. 

In open systems the field consists of travelling waves 
whose parameters can be functions of time. However, if we 
confine our attention to radiation within a finite volume, for 
example a cube, the field may be written down as the super- 
position of plane waves or harmonic oscillators. By choosing 
suitable dimensions of the cube, we canselect only the com- 
plete system of orthonormal! functions and any vector poten- 
tial A can be expanded in terms of them. In contrast to the 


previous case, the quantities gq can be functions of time, 
a, 
and moreover #q_ If the field paremeters vary slowly 
A 
enough so that in a single period, 7=10~-'‘sec, they can be 


regarded as practically constant, then all the formulae which 
we obtained before will remain valid for opensystems also. 

The transition to open systems can be performed ina 
similar way in the quantum theory. The state of the field is 
prescribed by the number of oscillator quanta », (plane 
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waves). In a closed system they are constant, while in an 
open system they are regarded as functions of time. This 
fact should not affect the form of either the equations for the 
free field or the equations for the interaction between light 
and matter. In point of fact, the possible states of the field 
are determined in quantum theory by the possible solutions 
of (12.11) and not by the values of the amplitude. These solu- 
tions are quite independent of whether the particular sys- 
tem is open or closed. Consequently, the equations for the 
interaction between an atom and a field have similar form 
both for closed and open systems. The difference may be 
reduced to the fact that inthe first case the numbers are the 
internal parameters of the system, while in the second they 
are determined by external conditions (method of illumina- 
tion) and depend explicitly on time. 


18. BASIC EQUATIONS OF QUANTUM OPTICS 


Fapansion of the wave function in terms of the etgen- 
functions for matter and field 


The electromagnetic field interacting with matter is de- 
scribed by the Schroedinger equation (12.1), which may be 
written in the form 


ee ane he Ae (13.1) 

2x Ot 
where H,=H,,+H; is the energy operator for matter and 
field in the absence of interaction between them. 

In the preceding section we considered the wave functions 
for a free field of radiation (see (12.12)). Suppose that we 
also know the solution of the time-independent Schroedinger 
equation 


Am? = Ej; (13.2) 


In the absence of interaction the state of the total system 
consisting of the two sub-systems (matter + field) can be 
characterised by the wave functions ; 


() oaths —2n iE, )t/n 
Fen) = ¥iPta,) & ny (13.3) 
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where the subscript j indicates the fact that the matter is 
in the j-th state and (%,) is an abbreviation for the com- 
plete set of quantum* numbers M,, M,, t,... Which com- 
pletely characterise the state ofall the field oscillators. The 


symbol %,) is equivalent to IT ¢., 


Let us seek the solution of (12.3) in the form of the sum 


Y= > Cin.) Y:Pin,) em near (13.4) 


i(n,) 


where Ey, = E;-+ Eq) is the energy of the field and matter. 
Substituting (13.4) into (13.1), multiplying from the left by 
Yj Pim,) and integrating over all the variables on which the 
wave functions depend, we obtain 


h 
a » Vien, ila, Cin, ) cs (1 3.9) 


2m (ny ) 


This equation is analogous to (8.10), which was derived within 
the framework of quantum mechanics. There is animportant 
difference between them, however. The expansion coeffi- 
cients C; in (8.10) refer only to states of the mechanical 
system; the state of the electromagnetic field is not taken 
into account at all. Inthe present case the equation describes 
the field and matter as asingle quantum system. The expan- 
sion coefficients C itm,) depend on the time and have the 
meaning of probability amplitudes. Thus, the quantity | Cjun ) i 

is equal to the probability that the matter is in the j-th 
state, while the field consists of a set of photons (m,). Using 
(13.5) and the analogous equation for the complex conjugate 
quantities, it is easy to verify that 


-) |Cyim) P = 0 (13.6) 


jim) 


i.e. the normalisation of Chim, y remains constant. 

The set of coefficients C; itm, ) specifies completely the func- 
tion wt), and therefore uniquely defines the state of the 
system. 

The number of coefficients Cjim,) , like the number of field 
oscillators, is infinitely large. It follows that if (13.5) is 
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written out in the explicit form we obtain a complicated sys- 
tem consisting of an infinite number of connected equations. 
These equations have not so far been solved exactly even 
for the simplest problems in the theory of radiation. As a 
rule they are solved by the methods of perturbation theory. 
This leads to correct results when the interaction operator 
is in fact small, and the eigenfunctions for the unperturbed 
system can be taken as the starting point for the application 
of perturbation theory. 


Matrix elements of the interaction operator 
In Chapter 2 we derived an expression for the operator 


representing the interaction of light with matter. For a 
single optical electron it is of the form 


V= 


oe (13.7) 


where e, m and p are the charge, mass and momentum of 
an electron. If p and A are defined in the usual way, then 
V will be equal to the interaction energy of classical electro- 
dynamics. If, on the other hand, we substitute the momentum 


operator p=-—i1 = vy for p in (13.7), we obtain the quan- 


tum mechanical interaction operator. In quantum electro- 
dynamics, both matter and field are quantised, and therefore 
the vector potential A is also replaced by anoperator. This 
leads to the following expression 


a ) * Ax 
a |p . (q,Azx + qx Ax } 
(13.8) 


— SS (gan + a At) (qa- Ax + qx Aj: ) 
d” 


Poe ' 


where q, and qi are time-independent operators whose 
effect on the wave functions for the field is determined by 
(12.25) and (12.26) and A, is given by (12.6). 

Let us consider in detail integrals which are encountered 
in evaluating the matrix elements of the interaction operator. 
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A x 
l. i= ) ViP¢m,) [p ») aA] Y: Pin, a 
mc “ i 


é ree y 
= er | / — » | (pee "Y) Y; ax | emp Qa Pin.) dt, 
d 


The last expression is based on the fact that the particle 
momentum operator p does not act on the field wave func- 
tions and q, does not act onthe particle wave functions. Integ- 
rals analogous to the integral with respect to x in (138.9) 
have already been encountered earlier (see (8.46)) and were 
discussed in detail there. It will therefore be sufficient to 
consider the integral with respect to 1. 

On writing the wave function for the field in the explicit 
form, we have in view of (12.25), 


(13.9) 


{ Pim,) qi Pin, ,) d Ty = [ Jom, Qin I] Pn, d vy 
d » 


/ Any 
—— Brey, Il \ Pm, Pay, d 1 (m Pn, -— | a Ty (1 3,10) 
Any, 
~ | Bry, i Sm ny om a aie 


where the operator q, acts only on the wave function of the 
Single oscillator A, Substituting (13.10) into (13.9) and intro- 
ducing for the sake of brevity the notation 


ti ae eee ek ioe)» 
(PY )ig = Hi on yi(pee  ) y; dx (13.11) 


I, = P+); a I] Om ty om, n. — | (13.12) 
Xr 9 


U va eR A’ 2X 


we obtain 


It should be noted that the summationover (,) in(13.5) has 
a different significance compared with the summationover A 
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in (13.12). Inthe first case the summation is carried out over 
all the possible states of the field,each of which is described 


by an infinite set of numbers 7,, 7,» 1%,» and so on. The 
sum over } represents summation over the field oscillators 
in a particular given state. 


e? i iw 
2, i, = ee \ Yj Pim) (>> Gr, Aang Ax Yi Pin, dt 
A r! 


Py 


QT e? l vs Sao ° cr 
=-——— SSI dever Ny, dx 
ae d d’ 


x | Pim, ) WD’ Pn,, d Ty (13,13) 
=! a / tlt + 1) 
SS Aso re Ay (Mr 3) 

9 bs (Nii Dra /! ae 
h MM A 
" AHA ae My Sm a Omer tH 
where 
he* l (Ka —~%,,) c 
,).. = €,€)" 
ines oan (exe, e iF (13.14) 


The matrix elements of all the other terms in (13.8) can be 
evaluated in a similar way. 


System of equations for the probability amplitudes 


After substituting the matrix elements of the operator (13.8) 
into (13.5) we must carry out the summation over all the 
states of the field (n,). Since the summation sign is followed 
by products of &-functions, it follows that only asmall num- 
ber of terms correspond to states of the field which differ 
from the state ¢m,) by one or two quanta of a particular 
sort. Next, let us replace m, by n, so that, using (13.5), 
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we have 


h hase _ panes (Pr) ji Vn 


OT 


oer pty, \t (Pe a 
xX Cin, —8, . oy € Qa oa 
QK i ee ae, Ve 
x Ciwn, +8). e pind 
io 


(rode Vinx (me + I) oO eae "Mw (13.15) 
pV ye ye i(n, aye FO 5 


(dy *” AV te Nye ny C; 5 
Y" V vue Vy He awn 


i dd” 


se ta ha a V(r + 1) (me +1) 
\” id WM 


2ni(v, —v. =v, ,) 
aw v \o 


d 
4. e 
x Cin, +8,), +0, 4) 


/ ny + 1 


where (%'x”);; is given by (13.14), and 


—\ on en Ah ~i (xr) 
(Py)j; = (Px )ji = On (pe. e \ - 


is 2 e*h 
(dix )ig = (Gade = Z——(everre 


(13.16) 
=i (Heb mHH)t 


hi 


The amplitudes Cun, $8.) refer to states which differ from 
the initial state of the field Pin, by one photon belonging to 


the class \’. The system of equations given by (13.15) can 
easily be generalised to the case when the electromagnetic 
field interacts not with one, but with many optical electrons. 

Equation (13.15) for the coefficients Cyn,) is equivalent to 


the original wave equation (13.11) and completely describes 
the interaction of radiation with matter. It contains all the 
possible special cases. The various atoms and molecules are 
characterised by different matrix elements p,,, and the 
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different states of the field by the set of quantum numbers Ag. 
By solving (13.15) we can obtain a description of all the 
main experimental facts concerning absorption and emission 
of radiation. It is for this reason that they may be referred 
to as the basic equations of the quantum theory of radiation, 
or better still, of quantum optics. 

The first two terms on the right of (13.15) are due to the 
interaction described by the linear term in the operator 
(13.7). As a result of this interaction the original state 
of the field is transformed into a new state which differs 
from the original state by one photon. A change by two or 
more photons can only occur in stages through intermediate 
states. The remaining three terms in (13.15) reflect the 
interaction of field with matter whichis characterised by A?. 
In such interactions the state of the field is changed by two 
photons at once: the two photons 4’ and A” are simultane- 
ously absorbed or emitted, or the photon A’ disappears from 
the field and is replaced by the photon 4”. 


14. SINGLE-PHOTON RADIATIVE PROCESSES 


Absorption 


Let us apply (13.15) to the simplest interaction, i.e. to the 
absorption or emission of a single photon. This is well 
described by first-order perturbation theory. To simplify 
the calculations we can neglect the radiation reaction which 
leads to spectral line broadening. This will not prevent us 
from reaching the correct general conclusions. Problems 
connected with line profiles and energy level profiles will be 
discussed separately. 

Suppose that at the initial instant oftimethe atom is in the 
lowest level j = 0, and the external incident field is speci- 
fied by the set of protons n>. Consequently the probability 
amplitudes at t=0Q are 


C 1,C.9 =0 when i #0 (14.1) 


0 (n) a i (ny) 


At subsequent times the absorption of external radiation 
will ensure that other © nO are also different from zero. 
d 


On the first approximation we have from (13.15) 
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(14.2) 


The coefficients Cin°+s,. refer to the state of the system 
in which the atom is in level ‘ and the single photon })’dis- 
appears from the field. Substituting (14.1) into the right-hand 
side of (14.2) and integrating between 0 and ¢, we obtain 


(Py), V no, __ ony oll 
1 PV ey 


C8, h Voune Vig — Ya 

This formula is analogous to (8.19), and therefore all the 
conclusions which were obtained in the analysis of the fre- 
quency and time dependence (8.19) will alsoholdfor equation 
(14.3). We shall derive the transition probabilities ina some- 
what different way, however. 

In view of (14.3), the probability of finding the atom in 
level i at time ¢ as a result of an interaction with a photon 
V is given by 


2 | (Px)ig Pax 1 — cos 2m (vj) — vv) t 
h? U vy" (V9 — vr)? 


IC 


== (14.4) 


2 = 
i (no), .) | 


Since at the initial instant of time C. was equal to 


i (ny —8), .) 
zero, it follows that the time derivative of (14.4) determines 
the probability of the transition of the atom from the state 
0 to the state ¢ under the action of the photons }’: 


d IC Be An? (Px) Par Sin Qe (vig — vn“) E 


asteet | game 
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(14.5) 


h? Uva Vigo VX 
For large t the last factor has the properties of a 6-function: 


Sinvt 
lim 


t—- o 


= 16 (v) (14.6) 


In the present case t cannot be regarded as infinitely 
large. It must be small enough to enable us to use first- 
order perturbation theory. This approximation is valid 
provided the conditions given by (14.1) are satisfied. We 
already know, and we shall prove below, that the mean life- 
time of the system in the lowest level is usually very much 
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greater than 10-°sec. Such an interval of time can be ap- 
proximately regarded as infinitely long in comparison with 
the period of the oscillations, which is of the order of 10-!° 
—-10-'*sec. Consequently, we have from (14.5) 


d 4r? pt 219, . 
ery CPS ere ale 8 (v4 — vy) (14.6a) 


This expression gives the probability of absorption of 
quanta of radiation with strictly defined properties, namely 
frequency, direction of propagation, and amplitude. In prac- 
tice, the beam of radiation is usually specified not by the 
number of photons, but by the energy density u*(v, 2) per 
unit frequency interval and unit solid angle and for one of 
the two independent polarisations (a=1,2). It is evident 
that the number of photons and uw? (v, 2) are related by the 
expression 


, R+dt 
ut (v, Q)dvdQ= — y n hy (14.7) 
% 


where the numbers of photons carry two subscripts, since 
(14.7) does not include summation over the polarisations. 
The summation is carried out only over the wave vector 
x where magnitude lies between 2z7v/c and 2xv-+-dv/c and 
whose direction lies between 2 and 2-+dQ. If we repre- 
sent by7., the mean number of quanta of a given oscillator 
of frequency », polarisation « and given direction of propa- 
gation, and if we take it out fromunder the summation sign, 
we obtain 
x-+-d z 
*(v, Q = Mw a= 
ut (vy, Q)dvdQ=n, ih > | 
. (14.8) 
—n AY bal, Q)dvdQ 


r 


where 6, (vy, 2) is the density of states. Substituting for it 
from (4.25) into the last expression, we obtain 


$ 


lous 
re h v3 @ (, $2) (14.9) 
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From (14.8) and (4.25) we can obtainthe general rule for the 
replacement of summation over x by integration with 
respect to v and 2: ~~ 


\Vi (4s) (| 16 Q) dvd Q (14.10) 
Uu-0o CC 
% vy 


In order to obtain the total probability p,; of absorption of 
all the incident photons, we must sum (14.6a) over «’ and a. 
In view of (14.9) and (14.10) this sum may be written in 


the form 
d Z ; 
Pu = Sorat nko 
a 
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<2 (Pt ae 
bo; (92) - = 3 xa (14.12) 
1 ve, 


If we confine our attention to the dipole approximation, we 
have from (13.21) 
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Substituting this expression into (14.12) we arrive at the 
expression for the differential Einstein coefficients (see 
(8.72)) 

8x° 


h? 


bo; (Q) = |(D,;e OF (14.14) 
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The amount of energy absorbed per unit time can be deter- 
mined with the aid of (14.11) as in quantum mechanics by 
multiplying the transition probability by the energy of the 
photon: 


W abs = Do! Vio = >) bo; (2) u* (vj, 2) A vzg dQ 
in (14.15) 
— ~ 2 
ss hid abs ($2) 


where 


W abs (02) = bo; (22) ut (v,o, 02) Av, (14.16) 


is the amount of absorbed energy of given linear polarisation 
and given direction of propagation per unit solid angle. 

Comparison of these results with the expressions in Sec- 
tion 8 shows that quantum electrodynamics completely 
confirms the results of quantum mechanics as far as the 
absorption of radiation is concerned. 


Spontaneous and stimulated emission 


Suppose that at the initial instant of time the atom is in an 
excited state ¢ such that 


C. =1,C. 
j 


r (n°) 


=0, if ji 


(ny 
Transitions to lower energy levels are then described by 


OC i ee 
i o. HAS +330) ee (Pi) Von + I 


on ot Vo vy 


(14.17) 
Qnt ( ¥ Pandy 
x C. 9. € 
t (25) 


On solving this equation and completing the same operations 
as for the probability of absorption, we obtain 
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As can be seen from the latter expression, the probability 
of emission consists of two parts. The first part is indepen- 
dent of the energy density of the external radiation and is not 
equal to zero even when (n° = 0). It is therefore called the 
probability of spontaneous emission. 

If we sum the first term in (14.19) over all the emitted 
quanta, and confine our attention to the dipole approximation, 
we shall find that 


2 —\\2 
A= iL eT 
)’ hh? U V)- 
Sn” vj 
- Dj set : wy (Dre, ) Pade (14.20) 


Y a NS f ‘ 
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where 


oye 
aij (Q) = ——'- |(Dye , (14.21) 


is the differential Einstein coefficient for spontaneous emis- 
sion which was postulated earlier, and 4A,; is the integral 
Einstein coefficient. 

Calculation of the rate of spontaneous emission per unit 
solid angle, and the integral emission, again leads to (8.78) 
and (8.79). 

The second term in (14.19) is proportional to the number 
of incident photons, and gives the probability of stimulated 
emission which has already been considered within the 
framework of quantum mechanics. However, in quantum 
mechanics, it was found from the law of conservation of 
energy in terms of which only the energy (frequency) of the 
photon was determined. The direction of propagation and the 
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polarisation of the emitted photon remained unknown. Quan- 
tum electrodynamics, on the other hand, resolves this prob- 
lem and confirms Einstein’s elementary theory of emission. 
In contrast to the quaantum-mechanical expression given by 
(8.70), which represents,only the probability of a change of 
Av,j in the energy of the atom, equation (14.19) gives the 
probability of emission of photons with strictly defined 
values of frequency, polarisation and direction of propa- 
gation. The probability of stimulated emissionofaphoton i’ 
is proportional tony,. It follows that for stimulated emission 
the emitted radiation propagates in the direction of the ex- 
citing radiation and has the same frequency and polarisation. 
On the dipole approximation the differential Einstein coef- 
ficient for stimulated emission is given by (see (14.19)) 


(Dje ye = 63(Q) (14.22) 


Using (14.21) and (14.22) we can find the relation between the 
differential Einstein coefficients 


aif Bt; = (14,23) 
which corresponds to 
A,;[B,j = &rhyile (14.24) 


The last two expressions were derived in Section 7 by Ein- 
stein’s method from a consideration of the thermodynamic 
equilibrium of matter and radiation in a closed cavity. 
Quantum electrodynamics provides a rigorous derivation of 
these relationships. 


Natural profile of energy levels [29] 


It was shown in Section 11 that the energy levels of quantised 
systems broaden as a result of interactions. The level width 
due to the interaction of anatom withthe zero-point electro- 
magnetic field is called the natural width. The atom or mole- 
cule can then he regarded as an isolated and closed system 
whose behaviour is described by the time-independent 
Schroedinger equation 


(H,-H,+V)y=E% (14,25) 
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We shall take the interaction operator in the simplest form 


* @ 


V=- (pA) (14.26) 


NC 


If we expand w in terms of the eigenfunctions for matter 
and field and complete operations similar to those leading 
to (13.15), we shall find that 
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The change in the phase of the wave within the limits of the 
atom is neglected in these expressions (dipole approxi- 
mation). 

Let us suppose for the sake of simplicity that the atom 
has two energy levels, and let us solve the system of equa- 
tions given by (14.27) using the method of successive 
approximations. As the zero-order approximation we shall 
take the state in which there are no photons and the atom 
is in the excited state E2=Avo:. For the first approximation 
we have from (14.27) 


(Py), 
(E, — E)Coo) —- 2 ——=— C = 0 
(14.30) 
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This system is equivalent to (10.17) and (10.18) and describes 
the interaction of an excited level of the molecule with the 
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practically continuous spectrum of possible field states. 
The required coefficient |Cyo)|* can be taken directly from 
(10.23). As a first step we must findthe matrix element per 


unit energy interval. The number of frequencies in an in- 
ye 
4 

v and 


terval of 1 sec? is, according to (4.26), equal to 


lone 
the separation between them is Smeg” while the separation 
Ty" U 


3 
between neighbouring levels is A= — . The quantity 
TU Y" 


A is independent of frequency. However, since Ca de- 
creases rapidly as E departs from E,, we can take the 
value of A near the level F, of the excited molecule and 
let hv =fh»v,,. Therefore, the value of !V/? in (10.23) is |P,,\/A. 
Using (14.29) we obtain the following final expression for 
the level profile 


l 
6(E) = (Cag (E Be a ee 14.31 
) = [Cao (E) | : @+(E,~E) ( ) 
where 
P= 3er a 


This profile is due to the unavoidable interaction between 
the molecule and the electromagnetic field, and istherefore 
called the natural level profile. 

The expression given by (14.31) has a simple physical 
interpretation. It gives the probability that an atom occupy- 
ing the second energy level will have the energy E. As can 
be seen, the most probable energyis E,. Weshall see below 
that the natural level profile has the same form as the 
natural profile of a spectral line. 


Natural profile of a spectral line 


To begin with, consider an atom which can only occupy one 
of the two energy states E, and —). If at the initial instant 
of time the atom is in an excited state and nj =0 (zero 
number of photons), then according to (13.15), the probability 
amplitudes are given by 


§ 


h 0 \) (P#)., Qn i(ve, — ve 
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We shall solve these equations on the assumption that the 


probability of finding the atom in the excited state de- 
creases exponentially with time, i.e. 


an i(ver—, VE 


C'(a) € (14,34) 


C x0) =e! (14. 30) 


On solving (14.34) subject to (14.35) we obtain 


ar —_ —2ni(v2;—v, ,)i—yt 
Cig.) = (Pir)i2 I ~e d (14,36) 
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where y’ = 7/2n .. Substituting (14.35) and (14.36) into (14.33) 
we obtain 
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The parameter 7 will in general be complex. It is quite 
easy to show from (14.36) that its imaginary part gives the 
correction for the shift of the natural frequency v2. This 
shift is usually very small, and may be ignored on the first 
approximation. If we confine our attention to the real part, we 
have from (14.37), 
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ox ys | (Py Joy 


7 h? U vy" 


3 (ve, — Wr) = Ady (14.38) 


According to (14.20) this gives the total probability of a spon- 
taneous transition of the atom from the excited to the ground 
state. This was in fact to be expected, since the quantity 7 
in (14.35) was introduced as the reciprocal of the lifetime 
of the atom in the excited state. 

The line profile is determined by the probability of the 
final state for ¢>’/y, when the atom has definitely reached 
the excited state: 
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The total probability that the atom occupies the lower level, 
and a photon with arbitrary physical properties appears in 
the field, is given by the sum 


q . 7 d: 
yer oe (14.40) 
" tJ) Wye) sey 


which leads directly to the classical formula (2.17) for the 
natural profile of a spectral line: 


I 
(epee) Pay (14.41) 
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In evaluating (14.40), the summation was replaced by inte- 
gration in accordance with (14.10), and use was made of 
(14.20) and (14.38). 

If the atom can occupy a number of energy levels, the 
spectral line profiles corresponding to the various transi- 
tions will be given by formulae analogous to (14.41). How- 
ever.the quantity 27,;; will not be equal to the probability of 
spontaneous transitions from the upper level / to the lower 
level ;. It will be given by the sum [26] 


il Fae (14.42) 


where  7,=2A,, is the sum of all the probabilities of spon- 
{ 


taneous transition from the level & tothe lower lying levels, 
and is equal to the natural width of the &-th energy level. It 
follows that the natural width of aspectral line is equal to the 
sum of the widths of the upper and lower levels (this is valid 
for all quantum-mechanical systems except for the harmonic 
oscillator - see Chapter 6). In the quantum theory of radia- 
tion there is therefore no unambiguous connection between 
the width of a line and its intensity. Even very weak lines 
can have a large width as a result 6f a considerable broad- 
ening of the lower level. 

As an example, consider an atom withthree energy levels 
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(Fig. 3.1). Suppose that the probability of a transition from 
the third to the first and second levels is small, while the 
probability A»: is large. The third level will then be narrow 
and the second broad. Lines, with frequency y,, and va, will 
have a low intensity, but v32 will correspond to a broad line 


V32 Vay Vs, 


Fig. 3.1 Dependence of the width of a spectral 
line on the width of the energy levels 


and v3; to a narrow line. The line at vo, will be broad and 
strong. 

In contrast to the situation in the classical theory of the 
harmonic oscillator, the natural line width is always pro- 
portional to its intensity. In fact, the energy of free oscil- 
lations of an oscillator falls off exponentially with time: 


E=E,e (14.43) 


The intensity of a line is equal tothe energy lost by the dipole 
per second, and is proportional to 27: 


dE 
Pe a es De 14.44 
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where 27 is the natural line width. 
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15. TWO-PHOTON AND THREE-PHOTON PROCESSES 


Time-independent illumination 


For the sake of simplicity we shall consider the secondary 
emission of photons on the assumption that anatom has only 
three non-degenerate energy levels. 

Suppose that an atom is illuminated by a beam of external 
radiation of arbitrary spectral composition. The physical 
characteristics of this radiation will be assumed tobe time- 
independent. -If the atom and the incident photons did not 
interact, the state of the system could be described by the 
amplitude C,(°), i.e. the atom would occupy the lowest 
state and the field would consist of photons emitted by the 
external source only. The existence of an interaction be- 
tween the atom and the field leads to the conversion by the 
atom of some of the incident photons into one or two secon- 
dary photons. The atom may or may not undergo a change 
of state in the process. For example, the disappearance of a 
primary photon A’ may be accompanied by the transition of 
the atom from level 1 tolevel 2. with the result that the sys- 
tem may assume the state C,(n?—8,,) or C3(n?—38.,). 

If the transformation of the primary photon 2’ into the 
secondary photon A” occurs without any change inthe atom, 
the system will enter one of two different states, C,(n°—%,, 
+8),) or C,(n® +48,,—5,,), Corresponding to two different 
intermediate states. The second of these transformations 
occurs through a virtual state. Virtual states have the pro- 
perty that their energy is different from both the initial and 
the final state of the system. For example, if at the initial 
instant of time the atoms were in the lowest state E,=0 and 
the field did not include photons sothat n>) = 0,the new state 


Cae in which E; >0 and n,# Owill bevirtual, since it cor- 


responds to a simultaneous increase in the energy of matter 
and field. Transitions to virtual states are also referred to 
as virtual. Virtual transitions involve a formal reversal of 
the temporal order of physical processes. For example, 
(13.15) describes not only the process of absorption of the 
photon A’ and the subsequent emission of the photon A”, but 
also the reverse process. It follows from this system of 
equations that an atom occupying the lowest state can at 
first emit a photon and undergo a transition to an excited 
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state and then absorb an incident photon and return to the 
original ground state. The apparent departure from the law 
of conservation of energy and from the temporal order of 
processes in virtual transitions is not of profound physical 
significance;it is associated with the expansion of the wave 
function into a series and the use of perturbation theory. 

Interaction of the field with the atom under consideration 


may also result in the appearance of the states C,, 0 
: gL aaa aye 


and C. . These are formed as the result of a two- 
2(n) +6), 7-5), +) 


photon process accompanied by a change in the state of the 
atom (transition 1 — 2). The atom may undergo a downward 
transition from this state by emitting a photon ” cor- 


responding to the possible states C,.0 , 1. 0.5.) and C0 
| ld © Waa aa? © a eas 0 » 


+8,).—-6,,-+6,,;»). The onset of multi-photon processes will lead 


to the appearance of various other states. However, by ana- 
lysing the solution of (13.15) it can be shown that different 
possible states contribute tothe true state ofthe system with 
quite different weights. States which arise as a result of 
multi-photon processes are of relatively low probability 
and in the first approximation may be neglected altogether. 
If necessary, they can be allowed for by the method of 
successive approximations. 

Using (13.15) it is quite easy to write down the system of 
equations connecting the probability amplitudes for states 
which arise as a result of the first possible transformation 
of a photon }’ into i” (through the intermediate states 
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In these expressions (P, );; is, as before, given by (13.11), 
while (ma’)j, is the dipole approximation to (13.14) and is 
given by 


he? 
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The solution of (15.1) is of the form 


214 Theory of luminescence 


|] x 
ene Cin) aa 
ry 


= 


(Py) jy ) / n°, ae UY Yy 0) t 
= Powe CR Gane ene ey ae eae gue ge Gj —= 2, 3) 


»» 0 FO ee ° 
(ay 5) 4°) hy U var Viq — ,. oe ar 


C _ (Py) s9(Pa-)or ny (My, + 1) 
1h Oyy/ +044" h?v V varyyr 


2n i(v,,-—v, ,) t 
e X IN 


ay oS ge. ] 
XK mrp — 
Vo -— Ve — Eo Von We 


Co (P»»)13 (Py-)s, | ny, (ne, + 9) 
(ne 0.,, ee ee ae 
(1y~- Oy y7+0yy 0) hy Vvyevy 


- Pa Y ty.) 7 1 ) 


x Ce omen nem nny ee eee we oe ee a em ee - om en a ~ - we re ee.- re eree  ee  oe 


o 


van — “ar — 215 yen? 


(Py)o5 (Py-)5, y n-ne 1) 


ee eee 


C,,.0 See eae ie a A 
a(ny ~ Dyy- +9))%) h*y V varvy 


Qri(vay—¥) bY) 
e r r 


Yar — YW 83 Voy — Wat Hvar — LY 2 


0 
l(a) — 6), -+ Sy yn + by) en) 


(Px) os (Pa°)s) (Pye) ) ne(niet | ) (nr + 1) 
h3 Vv vyrvyevye 


] a, 


 aee tse Bieri Biles! i esc as eee es gare 


vay ETS Yaga be > Ts 


oo wee eo 


me | Se 0 ee 


2n u(y “es +V wy ) t 
e A ” ar | 
x 2 4 eS Gta NR a Ee i EES RIO ae RR «oni SOR 


vy -{- Ww --—— VO 


(15.3) 


(15.4) 


(15.5) 


(15.6) 


(15.7) 


(15.8) 
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where 477, and 4xy, are fhe total probabilities that the 
atom will leave levels 2 and 3,respectively. In other words, 
each of these quantities is the sum of the probabilities of 
spontaneous and stimulated transitions starting from levels 
2or 3. 

In order to obtain acomplete description of the interaction 
of the atom with radiation, one must find the probability 
amplitudes for the states arising as aresuit of virtual tran- 
sitions. These amplitudes satisfy a system of equation analo- 
gous to (15.1). We shall omit mathematical derivations and 
will simply quote the final amplitudes which will be neces- 
sary in our subsequent calculations: 
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The states described by these expressions are physically 
identical with the states described’ by (15.5)-(15.8), and 
therefore in calculating parameters which are of interest 
in practice, the corresponding amplitudes must be added. 
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In order to determine the rate of absorption or emission 
it is necessary to knowthe radiative transition probabilities. 
At the same time. the solution of (15.1) yields only the 
probabilities of the various states of the atom + field sys- 
tem as functions of time if the origin of time is chosen at 
some arbitrary instant, once the steady state has been 
reached. For example, the quantity | Cyn9 —s,,) |? cannot be 


regarded as the probability of the transition C, (19 “” C, (194, 


because Co ae is the result of an equilibrium between 
) ne 


two opposite processes, one of whichtakes the system into a 
given state and the other takes it from that state. The same 
conclusions hold good for all excited states of an atom, or 
more precisely, for all states of the system in which the 
excited atom participates. 

The situation is quite different if atthe end of the process 
taking place in the system the atom is in the initial state, 
i.e. in the state which it occupied at ¢ = 0. In this case, the 
process occurring in the system leads to a change in the 
properties of the field without affecting the state of the atom, 
and therefore the probability of the final state of the system 
may serve as a measure of the probability of the process 
(disappearance of two photons or appearance of other 
photons). The quantity 


| Cy(n0 = 54° + 5”) i C; (ny aa by + 542") 
(15.13) 
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may thus be regarded as the number of photons 2’ which are 
transformed by the atom into photons i” between times 0 
and ¢f, or as the number of the corresponding elementary 
transformations of radiation. 

It is worth noting that the system under consideration is not 
closed, and the sum of the probabilities of all the states does 
not remain constant. This is connected with the accumulation 
of photons which are produced as aresult of the transforma- 
tion of the radiation emitted by the atoms. For example, the 
quantity given by (15.13) increases continuously, i.e. there 
is a continuous accumulation of the transformed radiation 
quanta. If we take the time derivative of (15.13), we obtain 
the number of photons transformed per second by the atom. 
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Like any other transition probability, the quantity NM has the 
dimensions of sec}. 
Similarly, the quantity 


N (dM > AR") 
d (15.15) 
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may be regarded as the probability of transformation of a 
photon A’ into two photons 4” and A”. This interpretation 
of (15.14) and (15.15) is in complete agreement with ex- 
perimental data and the usual concept of the probability of 
processes. Equations (15.14) and (15.15) provide us with a 
means of studying all the properties of secondary radiation 
under time-independent illumination. 


Two-photon processes 


Substituting the amplitudes from (15.5), (15.6), (15.9) and 
(15.10) into (15.14), we obtain the following expression for 
the rate of the two-photon process 
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For the purposes of comparison with experiment, this for- 
mula must be rewritten in terms of new variables, i.e. it 
must be expressed in terms of the radiation density per 
unit frequency interval per unit solid angle. Using (14.10) 
and (14.7), we obtain from (15.16) the following expression 
for the number of photons of frequency .- travelling in the 
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direction Q’ and haying a polarisation a’, which are trans- 
formed per second into .photons with parameters 2”, 2” 
and a”: : 


N (v’, QQ” a’ > QQ” a”, 
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In deriving this formula we used the fact that [28] 


h | Hl 
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and neglected stimulated emission, since at those densities 
of the exciting radiation at which the perturbation theory used 
here is valid, this emission is much smaller in intensity 


h 3 
than spontaneous emission (Per (V7, QT) K se 
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The expression given by (15.17) includes a $§-function. 
This means that in two-photon processes occurring under 
time-independent conditions the frequencies of the incident 
transformed photons are equal and the transformation of 
photons of one frequency into photons of another does not 
take place. We could arrive at the same result by taking 
Cy inj) OF Cin as the initial state instead of C, (no). In the 


classical theory (Chapter 1), we arrivedat the same result, 
namely, the frequency of the secondary radiation was found 
to be equal to the frequency of the incident radiation. 

We shall now continue our analysis of the two-photon 
process on the assumption that the incident radiation is 
plane-polarised and propagates in a certain direction Q. If 
we multiply (15.17) by the energy hv” of the transformed 
photon and integrate with respect to the frequency of the 
incident photons, we obtain the following expression for the 
rate of secondary emission 
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This is ageneralisation of the well-known Kramers-Heisen- 
berg formula to the case of resonance interaction. Kramers 
and Heisenberg obtained their formula from the corre- 
Spondence principle by analysing the dispersion of light. 

As in the classical theory, the rate of scattering is pro- 
portional to the intensity of the incident radiation and to the 
fourth power of its frequency. 

The expression given by (19.19) may be used to establish 
the shape of a spectral line inthe scattered radiation. It can 
readily be seen that the line shape is largely determined by 
two factors, namely, the energy density distribution uo(v) 
in the primary beam and the resonance factor 
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If the incident radiation is strictly monochromatic, the 
secondary radiation will also be monochromatic. If the 
atom is illuminated by radiation consisting of a narrow line 
lying well away from the natural frequencies of the atom 
(v>vy, or v« v1), then (15.20) is a monotonic function of 
v, and therefore the scattered line shape is very approxi- 
mately the same as the incident line shape. 

If the frequency of the incident line or band is close to 
one of the natural frequencies of the atom, for example, vs, 
and the effect of the second excited level of the atom may 
be neglected, i.e. we may neglect the ; = 2 term in (10.19), 
this expression assumes the simpler form 
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It can readily be seen that the resonance factor (15.21) is 
very similar to the resonance factor in the classical theory 
of scattering (see (2.46)) based on the harmonic oscillator 
model. 

When the width of the incident line is large in compari- 
son with 7,(Ay>y7,), i.e. when uo(v) varies slowly with fre- 
quency, within the natural line of the atom, the scattered line 
has the usual dispersion profile of width y,;. The position of 
the maximum of the line andits shape are independent of the 
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incident radiation and are determined by the internal pro- 
perties of the atom. The.line resembles the natural line of 
the atom which it will emit on thermal excitation. However, 
in contrast to thermal luminescence, the radiation scattered 
by the various atoms is coherent. Inthe intermediate cases, 
the shape of the secondary emission line is more complicated. 


Three-photon process 


Consider now the interaction of an atom with an electromag- 
netic field, which is accompanied by the disappearance of one 
primary photon A’ and the creation of secondary photons ” 
and 4’’. This process corresponds to Raman scattering in 
which the atom undergoes a transition from state 1 to state 
2 with the subsequent emission of radiation which brings the 
atom back to the initial state. The probability of the elemen- 
tary three-photon process as a result of whichthe atom re- 
turns to the initial state is given by (15.15). We already know 
that this probability is equal to the number of such events 
per second. | | 
Substituting (15.8) and (15.12) into (15.15), we obtain 
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The presence of the 4$-function in (15.22) means that, as in 
the two-photon process, we again have the law of conser- 
vation of energy vy» -+ vy" =~. The above expression enables 
us to calculate the rate of emission of photons of both types 
” and Xd”. 

We can now transform from the number of quanta to the 
radiation densities, integrate over all quanta i” emitted 
by the atom during the 2~1 transition, and thus find the law 
of transformation of the incident photons (v’, 2’, 2’) into the 
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secondary photons (v", ©”, a”): 
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This formula was obtained on the same assumptions as 
(15.19). It is readily seen that for a given v’, (15.23) gives 
a dispersion profile with a half-width 7, and a maximum at 
v’ = v’—vo,. Accordingly, (15.23) describes Raman scat- 
tering of radiation. If the exciting radiation is monochro- 
matic, the spectral distribution in the scattered radiationis 
determined only by the internal properties of the atom. The 
profile of the Raman line can then be found by integrating 
(15.23) with respect to the frequency v’ of the exciting 
radiation. This is particularly easy in the following special 
cases. 

1. The width of the second level is muchsmaller than the 
widths of the third level and of the incident line (7,<13,7.<4v’). 
On multiplying (15.23) by Av” and integrating with respect 
to v’, we have 
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The Raman and Rayleigh profiles, (15.24) and (15.21), are 
thus practically identical in this case, but their maxima are 
shifted by Vo1. 

2. The atom is excited by a broad line so that u(v3;) may 
be regarded as constant near the natural frequency. In this 
case, the Raman profile 
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where C=const is identical with the natural line shape 
produced as a result of a transition of the atom between 
two broadened levels. 

We have considered one of the forms of radiation which 
arises in three-photon processes and is described by (19.22). 
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This emission follows directly the absorption of the external 
radiation, i.e. there are no.intermediate processes between 
the absorption of the incident photon and the emission of the 
secondary photon. 

On summing (15.22) over the photons A”, we obtain the 
probability of emission of the photons A’” which are not pro- 
duced immediately after the absorption of the incident photon 
” but only after the transition of the atom from level 3 to 
level 2: 
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To obtain the line profile for this radiation, we must inte- 
grate with respect to the exciting frequency v’. Since (15.26) 
has a sharp peak at v’’=vo, it follows that, when we inte- 
grate with respect to v’, we can replace v’” by va in all 
the factors except the last. As a result, (15.26) yields the 
following expression for the rate of emission 
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where C’ is proportional to the density of the exciting radia- 
tion and is independent of frequency. 

According to (15.27), both the spectrum and the line pro- 
file which arise when the intermediate process participates 
in the phenomenon are completely determined by the internal 
properties of the atom and are therefore independent of the 
properties of the exciting radiation. Such lines are emitted 
by the atom as a result of thermal and certain other forms 
of excitation. 

As in other forms of secondary emission the line intensity 
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is proportional to the intensity of the exciting radiation. 

Equations (15.16) and (15.22) can be used to calculate not 
only the rate of secondary emission but also the rate of 
absorption of the external radiation. This can be done by 
summing these expressions over all the emitted photons and 
combining the resulting expressions. Calculations show that 
under time-independent illumination, the energy yield is 
equal to unity while the quantum yield is either one or two 
(two-photon and three-photon processes, respectively). 

In addition to the processes discussed ahove, anumber of 
other similar processes will take place in the system. It is 
possible, for example, to calculate the conversion processes 
in which the second and third levels are the initial and final 
states. The secondary emission is then naturally divided 
into two parts, one of which arises only when there are 
intermediate processes between the absorption andemission. 
Rayleigh and Raman scattering always occur without the 
intervention of intermediate processes. However, the Raman 
line in the case of an excited atom occurs at the frequency 
v’-+vo, instead of v’—-vo,. It follows that when the population 
of excited levels is increased, for example, by increasing 
the temperature, there is a parallel increase inthe intensity 
of the Raman line v’+va). 

The interaction of electromagnetic fields with atoms 
having a large number of energy levels differs from the 
above simple cases in the great variety of the possible 
processes, and is described by a relatively complicated 
system of equations. The secondary emission spectrum for 
such atoms is very complicated. However, in all cases the 
position and profile of the lines formed without participation 
of intermediate processes depend on the properties of the 
incident radiation, while the frequency and profile of lines 
which arise with the participation of intermediate processes 
are determined exclusively by the internal properties ofthe 
atom (level widths and separations). 


Afterglow 


The duration of afterglow, which continues after the exciting 
light is removed, is animportant characteristic of the inter- 
action of light with matter. It can, ‘of course, be studied 
under time-independent conditions. To determine the pro- 
perties of afterglow, we must use (13.20) toset up a system 
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of equations for the state amplitudes under the condition 
that there are no photons in the field. For the purposes of 
comparison with the time-independent case, the initial con- 
ditions will be taken to be the amplitudes at a particular 
instant under the time-independent conditions. There are 
no inherent difficulties in these operations but the final result 
takes the form of very unwieldy formulae [29]. We shall not 
reproduce them here, especially since their analysis leads 
to conclusions already familiar from classical electro- 
dynamics. Calculations show that if an atomis first exposed 
to an electromagnetic field, then whatever the nature of the 
interaction (Raman _ scattering, Rayleigh scattering or 
luminescence), the atom acquires a store of energy which is 
emitted as afterglow as soon as the excitation ceases. After- 
glow always occurs, and its duration is determined exclu- 
sively by the internal properties of the atom. It consists of 
the natural lines of the atom whose positions and profiles 
are independent of the properties of the radiationused in the 
preliminary excitation. The spectral composition and inten- 
sity of exciting radiation affect only the intensity of the 
afterglow lines. It is evident that one can select a spectrum 
for the exciting radiation for which some of the natural lines 
of the atom will not appear inthe afterglow spectrum. 

The afterglow spectra and the spectra emitted under time- 
independent conditions are, in general, different although they 
do have common lines, The similarities and differences be- 
tween them may be varied because the position and profile 
of some of the lines produced under time-independent condi- 
tions depend not only on the properties of the atoms but also 
on the spectral composition of the exciting radiation. It has 
already been shown (see (15.27)) that even under time-inde- 
pendent illumination the atom canemit its natural lines. They 
always arise as a result of intermediate atomic processes 
and are always coincident with the afterglow lines. This is 
the basic difference between them and the lines in the scat- 
tered spectrum. The Raman line, (15.24), disappears im- 
mediately after the exciting radiation is cut off. In the case 
of Rayleigh scattering (15.19) there are a number of pos- 
sibilities. If the atom is illuminated by radiation consisting of 
a narrow line whose frequency is not equal to one of the 
natural frequencies of the atom, the scattered line will not 
reappear in the afterglow spectrum. In the case of resonance 
illumination by a broad line, the Rayleigh line coincides 
with the natural lines of the atom andis present in afterglow. 
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Principle of the method 


Quantum electrodynamics is the most rigorous and funda- 
mental theory of interaction of radiation with matter. How- 
ever, it is impossible in practice to find exact solutions of 
the basic equations of quantum optics, while the use of 
the perturbation theory severely restricts the range of 
application of the final results. In particular, for high 
densities of the exciting radiation, the interaction operator 
is large and perturbation theory is invalid. Other methods 
of applying quantum electrodynamics to problems of this 
kind have not as yet been developed. Many optical problems 
are therefore solved with the aid ofthe probabilistic method 
put forward by Einstein in 1917, well before the advent of 
quantum mechanics. The basic ideas of Einstein have been 
described already in Section 7, in connection with radiative 
“ransitions. 

When absorption and emission of radiation are examined 
by the probabilistic method, it is assumed that the energy 
levels and transition probabilities of the quantum-mechanical 
system are known. The problem is then reduced to deter- 
mination of level populations [30]. Knowing the distribution of 
transition probabilities, it is easy to find the number of 
transitions through all the channels, and therefore the rates 
of absorption and emission. 

If we assume that the number of transitions per unit time 
from level i tolevel j is proportional to the population of the 
i-th level and the total (¢>/) transition probability pi;, we 
then obtain the following set of equations for the distribution 
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The time derivative of n; gives the rate of change in the 
population of the :-th level, i.e. the rate of change in the 
number of particles occupying the level 7. This rate of 
change is equal to the number of particles leaving the :-th 
level to all the remaining levels (negative terms in (16.1)) 
plus the number of particles arriving at the i-th level from 
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all other levels per unit time. When :>j,the total transition 
probabilities are related to the Einstein coefficients by the 
following formulae: ~ 


pi; = Aiy + Bij uaz + di 
(16.2) 
pi = Bini + dj 


where A;, Buz; are the probabilities of spontaneous and 
induced transitions, and d,; and d;,; are the probabilities 
of non-radiative transitions. 

The coefficients of A,; and B.; cannot be calculated from 
Einstein’s theory. Originally, they were determined empiri- 
cally but were subsequently calculated on the basis of quan- 
tum mechanics and electrodynamics (see Sections 7, 14). 
However, by considering the thermodynamic equilibrium 
Einstein found that (Section 7) 
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g,B,, = gjB;;, A;/By = a (16.3) 


where g,; and g; are the statistical weights of the :-th and 
j-th levels. 

Because of the simplicity and ease of interpretation, the 
probabilistic method has found wide application. It is used 
to determine the excitation, quenching, quantum yield and 
kinetics of luminescence. It has been found to be effective 
in the solution of fundamental problems in the theory of 
luminescence, for example, in calculations of the quantum 
yield with allowance for the thermal background, in proving 
the possibility of energy yields greater than unity and of 
the existence of negative luminescence, and so on. The 
probabilistic method has recently found wide application 
in the theory of masers and lasers. 


Limits of applicability of the probabilistic method 


Many results obtained by this method have been confirmed 
both experimentally and by rigorous quantum-mechanical 
solutions. Quantum electrodynamics has also confirmed the 
validity of the relations in (16.3) which were first obtained 
by the probabilistic method, and Einstein used them in his 
derivation of Planck’s formula which is in agreement with 
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all known experimental data. The probabilistic method leads 
to correct results for the growth and quenching of lumine- 
scence, the quantum yield, and other phenomena. 

There is therefore a definite range of optical phenomena 
which may be investigated by this method. Onthe other hand, 
many optical phenomena lie outside the framework of the 
probabilistic method. Among them are problems associated 
with the profile of energy levels and spectral lines of simple 
systems, the shifting and broadening of levels under the 
action of exciting radiation, non-resonance interactions 
(scattering), and certain other problems. There have been 
attempts to find a quantum-electrodynamic justification of 
the method and to delineate its limits of applicability. Landau 
[31] and Bloch [32] have shown that ina special case (absence 
of external radiation and of non-radiative transitions) the 
balance equations. (16.1) on which the probabilistic method 
is based are a consequence of the fundamental equations of 
quantum optics. Recently, Apanasevich [33] investigated the 
limits of applicability of the probabilistic method for the 
general case when the quantum system is not only illumi- 
nated by external radiation but also interacts with the 
surrounding medium. Starting with the rigorous quantum- 
electrodynamic equations for the probability amplitudes 
Ci2¢n,), he found the equations relating the quantities 
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and their time derivatives. In this expression, 7; is the 
number of molecules occupying the level ‘ and “” is the 
total number of molecules. The quantity |Ciyn,, |? is equal 
to the probability that a molecule is in the state :, while 
the surrounding medium is in the state « and the field 
consists of a set of photons (7). The bar over the modulus 
represents averaging over the phases. The set of equations 
for 6. is analogous to the equations for 7, 

Equations (16.1) do not generally follow from the equations 
of quantum electrodynamics. They can only be obtained 
under certain special assumptions which limit the range of 
applicability of the probabilistic method. They are valid 
provided the incident radiation contains broad enough spec- 
tral lines whose mean frequencies are equal to the natural 
frequencies of the medium under consideration. They can 
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always be used in the absence of illumination or when the 
incident radiation has a broad spectrum, for example white 
light, and also in the case of illumination with narrow lines 
if the energy levels are broad (vibrational sub-levels of 
complicated molecules). 

The last conclusion also follows from other considera- 
tions. It was shown in Section 7 that if the probability ampli- 
tudes C; cannot be integrated with respect to the frequency 
of the incident radiation, or the natural frequency of the 
atom, neither the transition probabilities nor the Einstein 
coefficients can be introduced, and without them the balance 
equation loses its physical meaning. | 

As an example of the application of the probabilistic 
method, we may mention the propagation of energy along a 
linear chain (Section 9). It was shown in this case that the 
probabilistic method leads to results which donot resemble, 
even qualitatively, the results of exact calculations. In the 
case of non-resonance excitation by narrow lines, the pro- 
babilistic method will not even yield the mean value of the 
distribution function. | 

In conclusion it is worth noting that the probabilistic 
method is apparently inapplicable in the case of a strong 
interaction of the atom (molecule) with the surrounding 
medium. However, this problem has not as yet been ade- 
quately explored. 


Absorption 
17. ABSORPTION OF INCIDENT RADIATION 


Basic spectrophotometnc relationships 


The basic photometric quantity is the flux of radiant energy. 
It is defined as the amount of energy flowing through a given 
surface per unit time. For non-monochromatic radiation the 
flux d®, must be referred to a frequency interval dv. If we 
consider a bundle of rays travelling in a solid angled {2, , 


d®, = S,dvcos@dSdQ . S,dvdS,dQ (17.1) 


where 6 is the angle between the normal tothe area dS and 
the axis of the bundle, and dS, = dS cos §. The quantity S, 
is referred to as the intensity of the beam per unit fre- 
quency interval. It is a function of frequency and the direc- 
tion of propagation. 

Consider an element of volume, 4V , inside the medium. 
The energy emitted by this volume per unit time in the fre- 
quency interval dv in all directions is equal to WY" dydv. 
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If we surround the valume element by a sphere of arbitrary 

radius R, we find that the flux A®, through this sphere is 
Ab, = Wy" dvdV (17.2) 


while the flux within the solid angle dQ is 
] 
dD y= -— Wi" (Q)dvdVd (17.3) 
rig 


where 


a 
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The constant W;" is called the rate of emission. Itis related 
to the intensity by 
| 


Sy(Q) = z— We" (Q) 


a. 
mS (17.5) 
As the radiation propagates in the absorbing medium, the 
flux gradually decreases. The reduction in the intensity 


over a path length / is given by 
dS, = —k,S,dl (17.6) 


The absorption coefficient k, is characteristic of the parti- 
cular material. In general, it depends on the frequency, the 
intensity, the coordinates of the absorbing region, the direc- 
tion of propagation, the temperature and the external 
conditions. The absorption coefficient of a homogeneous 
isotropic medium is independent of the angle {2 and the co- 
ordinates of the absorbing element. 

If the absorption coefficient is independent of the intensity 
of the beam, S,, which is the basic assumption of linear 
optics, we can integrate (17.6) to yield 


Sy =St ew! =S% em) (17.7) 


where S* is the intensity at /=0 and S, is the intensity 
after a path length 7. The quantity D, is called the optical 
density of a layer of thickness /. According to (17.7), the 
intensity of a beam of radiation which passes through an 
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absorbing medium decreases exponentially. This is a basic 
result, known as Bouguer’s law (17.29). It is valid in many 
cases. Departures from this law, which are infact observed 
in practice, suggest that the assumptions introduced between 
(17.6) and (17.7) were inaccurate, and the departures them- 
selves are sources of important additional information 
about the properties of the medium. 

The intensity of a beam can easily be related to the den- 
sity u,(@) of radiant energy, i.e. the amount of energy per 
unit volume propagating in’a unit solid angle. The amount of 
energy dE, ina volume dV dS,dlis d®,dt,where dy, is 
given by (17.3) and dt is the time necessary for the light to 
traverse the path di. Since the velocity of propagation is c/n, 
where n is the refractive index, it follows that di = ndl/c, 
and hence 


dh = uy (Q)Vdvd QdV = dd, e n (17.8) 
C 
or from (17.3) 


uy (2) = —- Sy (Q) (17.9) 
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This expression is valid for anisotropic radiation. In the 
case of isotropic radiation there is no dependence on the 
direction of propagation. 

If the line has a finite width, and to some extent this is 
always the case, it is useful to introduce the integral flux, 
integral intensity and integral rate of emission. These are 
defined by 


d= [ d%, (17.10) 
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It is usually sufficient to integrate within the more restric- 
ted limits of the real line or band profile. A similar gener- 
alisation cannot he introduced for the absorption coefficient 
ky. If ky is a function of frequency, Bouguer’s law is valid 
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only within a narrow frequency band. The integral flux is 
reduced not exponentially but in accordance with the ex- 
pression ° 


Sx (Seeds (17.13) 


which is sometimes very different from (17.7). 

There are a number of related quantities, each of which 
can be used as a measure of the absorption of radiation in 
a medium. In the case of an object of finite dimensions, the 
absorption may be characterised by the absorptive power 
or simply absorption. If the ‘transmission’ is defined by 


>tr 
Pra,’ (17.14) 


Sy 
and the reflection factor by 


ref] 
RY (17.15) 


the absorptive power of the object is given by 
A. 1--R—P (17.16) 


The coefficient of absorption can serve as a measure of the 
absorption of radiation in an element of volume. If the ab- 
sorption coefficient at all points in a finite object is the 
same, it can easily be related to the experimentally ob- 
served value of P and R. In particular, if the reflection 
factor is small and may be ignored, the relation between 
the absorption coefficient and the measured transmission 
Pis given by Bouguer’s law (17.17) 


Fie — InP G7.1%) 


In the presence of reflection, particularly multiple reflec- 
tion within the body under consideration, the relation be- 
tween P and R is more complicated and Bouguer’s law 
cannot be used for the body as a whole. 


Rate of emission 


Suppose that the element of volume dV contains 7;(Q,)dQ, 
particles occupying the level / and oriented so that they 
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lie within the solid angle between 2, and 2,4. d2,. The 
number of radiative transitions from level / to the higher 
level ¢ in atime dt under the action of radiation of density 
u* (v,;, Q5)d Q2,, and with polarisation a is, according to (7.3), 
given by j 


AN jrq (Qi, 22) 
== Di; (Q4, 2) UW? (4j, OQ) d Qy; (Q4) d Q,dVai (17.18) 


where 6°, (@,, @,) is the differential Einstein coefficient, 

which is “proportional to the square of the modulus of the 
matrix element of the transition operator. On the dipole ap- 
proximation, it is determined hy (8.74). 

The energy absorbed as a result of j; -i transitions is 
Av jAnjiq(Q,, 22). The experimentally observed absorption, and 
the associated reduction in intensity of the incident beam, 
is always less than this. It was shownin Section 14 that both 
j~tand it~] transitions occur under the influence of the 
incident radiation. There is a close connection between ab- 
sorption and stimulated emission. The probability of stimu- 
lated emission is equal to 57, (Q,, 92.)> u* (vy, 2.) . For non- 
degenerate levels, or sub- levels of degenerate levels, the 
Einstein coefficients 07, (Q;,,) and by; (Q,, 2.) are equal. For 
degenerate levels we have the relation given by (7.14). 

The most characteristic feature of stimulated emission 
is that the radiation is emitted in the same direction as the 
direction of propagation of the incident beam. Some of the 
radiation propagating in the direction 22 is absorbed in the 
medium, while a fraction of the absorbed energy is compen- 
sated by the energy released by stimulated emission. The 
phenomena of absorption and stimulated emission co-exist 
and form two aspects of the same process, i.e. the process 
of the interaction of radiation with matter. In experiment 
they are observed at the same time. The actual change in 
energy per unit time per unit volume is 


dy 7Ps == (AN jig ~~ AN jg) hY;; 


: 67, (2), £25) U? (¥,j, Qe) A vd Qy | nj (Qy) — _ nN; (82;) dQ, 


The quantity W#> is the rate of absorption. In general, 
it depends on the nature of the absorption spectrum, the 
frequency and orientation of the molecules relative to the 
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direction of propagation and polarisation of the external 
radiation, the intensity of the incident radiation and the 
population of the twd levels. The expression for the rate 
of absorption is considerably simplified in the two special 
cases considered in Section 7. They include isotropic align- 
ment of particles when the incident light is anisotropic, and 
the effect of an isotropic beam of arbitrarily disposed parti- 
cles. In either case there is no dependence on the angles or 
the polarisation of the incident radiation: 

Wr —= By (¥;;) (7 — - 1; hej (17.20) 

The relation between the integral Einstein coefficients and 
the corresponding differential coefficients is determined by 
(7.20), (7.21), (7.27), (7.28), (7.36) and (7.37), while the re- 
lation between uw‘ (»,;,@.) and the total density «(»,j) is 
determined by (7.19). For dipole absorption the relation 
between Bj; and D;, is given by (8.76). 

The rate of absorption (17.20) depends both on the pro- 
perties of the medium and on the intensity of the external 
radiation. The ability of matter to absorb radiation is 
conveniently described by dividing (17.20) or (17.19) by the 
density of the incident radiation. The resulting quantity is 


eee ae ( Si ) 17.21 
kj; et Wee ii hv. ( ° ) 


and is commonly referred to as the absorptive power of the 
medium. It has the dimensions of the reciprocal of time 
and is generally different from the absorption A, of the 
body which is the ratio of absorbed to incident fluxes. The 
new parameter k can be defined as the ratio of the energy 
W2>s dvdV absorbed in the volume dV per second to the 
amount of energy u,dvdV present in this volume. The quan- 
tity A automatically takes into account all processes such 
as secondary emission, scattering and reflection within the 
body, whereas k refers only to the elementary volume. 

In most special cases, absorption is studied under the 
conditions of thermodynamic equilibrium. It is assumed that 
the incident radiation does not appreciably affect the level 
population. Substituting the ratio 


UE ax Jie gee (17.22) 
ij Lj 
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into (17.20)-(17.21), we obtain 
Wie? = Bj, (¥,;) 270) gies Ay; 


‘ . (17.23) 
e Arpt (i) mj—2E (1 elt 


~ Br rn! 
j 
The absorptive power kj; can easily be estimated from the 
following numerical examples. Suppose that the number of 
absorbing particles per cubic centimetre is 10!%. For elec- 
tronic levels 2;~ 17, while for vibrational levels it is some- 
what smaller (see Section 6). For electronic levels 4;;:‘~ 
108 sec™'m, v~20,000 cm-'x 3 x 10! em sec ', and so 


veabs 
Wa 
Lu (- ve, 


= 10°’ sec”? 


5 
This means that if u,,; =1, erg cm-“, the amount of energy 
absorbed per second per unit volume is 10” erg. The amount 
of energy absorbed per atom is 10° erg. All this is valid 
provided, of course, the absorbed energy is continuously 
compensated by the arrival of energy from outside, and the 
density of radiation in the volume under consideration re- 
mains constant and equal to 1 erg cm~*, Since the energy of 
a single quantum is fv~4 x 10°"erg, we see that one atom 
undergoes B ~10” transitions per second. 

At first sight, these results are paradoxical. This is 
because the radiation density was assumed tobe l erg cm’ ~% 
In reality. this can only be achieved when the radiation source 
is at a very high temperature. At room temperature the 
density of equilibrium radiationis only 4.87 x10-*erg cm™, 
and therefore the energy absorbed by an atomper second is 
only 10°“ erg. 

For vibrational levels the corresponding values are some- 
what different. Here A~100, v~1,000 cm7!x 3 x 10'°cm 
sec ! and therefore k -= 10% sec™'. Thus, one molecule ab- 
sorbs 10°erg (10° photons) per second. 

In the radio-frequency region it is necessary to take into 
account the population of the upper levels participating in the 
transitions. Suppose that v= 1 cm ‘x 3 x10! cm sec’! and 
that the transitions occur at roomtemperature. The quantity 
(1 —e ~i/*") in (17.23) above is then approximately equal to 
1/200. Substituting this into (17.23) and assuming that 
A~10°'"sec™!, we have k ~10'’sec7" Thus. one particle ab- 
sorbs 10-’erg and since the photonenergy is 2 x 10° rerg, the 
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number of photons.absorbed per second is ~ 10’. 

The absorptive power corresponding to transitions from 
higher energy levels is asarule muchsmaller (nj< nr). This 
is not so in the radio-frequency region where the populations 
of neighbouring levels are practically the same. 

In the absence of thermodynamic equilibrium it is neces- 
sary to use equations (17.19)-(17.21). The values of 7; and 
n, Should be determined by exact calculation, for example 
by the probabilistic method with allowance for the intensity 
of the external perturbation modifying the equilibrium. A 
large number of such calculations will be carried out in 
subsequent chapters for radiative excitation. Equations 
(17.19) and (17.20) may be used to solve the converse prob- 
lem; knowing 4;,, g; and 8;, from measured values of the 
absorptive power, we can determine the difference n,;—n, 
and thereby the departure from equilibrium. 

Equation (17.20) may be rewritten in asomewhat different 
form by considering the change in the rate of absorption, or 
the absorptive power, due to the departure from thermo- 
dynamic equilibrium: 


Wires Wie Sob Bj, (¥;4) fan, = -" A ne hv, (17.24) 


l 


where An; =nj—n-°o and An, =n;—7,°9 arethe deparatures 
of nj; and n; from their equilibrium values and can either be 
positive or negative, 

We have assumed for the sake of simplicity that the spec- 
tral lines were strictly monochromatic. In reality, all lines 
have a finite width. Correct results areobtainedif v,; in the 
formulae given in this section is understood to mean the 
mean frequency of a narrow spectral line. The quantities 
B; and B,; are the integral (with respect to frequency) 
Einstein coefficients. 

If the particles under investigation have a continuous 
energy spectrum, the rate of absorption must be calculated 
individually for each frequency. Suppose that p(E)dE is the 
probability that the energy of a given particle is between E 
and E+dE, and ¢(E) dEndV is the total number of such 
particles in the volume element dy. If we multiply this 
value by the probability of a transition from the level E to 
the set of levels between E+ hy and E-s-hy-+fAdy andinte- 
grate over all E, we obtain the total number of absorbed 
photons of frequency ,. which is 
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In order to find the rate of absorption we must take into 
account stimulatedemission and multiply by Av. Thus 


Wes (v) =nu(v)hy ( Bays (E,¥) p(E) 
- (17.25) 
xfi- g (E) MEA ad 
g(E+hy) p(E) 


This gives the rate of absorption per unit interval of fre- 
quency. The absorptive power is obtained by dividing this 
expression by u(y). In the visible part of the spectrum the 
second term in (17.25) is as a rule unimportant. 

If the electronic levels have a discrete character, while the 
vibrational levels have a continuous spectrum (Fig. 4.1), the 


hv hv 


Fig. 4.1 Electronic- 
vibrational levels 


rate of absorption is still given by (17.25) except that the 
limits of integration must be modified. For frequencies 
v<»,, the lower limit of integration is zero as before. 
while for »<¥,, itis E=A(ve — ¥).. 


Absorption coefficient 


The absorptive power is not measured directly butis usually 
calculated from the ahsorption coefficient. According to 
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(17.6) the absorption .coefficient is the constant of propor- 
tionality between the change dS., inthe intensity of a beam in 
a path d/. The dimensions of the absorption coefficient are 
L ' and it is usually expressed in cm. 

The absorption coefficient can easily be related to tran- 
sition probabilities between the corresponding energy levels 
and their population. To calculate &, we note that the change 
in the energy flux in a path dl is equal to the amount of 
energy absorbed per second in the volume element dV 
=dS di. Equation (17.19) gives the amount of energy ab- 
sorbed as a result of j-i transitions per unit volume within 
the entire line. If the frequency dependence of the Einstein 
coefficient is taken into account, then the flux change d®, = 
S,dv dS,d®, in a length d/ is given by 


d [d D,)| eS re (22, 02), v) il? (ii; (2,) a , d Qh Vij 
(17.26) 
x | (2,) — #4 1, (6 2) |d 0, dS ya 
i; 


According to (17.1) and (17.9), the flux d®, through the 
area dS,, expressed in terms of the radiation density is 


dd, =—— ur? (v,;, Q,)dvdQ,dS, (17.27) 
YN 


From (17.26), (17.27) and (17.6) we have 


ke (Q,, Q,) d Yi Ses ~ OF (Q,, ON v) dv 
(17.28) 
. gj 
x n, (Q,) —=—— 0, (20 | hy 
Se 


or integrating with respect to frequency within the profile 
of the line, 


JHE (Q, 24) dy = — FQ, %) 
ij (17.29) 


x | (2) es (2) hy 


! 


where, in accordance with (7. 7a) 


b%, (21, Q.) = } 64 (Qy, Q. ») dv; 


li 
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is the measured value of the Einstein coefficient for the 
spectrum line as a whole. 

The absorption coefficient in (17.28) and (17.29) refers 
to molecules whose axes lie within the solid angle dQ, and 
which absorb radiation with polarisation o propagating with- 
in the solid angle dQ). Integration of (17.29) with respect to 
, yields the absorption coefficient for all molecules of 
arbitrary orientation: 


J kt (Qy) dj f dQ) J kt (QQ) dy, 
~ e “ii (17.30) 
=—h Vii { d 92 a (22,, S29) G (221) — me N; (2) | 
Cc 2, Ei 
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When the angular distribution of the particles is random, 
the expression given by (17.30) assumes the simpler form 


n 


{ kd v;; = A», ;Bu ( i — fi n; | (17.31) 


ij C 8; 


where &;, is the integral Einstein coefficient. The absorp- 
tion coefficient is then independent of the direction of the 
incident beam. 

The rate of absorption was introduced above not only for 
directed but also for isotropic fluxes of radiation. This 
generalisation has no meaning for the absorption coefficient 
because it always characterises the attenuation of directed 
radiation. 

When the absorption band is wide enough, the frequency 
dependence must be taken into account. By analogy with 
(17.25) we may write for transitions between electronic- 
vibrational levels 


l 
c/n 


x1 g(E) . | de 
g(E + hy) p (E) 


k(») = 


hvn|\ Bays (E, ») ¢(E) 
: (17.32) 


where p(E) and p(E+A¥) are the distribution functions for 
the initial and final states. The dimensions of the Einstein 
coefficient 8,,, (E,») differ from those of 8;, in (17.31), 
since the former is calculated per unit frequency interval. 
Care must be exercised not to confuse the refractive index 
in c/n and the total number n of particles per unit volume, 
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Comparison of (17.31), (17.20) and (17.21) shows that 
there is a simple ‘relation between the absorption coefficient, 
the rate of absorption and the absorptive power: 


er ee ee Le (17.33) 


where n is the refractive index. An analogous result holds 
not only for the integral values (with respect to the solid 
angles) but also for each direction individually. 

The quantities &,, W*>s and k refer to a particular point 
in space (element of volume) and may be functions of co- 
ordinates. 

If we substitute the Boltzmann level population into (17.29)- 
(17.31), we obtain the absorption coefficient for thermo- 
dynamic equilibrium. 

Let us consider (17.31) in somewhat greater detail. If we 
express the Einstein coefficient in terms of the parameters 
of the classical electric dipole and the oscillator strength in 
accordance with (8.83), we obtain 


pes | edge = oh pjp—2ip,) (17.34) 
Vij c 3m c..s 


It has already been pointed out inSection 2 that this integral 
was obtained by Kravets on the basis of the classical theory 
as long ago as 1912. The areaunder the curve of the absorp- 
tion coefficient plotted as a function of frequency is the best 
measure of the integral absorption of radiation. It is quite 
easy, by measuring it experimentally, to calculate the tran- 
Sition probabilities (Einstein coefficients) and oscillator 
strengths or, knowing these, determine the number of absor- 
bing centres alo = So.) In the original variant of the 
theory, (17.34) did not include the factor (p; -- g;/g,p;). In this 
form it is valid only for transitions from the lowest level 
although in this case also there is no dependence of the ab- 
sorption coefficient on the temperature or on changes in the 
level population. Moreover, induced emission has no effect 
on the phenomenon although it is known that under certain 
conditions it can be very appreciable even in the visible 
spectrum [34]. 

In (17.34) the integral on the right is represented by the 
letter k. It must be emphasised once again that k is quite 
different from the constant &, in Beer’s law (17.6) or (17.7) 
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and does not unambiguously determine the rate of attenua- 
tion of the intensity of the beam of radiation in the medium. 
The integral represented by k& has different dimensions from 
those of the absorption coefficient (crn ‘sec | instead of cm '). 

The Kravets integral, is convenient for estimating the 
numerical values of the absorption coefficient. Let us suppose 
that the oscillator strength is of the order of unity (e and m 
are the charge and mass of the electron; the Einstein coef- 
ficient A is of the order of 108), so that o;~ 1, p,~ 0. The 
integrated value of the absorption coefficient is then 0.037, 
where is the number of absorbing particles per unit 
volume. At lower oscillator strengths 


{kydv = 3-10? nfcm™ sec"! 


For metastable states the oscillator strength is lower by a 
factor of 107-10® as compared with the preceding case. When 
estimating the absorption coefficient for transitions between 
vibrational levels it is necessary to take into account the 
increase in the mass of the vibrating nuclei in (17.36) in 
comparison with the electron mass. This leads to a reduc- 
tion in the absorption coefficient. 

Sections 2 and 10 show that the introduction of frictional 
forces corresponding to some non-radiative transitions, 
leads to the broadening of spectral lines and bands, but 
that the area under them remains constant. Thesame result 
follows automatically from (17.34) since the right-hand side 
does not contain any quantities which depend onthe probabili- 
ties of non-radiative transitions. 

To estimate the numerical value of &, at the maximum, 
the integral (17.34) may be written in the approximate form 
(see Fig. 4.2) 


{ Ryd ¥ © Banas AY 


where Av is the half-width ofthe bandor line. In the absence 
of non-radiative transitions, &,,, is determined by the ratio 
of the Kravets integral to the natural width of the line 
Av ~10’sec™!. For electronic transitions where f=1, 9j;=1. 
we have in accordance with the above estimates max ~10° 
x107 n=107n. If n~10" then kmx~10!cm". This is 
the maximum possible value of the absorption coefficient. If, 
on the other’ hand, there is an increase in the width of the 
band as a result of non-radiative transitions, itis found that 
Rmax Gecreases. In the case of broad bands (Av~ 1,000 cm 
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Fig. 4.2 Profile of an ab- 
sorption band 


or 3 x 10 sec™!) the value of &,,,, is of the order of 10’. 

The sum rule which was derived for dipole transitions in 
section 8 may beusedtoestablish certain general properties 
of the absorption coefficient. Suppose that all the particles 
occupy the same energy level (n=n,. n; «, =0). If we apply 
the sum rule (8.88) 


e- 2 
Vir Bi= 3 ulna (17.35) 


to (17.31), where N is the number of optical electrons 
in the atom or molecule, we have 


v4 
| dvs = 2 5 nN (17.36) 


The right-hand side of this equation is the integral of 
the absorption coefficient for transitions from the level j =1 
to all the possible energy levels of the given atom or mole- 
cule and represents the total absorption by it when the inci- 
dent radiation has a continuous spectrum. 

The sum rule is valid not only for the lowest level but for 
any level j. It is therefore sometimes written 


0) 


| Mm aaa pee oie (17.37) 
c/n 3m c/n 3m 
v=0 


where stimulated emission is neglected and we have used 
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(17.31). From this it is often concluded that the integral 
absorption is independent of the distribution over the energy 
levels, p, =n,/n , and that in thermodynamic equilibrium it 
is also independent of the temperature. This conclusion is 
incorrect, In reality, if gll the particles occupy the j-th 
level, the sum 


x | kid, = an ny 


includes both positive (4>/) and negative terms, andthe sum 
of only positive terms is not equal to (17.37). 

Very general results may be obtained by considering 
the Kravets integral for transitions between electronic- 
vibrational levels of a complicated system. In the section 
devoted to the Franck-Condon principle (Section 8) it was 
shown that if the operator for the electronic transitions was 
independent of the vibrational coordinates (Condon ap-.- 
proximation), the sum of the transition probabilities from 
a given level E in the lowest electronic state to all the 
vibrational levels of the upper electronic state was constant 
and independent of the energy of the initial vibrational level. 
This means that in (17.32) 


{ Bays (E, ¥)d¥ = const (17.38) 


for all E. If we neglect stimulated emission in (17.34), which 
is always possible for electronic spectra, we obtain 


va a s n { cons » (E) dE = const ——n (17.39) 
c/n 


where nis the refractive index and n is the number of 
particles per unit volume. The value of the integral given by 
(17.39) is determined by the square of the matrix element 
for transitions between electronic levels and is independent 
of the distribution function p (E); for an equilibrium distri- 
bution over the vibrational levels it is also independent of 
the temperature of the system. A temperature change can 
lead only to a change in the profile of the band but not in the 
area under it. . 

Experiment shows that the integral (17.39) is in fact very 
frequently constant, e.g. in the spectra of complicated mole- 
cules. However, in some cases, the temperature dependence 
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is particularly strong, and this clearly suggests that the 
Condon approximation issinvalid, and the operator for the 
electronic transition does, in fact, depend on the vibrational 
coordinates. 


Absorption coefficient for mixtures. Lambert-Beer law 


The absorption coefficient of a mixture of non-interacting 
components is equal to the sum of the individual absorption 
coefficients: 


k(v) = >, ke (4) (17.40) 


If the individual spectral lines do not overlap, the discus- 
Sion in the preceding paragraph will apply. Some new pro- 
perties arise in the case of mixtures of substances whose 
Spectra contain broad level bands. 

If we neglect stimulated emission, then in view of (17.32) 
we have 


] > 
f Y = Yy Bo  - a d ‘. 
¢ (¥) th Ng | (E, ¥) Pg (E) dE (17.41) 


C / abs 


where n, is the number of molecules of the «a component 
per unit volume 


Let 


ee et (17.42) 


fl 


ka = —— hv { B,. (E, ») pa (E) dE (17.43) 
c/n 

where C, is the fraction of molecules of the « component and 
ka is the corresponding absorption coefficient, i.e. the ab- 
sorption coefficient which would be observed if the number 
of molecules of the a component were equal to the totai 
number of molecules in the mixture. The expression given 
by (17.41) can then be written in the form 
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R(v) = S)Caka, k* = Cok (17.44) 


and this determines the dependence of the absorption coef- 
ficient of the mixture omthe concentration of the components. 

This formula can be used to calculate the absorption by a 
mixture if the absorption coefficients of the individual com- 
ponents and their concentrations are known. The converse 
problem is more frequently encountered in molecular spec- 
tral analysis: knowing the absorption coefficients of the mix- 
ture and its components from experiment, a determination 
is made of the concentrations C,. The formula given by 
(17.44) is frequently used for the determination of the ab- 
sorption coefficient of an unknown material in a mixture. 

For a mixture of two substances we have from (17.44) 


k (v) = Cyky (v) + Coke (v) = Cy (¥) + (Cy) hp (v) (17.45) 


If one of the substances, for example, the solvent, is trans- 
parent (k, = 0) 


R (0) = Coky (v) = R® (¥) (17.46) 


and all the formulae assume the form characteristic of 
the one absorbing material. 

Let us suppose that the absorption bands &;(v) and &o(v) 
of the components of a two-component mixture intersect at 
a single point, i.e. k;(v’) =o(v’). At this frequency the ab- 
sorption coefficient of the mixture is, in view of (17.45), 
independent of the concentration of the components: 


k(v') =k, (v') = (’) (17.47) 


When the relative concentration of the components of the 
mixture is altered, there is a change in the absorption 
spectrum. If the condition given by (17.47) is satisfied, 
all the spectra intersect at the point v’ As an illustration, 
Fig. 4.3 shows the spectra of a mixture of monomers and 
dimers of rhodamine [35]. The different relative concentra- 
tions were obtained by introducing different amounts of 
rhodamine into the water solution. In this way, a definite 
ratio of C, and C, = |—C, was established. Curve 1 corre- 
sponds to the spectrum of the monomer and curve 5 to the 
spectrum of the dimer. All the remaining curves correspond 
to the spectra of their mixtures. In this case, the condition 
given by (17.47) is satisfied for twovalues of v and therefore 
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3 —~ 4x 10%; 4-3-x 
10%. 5 — dimers 
Fig.4.3 Dependence of 
the absorption spectrum 
of a water solution of 
A, mu rhodamine C on the 
500 550 600 concentration 


the curves intersect at two points. The existence of such 
points unambiguously shows the presence in the mixture of 
only two absorbing components. 

It follows from (17.45) that 


_ kv) —&ly) (17.48) 
"By (v) = hy (¥) 


If ki (v) and &2(v) are known, the relative concentrations of 
the components of the mixture can readily be determined. 

Let us substitute (17.44) into (17.7) which gives the inten- 
sity of the beam on the linear approximation. The result is 


= (yeete -(Ye 5 


ae 17.49 
Sy=S)e ‘« =S9 ¢ 


where &,/n is the absorption coefficient of the a-component 
per molecule and ng is the number of molecules of the 
a-component per unit volume. 

The expression given by (17.49) may be transformed by 
isolating the term characterising the absorption by a parti- 
cular component of the mixture: 


nee 17.50 
S, = Le By ( . ) 
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If all the remaining components do not absorb radiation, 
L=S°. The above formula gives the intensity as a function 
of the number of absorbing molecules ng. Knowing / and 
having determined experimentally the values of S, for dif- 
ferent concentrations of the absorbing component, it is quite 
easy to calculate the absorption coefficient for a particular 
component. The formula (17.50) was verified experimentally 
by Beer (1892) and was analysed in detail by Lambert 
(1760). It is frequently referred to in the literature as the 
Bouguer-Lambert-Beer law. 

The Lambert-Beer law is valid only when the introduction 
of the B component into the mixture does not lead to inter- 
action of these molecules withthe solvent or the other mole- 
cules present in the mixture and it will not hold if the 
molecules either associate or dissociate when they are 
introduced into the mixture. Any breakdown of the Lambert- 
Beer law may be regarded as evidence of the appearance of 
some physico-chemical changes and the formation of new 
distinct products in the mixture. 

It must, however, be emphasised that (17.50) will always 
be valid for mg representing the number of molecules of 
the particular component 8 which is actually present in 
the mixture and 4&,/n. the absorption coefficient per mole- 
cule. When we spoke of the breakdown of the Lambert-Beer 
law, we had in mind the fact that the measured absorption 


Rk 
coefficient k(v) did not equal Ya —*, where n, and k,/n refer 
n 


to the components a introduced into the mixture from outside. 


Absorption of light by a plane-parallel layer 


So far, we have been concerned with the absorption of light 
in an element of volume or in a uniform medium. One is 
frequently concerned, however, with objects having finite 
linear dimensions so that reflection and transmission at 
their boundaries must be taken into account. The simplest 
example of this is the plane-parallel layer. We shall discuss 
its properties in some detail since plane-parallel layers are 
widely used in practice as light filters, interferometers, 
absorbing specimens, and so on. Plane-parallel layers have 
recently found application as cavity resonators for the gen- 
eration and amplification of visible radiation. 
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For thin enough layers, the problem must be solved within 
the framework of wave optics with allowance for interfer- 
ence. However, in many cases involving thick layers, high 
absorption or slowly varying thickness, the methods of 
geometrical optics provide an adequate approximation. We 
shall employ this approximation here, and will indicate at 
the end how the results will be modified when interference 
is allowed for. 

Let us suppose, to begin with, that the radiation is inci- 
dent at right-angles to the plane-parallel layer. The reflec- 
tion coefficient r and the absorption coefficient & will, in 
general, depend on the frequency of the incident radiation. 
The reflection coefficient is given by the Fresnel formula 
which for normal incidence assumes the form 


pO ee, (17.51) 
(12 +- M9)" + 


where 7 and n, are the refractive indices of the layer and 
of the surrounding medium respectively, and x= kh/4rz. 

It is evident from Fig. 4.4 that the reflected and trans- 
mitted radiation is made up of a large number of individual 
rays which are multiply reflected in the layer and conse- 
quently traverse different paths (for the purpose of illus- 
tration, the incident beam is shown at an angle to the normal). 


"y 
Sf Af 
Xf mS Ow 
° ‘ vo mei 
oof S/S 
of S 
ue 


Fig. 4.4. Multiple reflections in a 
plane-parallel layer 
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If the intensity of this incident beam is S,, the intensity 
of the reflected beam will be S,r. The second beam is 
formed by transmission at the first boundary, where its 
intensity is reduced by afactor of (1 --r), followed by trans- 
mission through the layer (thickness /)inwhichit is attenu- 
ated by a factor of y=e-*! in accordance with Bouguer’s law. 
On reaching the second surface, it is partly reflected and 
partly transmitted, and'so on (Fig. 4.4). 

On the geometrical optics approximation we can add the 
intensities of the various beams propagating in a particular 
direction so that the total intensity is given by 


Sron = Sy {r+ (1 —- rte lh + ent ...d| (17.02) 


The number of beams which have to be added is infinite. 
Since r*n? is very small, it follows that 


sy eye 
Sretl = So 4" Ba Aouae 8 f a (17,93) 
| — rn J 
The ratio 
a Ne ane 
gets hae oe (17.54) 
So l—rn 


is known as the reflection factor of the layer. Similarly, 
the transmission coefficient of the layer is given by 


no ND 
pa 2 (1nd tee +...) = LL. ra 


So |] — rr? 


The absorptive power of a plane parallel layer is, by 
definition, given by 


A=) 2p ew (17.56) 
l1—rv7 


When y= 1, i.e, when the layer is transparent, we have 
= 0. If r=Othen A=] —e-*', It is sometimes necessary 
to know the intensity of the beam inside the layer. Let 
Nye = eT R*, yy =e * CO —x), where x is' the distance from the 
first boundary. Simple calculations will show that for a 
beam travelling from the first boundary to the second 
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su UO g (17.57) 


a ] seer, rz " 


ba 


while for a beam travelling from the secondto the first 


(1 —r)r x 


|— Pr 


Soe ; (17.58) 


Consider the formula (17.55). The transmission of radia- 
tion by an absorbing layer is not described by Bouguer’s 
law which is valid only for propagation in a uniform me- 
dium. The exponential reduction in the intensity of a beam 
in a layer of thickness / canoccur only for small coefficients 
of reflection at the surface. If r? can be neglected in com- 
parison with unity, then 


P = (1 — 2r)e7*! 


Figures 4.5-4.7 show plots of the functions R(k), P(k), 
and A(z). It is evident that in the case of transmission by 
a layer it is necessary to allow for the reflection at the 
layer-medium boundary. while in the case of reflection 
the absorption within the layer must be allowed for. 

It is important to note that for large r, multiple reflec- 
tions may give rise to an apparent change in the spectral 
band profile. 
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Fig. 4.6 Reflection by a plane- 

parallel layer as a function of the 

optical density for different values 
of the reflection coefficient r 
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Fig. 4.6 Dependence of the 
transmission by a_ plane- 
parallel layer onthe optical 
density for different values 
of reflection coefficient r 


Fig. 4.7 Dependence of the 
absorption by a_ plane- 
parallel layer on the optical 
density for different values 
of reflection coefficent r 


In contrast to the above case, the number of beams which 
have to be added at oblique incidence is finite, so that 


R=er+(l—rpraxp[l + att... (apy 


a (17.59) 
- Saar peal — (PP) 
where rn is the number of beams. Similarly, 
Pa(l—rPyflt+Prrt...t+(Pry 
, (17.60) 
= err [1 — (7? 9)" 


where = e—#/cos# and Y is the angle of refraction. 

In contrast to the geometrical-optics approximation the 
exact wave-optics solution of the problem requires the 
addition of the amplitudes of the partial waves rather than 
the intensities. Here, we shall only quote without proof the 
final result which is obtained for normal incidence by solv- 
ing Maxwell’s equation subject to the appropriate boundary 
conditions [36]. If the plane-parallel layer is surrounded 


202 Theory of luminescence 


by a non-absorbing medium, 


r C — 4)*?+47 sin? = 


[2 ae cea a0 owe (17.61) 
Qn 
(i —rv7)? + 4r 4 sin?® [a] 
2 ]—r)*7 
mT (1 rn)? + 4r-nsin? (= 1—) G04) 


where x is the imaginary part of the complex refractive 


A 
index ~~ r is the reflection coefficient at the 


v 
surface of the layer which is given by (17.51), nm is the 
refractive index of the layer and 


— bs (17.63) 
ee Le (17.64) 


In view of the presence in (17.61) and (17.62) of the sine 
function, the values of R and P are periodic functions of 
the thickness of the layer. Thus, the maxima of P occur at 


ae | ee ae ee s=0,1,2 (17.695) 
r C 


while the minima occur at 


a ee (17.66) 


C 


ro | a 


The maxima and minima are more difficult to find in the 
case of reflection since it is then necessary to allow for the 
periodic nature of both the numerator and denominator in 
(17.61). For a transparentlayer (y=1) Rmin =O when (17.69) 
is satisfied. 

According to (17.62), a plane-parallel plate of given optic- 
al thickness al will transmit light easily only at certain 
wavelengths, i.e. those which satisfy (17.65). The remaining 
wavelengths are removed not simply by absorption within 
the layer, but also as a result of reflection at this surface. 
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Fug. 4.8 Transmission by 
a plane-parallel layer 


Figure 4.8 shows the form of P(v) for 4 rn < (l—ryn)? and 
4rn>(l—rn)*. Case (a) corresponds to rn approaching zero; 
case (b) corresponds to ry approaching unity. The maxima 
correspond to a sequence of integral values of s. The separ- 
ation between the peaks is 


C 
2In 


Vsti — Vs = 


and is a function of only the optical thickness nl. The peak- 
to-valley ratio is 


Praax =| ar 


l—ry 


For small rn the change in P(v) in the interval v.4,—- v, is 
small, while for 4ry = 0 (strongly absorbing thick layers, 
or weakly reflecting materials) there is no change at all. 
For such layers interference phenomena can be neglected 
in practice, and the frequency dependence of the transmis- 
sion coefficient for the layer is then largely determined 
by the exponential factor y=e7-*@¥! in the numerator of 
(17.62), i.e. the transmission is determined by the ordinary 
Bouguer law. 

In the opposite case, i.e. when the reflection coefficient 
is large while the ahsorption coefficient is small (Fig. 4.8b), 
the dependence of the transmission on frequency is deter- 
mined largely by interference phenomena. The spectrum of 
the transmitted radiation consists of individual sharp peaks 
each of which has a definite half-width, which we shall call 
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the transmission band, near the frequency v,. Within the 
band the transmission is higher; elsewhere it is low. The 
half-width is given by — 


C va ]—rv7 
Ay = ——— sin* ————-: (17.67) 
tril 2V ry 


This expression is valid only when I1—ry<2V ™m. When 


l1—ry=2Vr7the half-width is equal to c/2nl, i.e. to the 
distance between the peaks. The half-width decreases rapidly 
with decreasing (1 —ry). For small values of the argument 


Ay oes! (17.68) 


~ Onn Vr 


If. for example, nl = 5cm, y =1 (transparent material) and 
r= 0.95, Av=0.5 x 10 sec”. This is comparable with the 
natural width of spectral lines. If the incident radiation has 
a broad spectral distribution, the radiation leaving the 
layer will be highly monochromatic; only individual, very 
narrow lines will be transmitted. 

From this point of view, a plane-parallel layeris equiva- 
lent to a cavity resonator whichtransmits only narrow spec- 
tral ranges. The Q-factor (see Section 2) is then given by 


v rn I 2rnly Wr, 
Q>=— =v es 
Av C ua Lee Cc l—r7 Ren 


sin OV rn 


The latter approximate equation is validfor rn approaching 
unity. The Q-factor of a plane-parallel layer may be very 
high. When v ~ 10'5 sec-' and Av~ 10° sec™', it is equal to 
10’. It is worth emphasising that the Q-factor is very de- 
pendent on frequency. 

The properties of a plane-parallel layer are of particular 
importance for a further reason. When a light beam is 
allowed to fall on such a layer, the steady-state conditions 
are reached only after a certain interval of time. This is 
associated with the fact that there is a gradual accumula- 
tion of energy within the layer. Similarly, when the incident 
radiation is switched off, a certain amount of time is neces- 
sary before the radiation is damped out. This retention of 
radiation within the layer is, as a rule, not very marked. 
However, it can frequently affect the width of spectral lines 
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transmitted through the layer and is particularly important 
in the case of generation of radiation. 

This problem can often be solved on the geometrical- 
optics approximation. Suppose that at time ¢=0 a beam of 
intensity S, is incident normally onthe plane-parallel layer. 
The reflected intensity will be S,r. The second partial in- 
tensity S,(1 —r)?r7? will leave the layer at time 2nl/c, where 
c/n is the velocity of propagation, the third beam whose in- 
tensity will be S,(1 —r)r°7 will leave the layer at time 

2nl 


2 , and generally the (i+ 1)-th beam whose intensity 
C 

will be S,(1—r)}rv2(r4?y will leave it at time i2nl/c. At 

time t= i dnl , the total reflected intensity will be 


C 


Sret= So {r+(l —rP re l[l tert... (Py!) 


a pat 7 (17.70) 
_ —r)yry ae 
Soff + | — P42 [ 1 —(r?4?)""] f 
and therefore 
<2 WN yea 
RQ) =r+ Eo ey (17.71) 
1 —r*r/ 
eee 17.72 
c Inry ete) 
Similarly, for the transmitted radiation we have 
|1—ry 
his ya [1 —rne-# | (17.73) 


l — ra? 


For transparent and absorbing media ry is less than 
unity and therefore the exponential factor falls off rapidly 
withtime. When t= ow, (17.71) and (17.73) become identical 
with (17.94) and (17.55) respectively. It is natural to take 
the time + defined by (17.72) as a measure of the rate at 
which steady-state conditions are established. When r = 0 
and n = 0 (k=©), the time t is zero and the steady-state 
conditions are reached instantaneously. When n = | (trans~ 
parent medium) and r~>! the value ,of t tends to infinity, 
i.e. the steady-state conditions are never reached. If, 
for example, nl=5 cm, and r=0.95, then t=0.33 x 107-8 
sec. When r=0.99, we have t= 1.6 x 10° sec. These times 
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are comparable with. the lifetimes of the excited states of 
atoms, or the emission decay time of aclassical oscillator. 

A definite store of radiant energy accumulates within 
the layer while it is exposed to the incident radiation. When 
the incident radiation is switched off, this energy is re- 
emitted and the original state of the layer is gradually 
re-established. The rate at which the relaxation process 
proceeds can readily be found with the aid of (17.57) and 
(17.58). Consider, for example, the flux through the second 
boundary. For times between 0 and zl/c the intensity of 
the beam is determined by (17.57) with x=/ multiplied by 
i—r. The next part of the beam to emerge is that given by 
(17.58). This is followed by the twice-reflected and twice- 
transmitted rays, and so on. The flux leaving the second 
boundary at time ¢ is thus given by 


2 sy! | —r)? 
S, = §, ED) (egy a5, PEO ete 17.732) 
l—r7 l—Prr 


where Sp is the constant intensity incident on the layer for 
a long time (up to t=0). 

The mean luminescence decay time can be determined as 
before from (17.72). The rate at which the steady-state 
conditions are reached and the rate of relaxation are equal. 
When ryn=!, the afterglow process will continue indefi- 
nitely, while for r=0, n=0 it takes place instantaneously 
(no storage of energy). 


Dichroism 


We shall now consider the dependence of the absorption 
coefficient on the orientation of the particles andthe polari- 
sation of the absorbed light. In experimental studies of 
dichroism (Section 2) it is usual to measure the absorption 
coefficients for two plane-polarised rays with perpendicular 
electric vectors. In order to be specific suppose that the 
incident beams are parallel to the y axis and that the elec- 
tric vector of one ray is parallel to the z axis while that of 
the other is parallel to the x axis. Ifweconfine our attention 
to the absorption coefficient at a particular frequency vy,j, 
there is no need to prescribe the orientation of the molecule 
in space. A more general analysis will be given in Chapter 8, 
but it is sufficient at present to define the matrix element 
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of the dipole moment for a particular transition with the aid 
of the angles $ and op. 
It then follows from (8.72), (8.76) and (17.29) that 


Ki (8, y= 3 jg COS” 4D | ni a n, (9, | (17.74) 


t 


and 


kv (3, ¢) = 3 — B;,; sin* 3 cos® ¢ Pn (3, ¢) —=— 1, (9, | (17.75) 


é 


These expressions describe absorption by particles of given 
orientation (per unit solid angle). In order to determine #7 
and k& for the entire ensemble of molecules we must inte- 
grate with respect to the two angles: 


ke 3-0, fae cord 


m (0 9) —2L 1, (9, °| sind d 9 
2 ‘ 
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(17.76) 


and 
2r. = 
x n 9 * 9 
k, 32 8; | cos*odo | sint® 
= & (17.77) 


x ni (0, 9) —££ n,(9, | sin Od 
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The distribution function can frequently be regarded as 
independent of the intensity of the incident radiation. In 
practice the intensity is arranged to be so low that the angu- 
lar anisotropy which it introduces into excited particle 
distribution has the minimum possible effect on the final 
results of measurements. 

In the case of natural dichroism the particles will not 
interact with any external radiation other than Planck radi- 
ation. It follows that 


§ 


a (J, i) = Rae o) eC! hy, [kT 
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and the formulae given by (17.76) and (17.77) become 


ki = ide Bi jane hy 
Cc ‘ 


2x n (17.78) 
x { 42 | 2100, g) costo sinoas 
0 0 


and 
een ual 3 1 agp lt 
C 
(17.79) 


2n tT 
x \ cos’ @d¢ | 7108, q)sin®od 
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Consider the following three special angular distributions. 
l 

1. Isotropic distribution: 7; (3, aa n;. Taking n; from 
us 


under the integral sign we have 


us Ys 2K t 
l 
. \4e| cos*dsintd? = a4 cos’ @ dq | sintoa — 
4x Ar 
0 0 0 0 


Hence &? = & and there is no dichroism: 


kk 
ke + Ry 


2. Dipole moments of all particles parallel to thez axis: 
n; (3, 9) = ,;8(@2). In this case 


Ki ~ ( cos*38(2)dQ=1, Ry ~ { cos?# sin? 0.8 (Q)dQ = 0 
$2 


which corresponds to maximum dichroism (D = 1). 
3. nj(%, 9) =n;cos’%,. Substituting into (17.78) and (17.79) 
and integrating with respect to the angles we have D = 1/2. 
Induced dichroism is discussed in detail in Chapters 6 to 8. 
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18. THE EFFECT OF THERMAL BACKGROUND ON THE 
ABSORPTION PROCESS 


Kirchhoff’s law for finite bodies 


Approximately 100 years ago, Kirchhoff formulated the two 
basic laws of thermal emission and absorption. The first 
of these is concerned with elementary volumes of matter 
and will be discussed later in Section 21. The second holds 
for objects of finite linear dimensions. Both laws have purely 
thermodynamic foundations and are among the most general 
laws of nature. 

Consider an arbitrary body in thermodynamic equilibrium 
with the radiation surrounding it (Fig. 4.9). The flux of 


30" 


Zz 


dQ" 


Fig. 4.9 Derivation of Kirchhoff’s 
law 


equilibrium radiation falling on an area ds from a solid 
angle dQ in the frequency range dv is given by 


db, = S, (Q,s) dv cos } dsd Q (18.1) 


where } is the angle between the normal to ds and the 
direction of the beam. A part A, (r,Q)d®@, of this flux 
enters the body, is multiply reflected from the walls, and 
is absorbed. A part R, (r,2,—')d®, is reflected into the 
solid angle d( —’) , while the flux 


P, (r,Q)do, = | Py (r,Q,r" —2")d(—Q")db, (18.2) 


er F q2 


enters the body and after multiple reflections leaves it at 
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different points on the surface and in different directions 
(the letter r represents the coordinates of the surface 
element ds at which the original radiation enters, while 
the symbol r” represents the coordinates of the points 
at which the radiation leaves the body). Positive values of 
Q refer to fluxes falling on the body, while negative values 
refer to the opposite directions. In view of the law of con- 
servation of energy 


db, = A, (r,Q)db, +P, (r,Q)db, +R(r,Q)db, (18.3) 
or 
A, (r,Q) + Py (r,Q) + R, (r,Q) = 1 (18.4) 


which holds for all r, 2 andy. 

In thermodynamic equilibrium, the flux emitted by ds is 
exactly equal to that given by (18.1) except that it travels 
in the opposite direction. It consists of three parts: the 
thermal emission 


e, (r, — Q)dscos td(—Q) dy 


where ¢, (7, —2) is a coefficient of proportionality which 
is known as the emissive power of the surface element ds 
within the solid angle d(—Q); the reflected flux 


Ri (r, QW ,— Q) Si ds, dQ’ dv 


where S, is the intensity reaching the area ds within the 
solid angle dQ’ together with parts of the fluxes of equili- 
brium radiation dd, (r’,Q’) which penetrate the body from 
all directions and leave it after multiple reflections in the 
direction of d(—®) through the surface element ds; and 
finally, the third part 


{ P® (17, Q”, r,— Q) Si, dv ds, d Q” ds, d (— Q) (18.5) 
s” 2” 


Therefore 


dd, (— Q) =e, (r, —Q) ds, d(— Q) dv + R, (r, 2’, — Q) 
« S,ds,dQ’ dv + j P, (r”, Q",r, — Q) 


5” Or 


* Si dvds, dQ” ds, d(—Q) (18.6) 
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In view of the principle of detailed balancing, the reflec- 
ted flux R, (r, Q, — Q’)S,ds,dQdv is equal in magnitude and 
opposite in direction to the reflected flux R,(r,Q’, —2) 
*S,ds,d Q’ dv whereas the transmitted flux P, (r, Q, 7”, — ”) 
x S,ds,dQdvds,d(—Q”’) ig equal in magnitude and opposite 
in direction to P, (r”, 2”, r, —Q) S, ds, dQ" dvds, d(—Q). 

Hence it follows (dQ = dQ’) that 


Ry (r, 2 ,— Q) S, = Ry (r, 2, — 2’) Sy, 


Soe od ‘ : (18.7) 
PAL (Of) Sve Py OF 4 = 2) Ss 


Since in thermodynamic equilibrium the intensity of 
Planck radiation is the same in all directions (S$; = S, = S,) 
it follows that 


R, (r, 2, — Q) = Ry (7, Q, — 2’) (18.8) 
and 
Pi(r ,Qr, — OO) Pr, &2, a ¢2”) (18.9) 
These equations form the so-called principle of recipro- 
city which is widely used in theoretical optics. 
If we equate (18.3) and (18.6) and make use of (18.7), 
(18.8) and (18.9), we can readily show that 


< (r, — ©) c Te 
ee (Q) = — 
Ay(r, 2) no 4x 


(18.10) 


where we have used (17.9) and the fact that for isotropic 
radiation 


eq 
uy 


4 


uy (Q) = (18.11) 


The formula (18.10) expresses the Kirchhoff law which 
states that the ratio of the emissive and absorptive powers 
of a given element is equal to the intensity of the equili- 
brium radiation. This holds true for any direction of pro- 
pagation. Kirchhoff’s law is universal. It must be emphasised 
once again that the quantities A, and «, are individually 
different for different points on the surface of the body, 
different directions of propagation and different frequencies. 
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Kirchhoff’s law leads to a number of important conse- 
quencies. Transparent bodies (Ay = 0) do not emit thermo- 
radiation («,=0Q) while the emissive power of a black body 
(A, = l)is given by 


bb. © uy 2h 
EY oo nh 4n oa Cyn? eh wWkT __ l ; (18.12) 


The expression (18.10) is strictly valid only if the body 
under consideration is in equilibrium with the surrounding 
medium, i.e. when the temperatures of the body and of the 
medium are equal, and also if the body is in equilibrium 
with the surrounding radiation. However, (18.10) becomes 
heuristically significant when there is in fact a departure 
from equilibrium. Let us suppose that the temperature of 
the medium is reduced. If this does not produce appreciable 
Changes in the state of the body (either because the time 
necessary for equilibrium to be reached is very large, or 
because there are sources of energy within the body which 
maintain the temperature of the body), the emissive and 
absorptive powers remain constant. By measuring the 
energy emitted by the body into the surrounding medium we 
can find its emissive power and then calculate the absorptive 
power. This method is widely used in determinations of the 
absorptive power of thermal sources of radiation. 

Thermodynamic equilibrium can also be upset by direc- 
ting a flux of radiation in excess of the equilibrium flux on 
to a body in thermal equilibrium with the surrounding med- 
ium. It can frequently be assumed, however, that the de- 
parture from equilibrium is small and the external flux 
does not appreciably change equilibrium energy level distri- 
bution, so that the absorptive power of the body is only 
slightly modified (the emissive power may undergo a much 
greater change leading to the appearance of luminescence). 

By measuring the absorptive power it is possible to 
determine the thermal emissive power from Kirchhoff’s 
law. Experimental determinations of absorption coefficients 
are usually based on this idea. It must, however, be noted 
that such calculations are only approximate, and whenthere 
is a large departure from equilibrium due to changes in 
the properties of the body, or due to illumination by high- 
intensity radiation, the emission of radiation is no longer 
described by Kirchhoff’s law. 

Kirchhoff’s law is quite general and can be applied to all 
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bodies, including detectors of radiation, i.e. objects capable 
of recording incident radiation. They not only receive the 
incident flux of radiation but are themselves sources of 
radiation. This must he taken into account in measure- 
ments, since otherwise incorrect results may be obtained. 

When the detector is in thermodynamic equilibrium with 
the surrounding medium, the energy flux absorbed by it is 
equal to the emitted flux. This means that the detector in 
principle will not register a flux of radiation corresponding 
to its own temperature. It will register only after its thermo- 
dynamic equilibrium with the medium has been upset, and its 
indications will as a rule be proportionai to the difference 
between the absorbed and emitted fluxes: 


Y a(S 38) (18.13) 


where a is a constant for each particular receiver. 


The effect of thermal radiation background on the 
readings of radiation detectors 


So far we have discussed absorption without specifying the 
experimental conditions and without allowing for the thermal 
radiation background. Acommonly used arrangement for the 
investigation of absorption spectra (Fig. 4.10) consists of a 
source of radiation, a plane-parallel layer of the material 


7 7 ee ER 
™~ 
Source a —_ ~ Detector 


Fig. 4.10 Bastc arrangement 
for studying absorption spectra 


under investigation, and a detector. Each element of the 
system may be at its own temperature. A non-equilibrium 
source of radiation is usually employed, and the specimen 
itself may not be in a state of equilibrium either. The sys- 
tem as a whole is locatedinthe medium of temperature T,, . 
The readings of the detector depend on all these factors, 
and the experimental data must be corrected for the effects 
of the source, the detector and the rnedium, before the pro- 
perties of the absorbing material itself can be found. 
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The second possible method of measuring the absorptive 
power of a body is based on Kirchhoff’s law. In this method 
it is sufficient to measure the emissive power and calculate 
A, from (18.10). The experimental arrangement is simpler 
(in Fig. 4.10 the plane-parallel layer is removed and the 
object under investigation is used as the source of radia- 
tion). However, in this case also it is important to take into 
account the properties of the detector and the temperature of 
the medium. 

Consider the last case first. The flux of energy leaving 
the source in the direction of the detector is 


ales +R So(Tm) +Ps So (Tm)! (18.14) 


where « is a constant determined by the geometry of the 
system, «, is the flux emitted by the source (for the sake 
of brevity, the dependence on frequency is not indicated by 
a subscript), A, and P, are the reflection and transmission 
factors of the source, S,(7,,.) is the flux of equilibrium 
radiation of density u, falling on the source from the me- 
dium, and «R, S,(7,,) and «P, S,(7,,) are the fluxes of 
equilibrium radiation from the medium which are reflected 
and transmitted by the source of radiation in the direction 
of the detector respectively. 
The flux of radiation absorbed by the detector is 


SPS =Ag ales +Rs Sy(Tm) + Ps So(Tm)I 
= Ag ales + (1 --A, )So (Tm )I (18.19) 


where A; andA, are the absorptive powers of the detector 
and source respectively, which are related to the reflection 
and transmission factors by (18.4). 

In general, the receiver andthe source cannot be regarded 
as black-body sources; for black bodies 4=1 and all the 
formulae become very much simpler. 

The flux of radiation emitted by the detector in the direc- 
tion of the source is determined by Kirchhoff’s law: 


a’ SO =a’ Ag Sy (Ta ) (18.16) 


where «@ is a constant which depends on the geometry of 
the apparatus. Substituting (18.15) and (18.16) into (18.13) 
we obtain the reading of the detector: 
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Y= A, aafe, +(1—Ag )So(Tm)| —Aag @#' So (Ty) (18.17) 


This holds for all states of the source and any medium and 
detector temperatures. When 7, =7m and at the sametime 
Ta =Twm, i.e. all the elements of the system are in thermo- 
dynamic equilibrium, we have Y=0. Since for thermal 
emission «, (T, )=A, S,(T; ) it follows that by setting the 
right-hand side of (18.17) equal to zero, we have 


Cig" (18.18) 
When this result is introduced into (18.17) we obtain 


Y=A,aale, —A, S,(T,)| 


JA, eS. (7) <818, ¥ peaehes 


The product au depends on the sensitivity of the detector, 
the dimensions of the source, the working areaof the detec- 
tor, the mutual disposition of the elements ofthe system and 
certain other factors including the slit width. The recorded 
flux of radiation 


a tlt —Ag Si(Tm)] +21So (Tm) ~So(Ts )} (18,20) 
d 


is independent of the properties of the detector (other than 
its dimensions) and is equal to the difference of two fluxes, 
namely, the flux given by (18.14) which reaches the detector 
after the thermodynamic equilibrium has beenupset, andthe 
flux aS,(T4) which reaches it when 7,=T7, =T,, (i.e. the 
flux emitted by the detector in the direction of the source). 
The quantity given by (18.20) consists of two independent 
components, namely the flux «[e,—A,S, (7, )] which depends 
on the state of the source, and the flux a[S,(7,,) — Sy) (Ta)] 
which is due to the temperature difference between the med- 
ium and the detector. 

Let us now list the consequences of (18.19) for the most 
important special cases: 

1. In thermodynamic equilibrium the measured flux, and 
therefore the readings of the detector,, are zero. 

2. The temperature of the detector differs from the tem- 
perature of the medium and there are no sources of radia- 
tion (7, -7,, and therefore «, =A,(7,,)): 
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Y =A. a2. [So (Tm) —S 5 (Ta )I (18,21) 
This shows that when 7, >7,, the detector readings are 
positive, and vice-versa. Phenomena which are associated 
with negative detector readings will be discussed inthe next 
section. A reduction in the temperature of the detector is 
equivalent to an increase in the temperature of the medium 
and vice versa. The parameters a and A, may also be func- 
tions of temperature. The spectral dependence of the pro- 
duct aA, may he investigated directly by surrounding the 
detector with an equilibrium radiation background andusing 
(18.21). 
3. If the temperatures of the detector and of the medium 
are equal(74, =T7,,) and there is a source of radiation in the 
space surrounding the detector, we have 


Y =A, aale, —A, 5, (Tn )) (18.22) 


This is the most frequently encountered case. The flux of 
radiation from the source 


Y 


ale, —A, S,(T,,)I| 
ri on) 


which is directly recorded by the detector is equal to the 
difference between the fluxes emitted and absorbed by the 
source, and is in general independent of the properties of 
the detector. Under normal conditions e, > A, 5,(7,,) and 
consequently Y >0. 

The formula (18.22) is valid for any source of radiation 
(both equilibrium and non-equilibrium). For thermal sources 
Kirchhoff’s law yields e, =A,So(7;,) and (18.22) assumes 
the simpler form 


¥ =Aq aaA,{S,(T. )—Sp (Ta)? (18.23) 


It follows from (18.22) and (18.23) that when A, and &s are 
calculated from experimental data, it is important to take 
into account both the temperature of the source and the tem- 
perature of the detector (medium), especially wnen they do 
not differ greatly from each other. 

The detector reading in this scheme isin general given by 
(18.19). This relation may be modified because in practice 
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one is usually interested not in the absolute detector read- 
ing but only in the change in this reading when the light 
source is switched on. In the absence of the source, or, 
which amounts to the same thing, when 7, =7,,, the detec- 
tor reading is ‘ 


Yo = Ag @@[So9 (Tm) — Sy (Fa DI (18.24) 
The change in this due to the introduction of the source is 


Y’'=Y—Y,=A,acale, —A, S,(T)| (18.25) 


which shows that Y’ is independent of the detector’s tempera- 
ture. A departure from equilibrium hetween the material 
(source) under investigation and the surrounding medium is 
a necessary condition for the determination of the emissive 
(absorptive) power. From the above point of view, a reduc- 
tion in the temperature of the detector has no special advan- 
tages for studies of the optical properties of matter. 

The formula (18.23) may be used as abasis for measure- 
ments of absorptive power. This method requires (1) a direct 
measurement of Y at all frequencies; (2) a determination 
(or elimination) of A; aa which represents the properties of 
the system; and (3) a calculation of [S,(7, ) -S,(7q)] from 
Planck’s formula. The quantity Aygaa may be eliminated 
through additional measurements in which the object under 
investigation is replaced by some other object of known 
emissive power, e.g. a black body. In the latter case 


Y>b. A, aalS,(T. )-—S,(Ta )| (18.26) 


On dividing (18.23) by (18.26) we obtain 
Y 


yb.b. s (18.27) 
Knowing A, we can calculate e. from Kirchhoff’s law. 

It is evident from the basic formula (18.19) that the 
emissive (absorptive) power of a body can be measured 
only when the equilibrium is disturbed (7, #7,,). When 
T,=T, the detector records the quantity y, given by 
(18.24) which is independent of the properties ofthe source. 
A measurement of the detector temperature cannot in prin- 
ciple yield any information since it leads only to a change 
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in Y,. To measure 4, one must change either the temper- 
ature of the body itself ot of the medium. To measure A, 
at room temperature, one must use the second method. 

As an illustration, Fig. 4.11 shows the spectra recorded 
with an infrared spectrophotometer. They were used to 
determine the emissive and absorptive powers of a thin 
film of oil when 7 = 230°C. Curve b shows the results for 
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Fig. 4.11 Thermal 
emission by diffu- 
ston pump oil 


the layer under investigation, while curve c represents the 
emissive power of a thick opaque layer of the same oil. If 
the amount of radiation reflected by the layeris assumed to 
be small, the layer may be regarded as approximating to 
a black body. Curve a shows the thermal emission of the 
heated container which acts as the second independent 
source of radiation. To determine Y we must subtract Y, 
from Y,and Yc. From (18.27) we then have 


Absorption spectra may be determined from the thermal 
emission spectra by using very thin layers of the material 
under investigation, because as the thickness increases, 
the properties of the layer approach those of a black body 
and the band structure is lost. 

In equilibrium (T,=7, =7T, =T,,), the detector inter- 
cepts the flux 2S,(74). When the equilibrium is disturbed 
the incident flux is equal to 


ale, +R, So(Tm) + Ps So(Tm)| Pi +4 [e1 


+R, So(Tm)] ie 
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where ce, is the emissive power of the layer and P, and R, 
are its transmission and reflection factors. The first term 
represents the flux (18.14) from the source of radiation 
attenuated in the layer under investigation and then incident 
on the receiver. The second term in (18.28) gives the inde- 
pendent flux which leaves the layer in the direction of the 
detector. The detector records the difference between 
(18.28) andaS, (7, ), i.e. 


Y* =A, aAS =A,aal:, ur So (Tm)| (i — Ar — RX ) 
+ Ag aale, — Ay So (Tm)| + Ag @2 [So (Ty) — So(Tq )f (18.29) 


where we have used the relation 4, +P, +k, =1. The 
detector readings may be positive or negative depending on 
the temperature of the detector and the medium and also on 
the state of the source and the layerunder investigation. 

The most important special case of (18.29) corresponds 
to measurements of the absorption coefficient at room tem- 
perature when 7, =7T,=T7wm. This yields 


yu — Aj Qa 7. le. ine A, So (Tm )] P, (18.30) 


where the asterisk represents the readings of the detector 
in the system illustrated in Fig. 4.10. P; can be determined 
by measuring Y*, The simplest method is to perform addi- 
tional measurements of Y in the absence of the absorbing 
layer. The corresponding values of Y are then given by 
(18.22). On dividing (18.30) by (18.22) we obtain 


y'# 
jc [> 
y (18.31) 


In contrast to (18.30), the ratio y*/Y is independent of the 
state of the source andof the temperature of the medium. 

We have already seen in Section 17 that the transmission 
factor of a plane-parallel layer is unambiguously related to 
the absorption coefficient of the material of the layer and 
the reflection coefficient at the boundary with the surrounding 
medium. &£ and r cannot be determined simply from a know- 
ledge ot P,;. This requires a second measurement, for 
example a measurement of P,, for adifferent thickness ofthe 
layer, or of &,. 

At temperatures well in excess of the room temperature, 
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the simple formula of. (18.30) ‘cannot be used because the 
thermal emission of the layer must then be allowed for. If 
we substitute 7, =7,, into (18.29) and assume that 7, #7, 
we have 


Y*=A,aa{le. — A, So (Tm )| Pi + €y — A, S,(T,, )} (18.32) 


In order to eliminate the thermal emission by the layer we 
must carry out additional measurements of Y* with and 
without the source (respectively Y’ =A, az fe, —A,S,(7m)} 
and Y=A,a2[e,— A, S)(Tm)|. These three measurements 
yield 


Fond. 
Y 


P (18.33) 


A number of examples of this procedure will be given in the 
next section. More detailed information will be found in 
original papers [37]. 


Negative fluxes of radiant energy 


The flux of radiation emitted by a system in thermodynamic 
equilibrium is equal to the flux ofthe ambient thermal radi- 
ation which is absorbed by the system. This ensures the 
continuation of the state of equilibrium. For any pair of 
levels of the system (E, >E,;), the number of downward tran- 
sitions (A;; +B ,ju9)n,; is equal to the number ofupward tran- 
sitions B;, uon;. It is only in this sense that one can say that 
the system is not subject to the effect of external radiation. 
External (exciting) radiation is usually defined as neces- 
sarily giving rise to a departure from thermodynamic 
equilibrium, The external flux S acting on the system is 
equal to the difference between the total flux of radiation 
Sot+S penetrating the system and the flux of thermal radi- 
ation S, intercepted by the system before the source was 
switched on in complete thermodynamic equilibrium with 
the medium (the representation of the total flux as the sum 
of external and equilibrium radiation is not possiblein non- 
linear optics). Similarly, the density ofradiation u incident 
on the particles is equal to the difference between the total 
density uo + u and the equilibrium density uo. 

In the great majority of cases encountered in practice, the 
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temperature of the source is higher than the temperature of 
the object under investigation. The total flux of radiant 
energy incident on the object is therefore greater than the 
flux of equilibrium radiation, so that the exciting flux is 
positive and the number ‘of upward transitions is greater 
than the number of downward transitions. The absorption 
of external radiation foru > Vis usually represented by an 
arrow pointing upwards (Fig. 4.12). Absorption of radiation 
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E; 

Fig. 4.12 Absorption 

of positive (a) and 

negative (b) radia- 
tion fluxes 


sives risetoa redistribution of the particles over the energy 
levels. The number of particles occupying level n, increa- 
ses (n; >n,°* ) whereas the number of particles occupying 
level j is reduced (2; < neq). The mean energy of the 
system will also increase and the system as a whole will 
leave the state of equilibrium, i.e. will become excited. 
The same system of particles may, however, undergo an 
opposite departure from the state of thermodynamic equili- 
brium. Suppose that a body whose temperature is lower than 
the temperatures of system and medium is introduced into 
the space surrounding the system. This will reduce the flux 
of radiation incident on the system and the flux S)+S will 
therefore become smaller than the equilibrium value So. As 
a result, the equilibrium distribution over the energy levels 
will be disturbed, and the number of j-i transitions will 
become smaller than the number of i-; transitions, so that 
there wil! be a reduction in the number of particles occupy- 
ing level i and an increase in the number of particles 
occupying level j/. The mean energy of the system will 
decrease. In this case the system may also leave the state 
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of equilibrium, but ‘in the opposite direction. The reason 
for this negative excifatioh is the illumination of the sys- 
tem by a negative flux of radiation (negative S andu ). In 
contrast to the more usual case, absorption of a negative 
flux of radiation must be represented by an upward arrow 
(Fig. 4.12). 

The expressions for the rate of absorption andthe ahbsorp- 
tion coefficient introduced at the beginning of the preceding 
section are valid for both positive and negative fluxes. If 
the density of the incident radiation is negative, then, ac- 
cording to (17.20), the rate of absorption is also negative 
when nj; >n,. and the system loses some of its energy. In 
contrast to the rate of absorption, the absorption coefficient 
given by (17.31) is independent of the sign of the radiation 
incident on the material. 

In accordance with Bouguer’s law (17.7), negative fluxes 
are absorbed exponentially. As / increases, there is a re- 
duction in the absolute magnitude of S but its sign remains 
the same. For large /, the magnitude of |S| tends to zero 
and the radiation approaches equilibrium. 

There is an important, but not fundamental, difference 
between positive and negative exciting fluxes of radiation. 
At a given temperature of the system, the magnitude of a 
positive flux is not limited, and may lie between zero and 
infinity. Negative fluxes on the other hand can assume values 
only within certain limits. The minimum absolute magnitude 
of a negative flux is zero, while the maximum is equal to the 
intensity of equilibrium radiation at the particular tempera- 
ture of the medium. This maximum value can only be obtained 
in the limit by completely surrounding the illuminated sys- 
tem by a body (light source) at a temperature of /=0. This 
is not an absolute difference between negative and positive 
fluxes, If the temperature of the object under investigation 
is continuously increased at a constant source temperature, 
the absolute magnitude of the negative flux will become 
very large. Stars, for example, are continuously illumi- 
nated by exceedingly strong negative fluxes from outer space. 

The magnitude of negative fluxes of radiation which can 
be obtained experimentally is very dependent on the tem- 
perature of the object under investigation and the working 
spectral region. In the visible and ultraviolet parts of the 
spectrum and at room temperature, the negative fluxes are 
exceedingly low. They may be large in this region only at 
ultra-high temperatures. On the other hand, in the infrared 
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uy is quite high and negative fluxes are easily detected by 
normal radiation detectors. 

A rather special situation arises at radio frequencies. 
There the density of equilibrium radiation, uy, is low, but 
the energy levels are very closely spaced (AwkT<1) and 
therefore the populations of upper and lower levels are 
practically the same. Excitation by positive fluxes of any 
intensity is ineffective and can only lead to a complete 
equalisation of level populations. However, illumination by 
negative fluxes can, in principle, lead to a reduction in the 
population of the upper level. 

It might appear at first sight that the introduction of the 
concept of negative fluxes is due to an arbitrariness in the 
choice of the direction of propagation. This isnot so. Nega- 
tive fluxes will always arise when the density of radiation 
incident on a body is lower than the density of equilibrium 
radiation up). We shall see later that most of the formulae 
of theoretical spectroscopy are valid for both negative and 
positive fluxes. The concept of negative fluxes extends the 
limits of their applicability and enables us to describe a 
large number of new experimental facts. 

The direction of the flux is also an important question. 
The mathematical solution of the problem may be obtained 
for any set of coordinate axes, but not all such sets corre- 
spond to the physical processes which occur in the object 
under consideration. In the above case of asystem of parti- 
cles and an external source of radiation, we are concerned 
with the optical properties of the system and not of the 
source, which may be chosen in a number of ways. Our 
system is an indicator of the radiation incident upon it, 
and can receive and variously react to both negative and 
positive fluxes. 

It has already been mentioned that any body whose tem- 
perature is lower than the temperature of the system under 
investigation will be a source of negative flux. The proper- 
ties of such sources can readily be investigated with the 
aid of a simple scheme consisting of a source, a detector 
and various focusing attachments. According to (18.19), 
when 7,4 =7,, and -,<A, *So(7T,), the flux of radiation 
recorded by the detector is less than zero, and the detector 
readings are negative. The maximum negative flux which is 
absorhed by the source for «, =0 is equal to aA, XSo(74q ). 

Figure 4.13 shows the detector output as a function ot 
wavelength when it is exposed to a cold source (a piece of 
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Fig. 4.13 Negative 
emussive power of 
aluminium (see text) 


aluminium at /=—140°C). The detector was at room tem- 
perature. The spectrum was obtained with aninfrared spec- 
trometer between the source and the detector. When the 
metal was heated, the detector gave positive readings. Each 
metal has its own specific ‘negative emission spectrum’. 
The absorptive and emissive powers can readily be calcu- 
lated from (18.23) by dividing the detector reading by 
A ,aalSo(T .)—So(T,,)|. The procedure for the elimination of 
AP aa is the same as in the case of positive fluxes. All 
the formulae in the preceding section are valid for cold 
sources of radiation. 

Figure 4.14 shows the detector readings for a non- 
equilibrium source of radiation. At some frequencies the 


Fig. 4.14 Dependence of positive and 
negative detector readings on frequency 
for a non-equilibrium source 


detector recorded positive fluxes, while at others it indi- 
cated negative fluxes. In the former case the density of 
radiation incident on the detector was greater than the 
density of equilibrium radiation uo(7T, ), while in the second 
case it was smaller. The non-equilibrium source consisted 
of a combination of two bodies at different temperatures 
(electrical furnace and a container with cooled toluene). 
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Absorption of negative fluxes 


The properties of negative fluxes donot differ fundamentally 
from those of positive fluxes. Negative fluxes can he ab- 
sorbed, reflected or scattered in a medium, they can give 
rise to luminescence, undergo double refraction in aniso- 
tropic media, have definite polarisation and so on. Let us 
consider the absorption of negative fluxes in an experiment 
of the kind illustrated in Fig. 4.10. Allthe necessary formu- 
lae have already been given. In particular, it follows from 
(18.30) that the transmission factor of a layer can equally 
well be determined with positive or negative fluxes. The ac- 
curacy of the measurements will depend on the intensity of 
the beam but not on its sign. 

Figure 4.15 shows the absorption spectra of cyclohexanone. 
Both the specimen and the detector were at room tempera- 
ture. The horizontal line corresponds to the absence of the 
source. The two upper curves with positive values of Y 
correspond to a heated source, the two lower ones toa 
cooled source. The source was a blackened cavity ina 
brass cylinder maintained at 7 - 80°C in the first case, and 
at T= -180°C in the second. Curves aanddshow the detec- 
tor readings in the absence of the cyclohexanone layer, 
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fig. 4.15 Absorption spectra of 
cyclohexanone for heated and 
cooled sources 
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and characterise the emissive power of the source. Curves 
b and c show the detector readings in the presence of the 
cyclohexanone layer. The spectra are symmetrical about 
the zero line, but the symmetry is approximate and occurs 
only so long as there is asymmetry in the emission spectra 
of heated and cooled sources, i.e. curves aand d. The spec- 
trum P,(v) calculated from these experimental data using 
(18.31) were found to be the same for both the heated and 
the cooled source. Bouguer’s law was found to be strictly 
valid for negative fluxes. 

Figure 4.16 shows the absorption spectra of cyclohexanone 
when the temperature of the layer was different from the 
temperature of the medium and of the detector (7,=240°C, 
T,=-140°C). The correct interpretation of these curves can 
be obtained with the aid of (18.32), except that it is neces- 
sary to allow for the thermal emission of the windows of 
the container, which are rarely perfectly transparent. 
Curve bin Fig. 4.16 shows the spectrum of the source with 
the container empty. Curves d, c ande respectively show 
the spectra in the presence of the cyclohexanone layer, the 
thermal emission spectrum of the container filled with 
cyclohexanone and the thermal emission spectrum of the 
empty container. In the latter two cases the source was 
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Fig. 4.16 Detector readings for a 
hot source and a cooled layer of 
cyclohexanone 
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removed. The difference Y,—Ye enables us to eliminate 
the thermal emission of the empty container, and is equal 
tole, —A, S,(Tm)| Ron. The difference Ya—Y, is equal to 
fe, A,.S)(T,,)| Pi Poon and does not contain the thermal emis- 
sion of the layer and the container. These differences are 
represented in Fig. 4.16 by the vertical lines. Their ratio 
is equal to the transmission factor of the layer which is 
under investigation for 7, #T,,: 

Ya ae eg oe 


Sa SPD oF 
Vey, 


Four measurements are necessary (at each frequency) be- 
fore P, can be determined. This is the only way in which 
the effects of the source, the detector, the windows of the 
container and the thermal emission of the layer itself can 
be eliminated. 

In Fig. 4.16 curve b cuts the abscissa axis. At those fre- 
quencies at which the windows absorbed an appreciable pro- 
portion of the external flux, the detector recorded a negative 
flux due to the thermal emission by the windows of the con- 
tainer. At other frequencies the positive flux from the 
source predominated over the negative flux from the con- 
tainer. The readings of the detector were always negative 
when the cyclohexanone was introduced into the container. 

Negative fluxes have recently found interesting applica- 
tions in connection with the negative optical-acoustic effect. 
They have been used in measurements of the emissive power 
of a number of gases at room temperature, and in the devel- 
opment of effective methods for quantitative spectral gas 
analysis. 


19. DEPENDENCE OF THE ABSORPTION COEFFICIENT 
AND RATE OF ABSORPTION ON THE DISTRIBUTION OF 
PARTICLES OVER THE ENERGY LEVELS 


Kquiltbrium distribution 


The absorption coefficient and the rate of absorption of an 
elementary volume integrated over the profile of a line are 
given by (17.31) and (17.20). It follows from these expres- 
sions that the rate of absorption within a line v,; is very 
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dependent on the level populations n; and 2,. The latter in 
their turn depend on the number of molecules per unit vol- 
ume, the temperature of the medium, the nature of the ex- 
ternal perturbation (in particular the intensity of the incident 
radiation) and the probabilities of radiative and non-radiative 
transitions between levels i: and /; and between all other 
levels. 

When the system of particles and the surrounding medium 
are in thermodynamic equilibrium the formulae given by 
(17.20) and (17.31) assume the simpler forms 


B;.AY.; 
Rae HOE (1 —- ech og BT 19 
j ae os) (19.1) 
Wiese Bolg ny (lel ae) (19.2) 
or 

jh Vij oe . 

bj = HEY OT) gyn [en Eye? — EA) (19.3) 
c/n 

Wj, == Bj.u,j;h vj C(T) 8 jh [eTE /eT — e—t; oy (19.4) 


when C(7) is the normalisation factor (Section 6). These 
formulae are valid if the external flux density u,; used to 
measure k;, or W;, is small enough and cannot modify the 
equilibrium distribution over the energy levels. They are 
also valid for large wu,;, but only for systems for which the 
probabilities of non-radiative transitions are large (which 
ensures the return to equilibrium). These cases are fre- 
quently realised in practice and most experimental data 
refer to the equilibrium values of &,; and W,,. At very high 
temperatures, departures from thermodynamic equilibrium 
are in general difficult to achieve. 

When (19.3) and (19.4) are valid, the absorption coeffi- 
cient depends only on the properties of the molecules under 
investigation, the refractive index n, the temperature and 
the total number of particles per unit volume n. In the pre- 
sent case we are interested only in the temperature depen- 
dence which determines the distribution of the particles over 
the energy levels. 

The maximum values of the absorption coefficient andthe 
rate of absorption for transitions from the lowest level 
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j=1 (E,;=0) to some other level ¢ occur at the absolute 
zero of temperature (T = 0) 


hy (T =) = 2 gn (19.5) 
c/n 


Wi (T = 0) = Bye h vy 212 (19.6) 


These formulae refer to transitions from a sub-level of a 
degenerate level. The statistical weight g; disappears after 
summation over all levels (Section 7). 

At T=0 there is no absorption as a result of transitions 
from excited levels, and k;,(£; #0) and W,,; are both zero. 
This was to be expected since n;=0C for T =0. 

As the temperature increases, the absorption coefficient 
for |—i transitions begins to decrease as a result of the 
reduction in n, (first term in (19.3)) and the appearance of 
and increase in stimulated emission as the population of 
level ¢ increases (second term in (19.3)). The dependence 
R,; on temperature is monotonic. At very hightemperatures 
the level populations become equal, so that the absorption 
coefficient tends to zero. At infinite temperatures, stimu- 
lated emission completely compensates for absorption, and 
the material becomes transparent. 

Absorption of external radiation at frequencies corre- 
sponding to j-—/ transitions from excited levels j has a 
different temperature dependence. When 7=0 the absorp- 
tion coefficient is zero. As the temperature increases, there 
is an increase in the population of the initial level, 7;, and 
a gradual increase in absorption. At high enough tempera- 
tures, the absorption coefficient begins to decrease and tends 
to zero as [~o, This is associated with the more rapid 
increase in stimulated emission at high temperatures. 

The variation of the absorption coefficient with tempera- 
ture is very dependent on the frequency of the absorbed 
radiation. In (19.3) and (19.4) the temperature enters as part 
of the ratio hv/kT. This means that if the frequency is in- 
creased by a factor of 2, the temperature must be increased 
by an equal factor in order to achieve the same effect. In the 
visible region e—*/k? is very small,,even at high tempera- 
tures. It follows that the absorption coefficient for the lower 
level is determined by (19.5), while the absorption coefficient 
for transitions from excited levels is zero. Temperature 
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effects become appreciable at temperatures T~hv/p, i.e. 
T~ 30,000°K when yv~ 20,000 cm —! (4= 5,000 A). In the 
infrared region, an appreciable temperature dependence 
sets inearlier. Thus T~ 450°C when v~ 500 cm™~! (2=20,). 

In the infrared region one frequently observes the over- 
lap of spectral lines due to transitions from different exci- 
ted levels and therefore the temperature dependence of the 
observed band may be different. For the harmonic oscilla- 
tor (see Chapter 6) the absorption coefficient is independent 
of temperature by definition. 

At radio frequencies hv<kT and therefore the tempera- 
ture dependence is very different. In this region the values 
of kT are very large in comparison with the energies of 
the absorbed quanta, even at the temperatures of liquid 
hydrogen. Instead of (19.3) and (19.4) we now have 
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k= LC (T)g,n —4 “.C(T)gjn — (19.7) 
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c/n 
Wj, = Bjtt;j (A y,j)’ C (T) g; n— (19.8) 


When hvw/kT <1, the normalisation factor C(7) is not very 
different from the constant !/2g; and therefore the tempera- 
ture dependence is determined mainly by the factor I/AT, 
which represents the relation between j;-i and i-j tran- 
sitions, i.e. the effect of stimulated emission. The tempera- 
ture at which maximum absorption coefficient is reached is 
approximately hy,,/k, i.e. for h»,;~1 cm the temperature is 
approximately 1.5°K. It follows that at normal temperatures 
the absorption coefficient falls off in accordance with the 
simple hyperbolic law. 

It should be noted that in accordance with (19.7) the ab- 
sorption coefficient decreases with decreasing frequency 
and tends to zero in the limit of very long wavelengths. 

All the above considerations apply alsoto the temperature 
dependence of the rate of absorption. The rate of absorption 
of positive fluxes is positive, while the rate of absorption of 
negative fluxes (uw<0Q) is negative. The absorption coefficient 
is independent ofthe sign of the incident radiation since it is 
calculated per unit density of the external flux. 
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Dependence of the absorption coefficient and rate of 
absorption on density of the incident radiation. Non- 
lanear effects 


A detailed analysis of this problem can more conveniently 
be carried out for specific systems with two,three or more 
energy levels. It is then possible to obtain exact solutions 
and exhibit successively more general features (see Chap- 
ters 6-8). In this section we shall confine our attention to the 
general formulation of the problem and will summarise the 
results which are valid for all systems. 

In thermodynamic equilibrium, the number of particles 
occupying a particular level is independent of time; the num- 
ber of transitions from level; to any other level /</ is 
equal to the number of reverse transitions. In accordance 
with the balance equations (16.1), which are valid within the 
framework of the probabilistic method, we may write 


dr 


Li _ ; ape e ye e 
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In view of the principle of detailed balancing, each of the 
square brackets in this expression must be individually 
equal to zero. The notation in (19.9) is the same as hefore. 
As can be seen, transitions from level ' to level / have 
been written out separately. The last bracket contains tran- 
sitions from level i to all other levels £#; and thereverse 
transitions from all levels k #j to level i. The symbols p,, 
and p,; represent total probabilities of the corresponding 
transitions, including both radiative and non-radiative 
transitions. 

Let us suppose now that the medium is illuminated by 
external radiation of frequency v,; and density u,;. This 
leads to a departure from the thermodynamic equilibrium, 
so that the number of particlesinlevels i, j, andin all other 
levels k will undergo a change. After a certain time has 
elapsed, steady-state conditions will be established and the 
numbers of particles occupying the various levels will be- 
come constant. When this state is reached, we have 
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The term in the first square bracket in (19.10) gives the 
number of transitions from level ¢ to all other levels, while 
that in the second bracket represents the number of reverse 
transitions to level i. Although the numerical values of the 
two terms are equal as before, the number of direct and 
reverse transitions in each individual channel is different. 
Radiative j—i transitions due to absorption of the external 
radiation u,; may be compensated by radiative transitions 
from level : to any other levels &, or by non-radiative 
transitions between levels /, j,orlevels 7, andother levels k. 

The higher the density of the incident radiation u,;, the 
greater the departure from thermodynamic equilibrium. In 
the limit of infinite incident radiation densities, the last 
two terms in (19.10) Bju;jn; and B;u,n; will predominate, so 
that, in the absence of degeneracy, the populations of levels 
i and j will become equal and the state of saturation will be 
reached. A sketch of the functions n, (u,j) and n;(u,;)is Shown 
in Fig. 4.17. 

The degree of departure from thermodynamic equilibrium 
depends not only on 6B ju,jn, and B,n,n;, which give rise to 


Ujj=0 forhv/kT>] Uyjg=O 44; 


Fig. 4.17 Dependence of the popula- 
tions n; and nj (E; > Ej), the rate of 
absorption WPS and the absorption 
coefficient KS on the density of 
radiation. The scale along the ordi- 
nate axis ts different for the different 
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this departure, but also onall other properties of the system 
which tend to restore it to its original state. Thus, if the 
temperature and therefore the density of equilibrium radi- 
ation, u,;°4, are very large, moderate fluxes of radiation will 
not give rise to appreciable changes in the populations: 
B,,u,n, and Bju,jn; will be small incomparison with B,ju,,°9n; 
and Bju,e1n;. At high temperatures, a departure from ther- 
modynamic equilibrium is much more difficult to achieve. 

Similarly, if the probabilities of non-radiative transitions, 
d;j and d;,, are large in comparison with the radiative tran- 
sition probabilities B,ju,; and B;,u;;, a small change in the 
radiation density will not lead to an appreciable effect and 
the population of the levels will remain as before. Transi- 
tions between the levels ¢ and j and other levels k have a 
similar effect. If, for example, the Einstein coefficients B,; 
are small, the level population is determined mainly by the 
transitions jk and is.k, and are very slow functions of 
the intensity of the incident flux of frequency v,;. 

If the dependence of the population on u, is substituted 
into the expression (17.20) for the rate of absorption, we 
obtain 


Wie? = Bj jh vii tu = . Nj a) (19.11) 


t 


On the first approximation, when xn; and n; change only 
slightly, the rate of absorption increases linearly with 4,;. 
This is the approximation of linear optics. Classical theory 
of the interaction of radiation with matter leads to pre- 
cisely the same results (see (2.38)). The quantum theory, 
which takes into account the dependence of w,; and xn, on u,;, 
enables us, in addition, to describe non-linear phenomena. 
For large u,; the dependence of the rate of absorptionon the 
density of radiation is non-linear. As wu, increases, the 
rate of absorption increases more and more slowly and 
tends to a limit as u,;-—co. Its magnitude depends on the 
form of the functions n;(u,;) and 1, (u,;) and can only be calcu- 
lated for a specific system. 

If we take into account the functions n;(u,j;) and n,(u,;) in 
the expression for the absorption caefficient, we find from 
(17.31) that as u,;;—~ oo, the absorption coefficient, i.e. the 
rate of absorption per unit intensity, will tend to zero. In 
accordance with the usual form of Bouguer’s law, this means 
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that the material becomes trancnarent, i.e. the incident radi- 
ation is not attenuated, . 

It must. however, be emphasised at once that in non- 
linear optics Bouguer’s law is valid only in the differential 
form (17.6): 


dS, = --k,S,dl (19.12) 


Integration of this expression does not lead to an exponen- 
tial relation between S and the thickness: 
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The usual form of Bouguer’s law given by (17.7) is valid 
only in linear optics when & = const, i.e. for relatively low 
incident intensities. 

It will be shown in Chapters 7 and 8 that in many cases, 
at least within the framework of the probabilistic method, 
the dependence of the absorption coefficient on the density 
of the incident radiation may be described by a formula of 
the form 


k,, ky 


k(u) = a a> Q) 19.14 
b+ au [ 4+-a’S oe ( 
and therefore 
te cat a ee, (19.15) 
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Equation (19.12) can then be readily integrated to yield 


In =. —~ £ (Sp 5S) = = Rol (19.16) 
So 
where S, is the intensity. for /=:0. When «’ = 0 this result 
becomes identical with (17.7). The dependence of kand W’abs 
on u; for u;>0O is illustrated in Fig. 4.17. The broken 
curves in this figure show the dependence of n,, n,, W3>s and 
k;, on xu; for negative u,;. At relatively low temperatures 
(huf/kT <> 1), the range of negative values of u,; is small, so 
that there is no need to take into account the changes in n;,n,, 
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Wabs and kj. If, however, hy~ kT, most of the changes in 
these quantities occur at negative values of u,;. When u;; 
= 0, the values of n; and 2, approach each other, ls is 
virtually equal to its limiting value and &;; approaches zero. 
The form of the curves cdn then be obtained from the same 
figure by moving the vertical axis tothe position indicated by 
the broken vertical line and measuring u,, from the new 
origin. Similar situations occur at radio-frequencies. 

It is usually assumed that non-linear effects are very small 
and can only be observed at very high incident intensities. 
In reality, this is only true for transitions between the first 
and second electronic states which are observed inthe visi- 
ble and ultraviolet parts of the spectrum. If the system has 
metastable energy levels, non-linear phenomena may play 
an important role even at normal intensities. As can be seen 
from Fig. 4.17, the conditions for the appearance of non- 
linear effects in the visible and radio-frequency regions of 
the spectrum are also quite different. They assume particu- 
lar importance in the theory of masers and lasers. 


Negative absorption coefficients 


Any departure from thermodynamic equilibrium due to an 
external disturbance leads to a change in the absorption 
coefficient. If the excitation takes place at frequency v,,, 
the limiting (minimum) value of &;, is zero. At other fre- 
quencies the situation may be different. In some cases the 
number of particles in the higher level may become larger 
than the number in the lower state, and when the condition 


~. 


Bi; Lj 


Be, Me 


(19.17) 


is satisfied, the absorption coefficient will become negative 
in accordance with (17.31). This situation may also arise 
in other cases of a considerable departure from thermo- 
dynamic equilibrium, for example, in chemical reactions, 
in a gas discharge, under the action of strong electric and 
magnetic fields and so on. 

When the absorption coefficient at the frequency \v,; is 
negative, (17.20) shows that the rate of absorption by an 
elementary volume of the medium will also be negative when 
it is illuminated by a positive flux. This means that there is 
a liberation rather than an absorption of energy in the 
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volume element. The energy emitted as aresult of i>j tran- 
sitions exceeds the energy absorbed from the incident flux 
as aresult of /-: transitions. 

This phenomenon was first predicted by Fabrikant ina 
series of papers published between 1930 and 1940 and was 
again emphasised in a patent application by Fabrikant, 
Vudynskii and Butaeva in 1959 [38]. The practical realisa- 
tion at microwave frequencies is due to Basov and Prokhorov 
(39]. Recently this phenomenon has been systematically 
investigated and used as a basis for masers and lasers. 

When a beam of radiation is allowed to pass through a 
medium having a negative absorption coefficient, the inten- 
sity of the beam should increase continuously in accordance 
with Bouguer’s law, i.e. there is an amplification of the in- 
tensity of the beam. However, Bouguer’s law (17.7) is now 
valid only provided the absorption coefficient is independent 
of the intensity. For very large path lengths in the medium, 
the intensity of the beam should, according to (17.7) become 
infinitely large, which is, of course, impossible. The amplti- 
fication process within the system is accompanied by the 
appearance of factors which eventually limit the amplifica- 
tion. AS we have seen, the process is accompanied by the 
liberation of energy within the system and transitions from 
upper level : to lower level j. At low intensities of radia- 
tion of frequency v;; this process may be compensated by 
external sources which give rise to a departure from equi- 
librium and the appearance of a negative absorption coeffi- 
cient. However, at high intensities, the number of /—j; 
transitions is very large and the values of ; and ; tend 
to become equal, while the absorption coefficient rapidly 
decreases in accordance with (19.14). 

It is important to note that the condition given by (19.17) is 
not always sufficient for amplification to set infor a pair of 
levels i and j. If there are other pairs of levels in the sys- 
tem with energy differences equal to /tv;;, the amplification 
process may be reduced or even eliminated altogether as 
a result of transitions between these levels and the absorp- 
tion of radiation. 


Methods of producing negative absorption coefficients 


There are many ways of producing negative absorption coef- 
ficients. All the methods which have been put forward so 
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far depend on a strong departure from thermodynamic equi- 
librium. Historically,the first method which was realised at 
microwave frequencies [40] was based on the separation of 
excited and unexcited particles inahighly non-uniform elec- 
tric field. The working subStance was ammonia (4=1.27 cm). 
When the electric field was switched on, there was an in- 
crease in the energy of the upper level and a reduction in the 
energy of the lower level. The molecules occupying the up- 
per and lower states were thus subjected to opposite forces; 
those with the lower energy were drawn into the region of 
maximum field, while those with higher energy were drawn 
into the region of minimum field. The non-uniform field 
was produced by a cylindrical electrostatic quadrupole. The 
region near the axis of the quadrupole was occupied only by 
the excited molecules and this ensured a high negative ab- 
sorption coefficient. 

In the experiments of Butaeva and Fabrikant [41] the 
negative absorption coefficient was obtained in a glow dis- 
charge in mercury vapour. Figure 4.18 shows the energy 
level diagram of the mercury atom. The spectral lines 
5,460, 4,358 and 4,046 A produced as a resultof 6°Po, 1, 273S, 
transitions were investigated. The number of atoms in the 
lowest level of the triplet was reduced by the addition of 
hydrogen and helium gas which gave rise to non-radiative 
transitions from the 6°Ppo,1,2 level. 

A similar idea was used by Abrekov, Pesinand Fabelinskii 
[42]. The gas discharge was produced in a mixture of mer- 
cury vapour and a small amount of zinc vapour. Amplifica- 
tion was achieved as a result of 4'D.—4'P, transitions inthe 


fig. 4.18 Energy 
level diagram for 
the mercury atom 
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zinc atoms (46,362 A). The zinc upper level is very close 
to one of the mercury levels. Collisions between mercury 
and zinc atoms lead to a transfer of energy from the excited 
mercury atoms to zinc atoms (collisions of the second kind) 
and this leads to an accumulation of particles in the 4'D» 
level. 

Many other methods of producing negative absorption coef- 
ficients in gas discharges and in semiconductors have been 
suggested in the literature. One method is to introduce a 
sudden change in the direction of an external magnetic field 
in a paramagnetic crystal. This is accompanied by the ex- 
citation of the crystal ions, and before equilibrium is re- 
established, the stimulated emission may be greater than 
absorption. 

We shall only consider the optical methods of producing 
negative values of k. Inasystem of particles with two energy 
levels, intensive excitation can only lead to a reduction of 
the absorption coefficient to zero (see Chapter 7). In the case 
of the harmonic oscillator (see Chapter 6), the absorption 
coefficient is independent of the method and rate of excita- 
tion. The simplest system whichcan have anegative absorp- 
tion coefficient is asystem with three energy levels. In some 
cases it is convenient to use transitions involving four energy 
levels. A detailed analysis of the necessary conditions will 
be given in Chapter 8. 

Let us consider the possible transitions in a system of 
particles with three energy levels. When the system is il- 
luminated by a high-intensity beam of frequency vs. ab- 
sorption of this radiation leads to an accumulation of the 
particles in level 3. Calculations show, however, that 73 is 
always less than n,. A negative absorption coefficient can 
arise only at other frequencies, namely, vo, or v3. Sup- 
pose, for example, that for one reason or another, the pro- 
bability of the non-radiative transition 3~2 is high, while 
the probability of the 2-.1 transition is low. Under these 
conditions, there will be a large number of particles oc- 
cupying level 2 (when A>, + do, 20 and d3= 0 up to mo = n) 
which will exceed n; As a result, the absorption coefficient 
will become negative. 

This method has beenused inthe optical region by Maiman 
[43], who employed a ruby crystal, i.e. AlzOz; with a Cr.0; 
impurity. The active substance was the Crt++ ion. The 
energy level diagram for this ion is shown in Fig. 4.19. If 
the ruby crystal is illuminated with high-intensity green 
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Fig. 4.19 Energy 

level diagram for 

the chromium ion in 
ruby 


light (7=5,500 - 5,600 A). some of the atoms will undergo 
transitions to the ‘F, state. After transferring their surplus 
energies to the crystal lattice, they are found in the °F level. 
The probability of luminescence as a result of the ‘Ff, +1'A, 
transitions is much lower. As the intensity of the exciting 
light increases, the stimulated emission in the &, line be- 
gins to exceed absorption. 

A negative absorption coefficient in a system of particles 
with three energy levels can also be obtained for the fre- 
quency v3. In this case, there should be a very high proba- 
bility of the 9-—-| transition (largely non-radiative) with the 
result that the number of particles inlevel 2 will not be very 
different from the equilibrium number. To reduce fp still 
further, it is necessary to reduce the temperature. When the 
excitation is carried out at frequency v.,, the number of 
particles in level 3 will exceed the number of particles in 
level 2. 

This method has been used with a CaF, crystal and a 
trivalent uranium impurity. Figure 4.20 shows the corre- 
sponding energy level diagram. A fourth level was used to 
enhance the effect. The flux of radiation of frequency vi: in 
the visible region was absorbed by the uranium ions. After 
non-radiative transitions these atoms are found to occupy 
level 3. Up to this stage the number of particles n3 is small 
and the emission spectrum contains:infrared luminescence 
lines. Further increase in nz duetoanincrease in the inten- 
sity of the exciting radiation leads to an excess in the num- 
ber of particles in the third level as compared to the number 
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Fig. 4.20 Energy level dia- 
gram for trivalent uranium in 
calcium fluoride 


in the second level. The absorption coefficient k.;will there- 
fore become negative. A similar effect may be obtained with 
radiation of frequency y¥3,, although the rate of absorption 
of this radiation is small. 

The three-level scheme has also been used to obtain 
negative absorption coefficients inthe microwave range [49]. 


20. AMPLIFICATION AND GENERATION OF RADIATION 


Departure from Bouguer’s law in media with negative 
absorption coefficients 


The rate of absorption in media with negative absorption 
coefficients is also negative. This is a direct consequence 
of (17.33) which shows that 


abs Cc 
Wii =e = RS; 


The negative sign of the rate of absorption (for u,;>0) 
means that the radiation is amplified and not absorhed in the 
elementary volume, i.e. there is a liberation of radiant 
energy of frequency »v,;. This is, of course, consistent with 
the law of conservation of energy since the production of a 
medium with a negative absorption coefficient requires the 
expenditure of energy in some other channels. 
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According to Bouguer’s law (17.7), an absorption coef- 
ficient k,, <0 will ensure that the intensity of a beam of 
radiation of frequency v,; will become amplified on passing 
through the medium. The formula (17.7) was obtained within 
the framework of linear optics, i.e. on the assumption that 
the absorption coefficient was independent of S,;. On this 
approximation the variation in S with increasing / is ex- 
ponential. This approximation cannot be used for media with 
negative absorption coefficients since as S increases, the 
value of |k]| should decrease. 

In non-linear optics the dependence of the intensity on / 
is given by (19.16). When a+0, but S is small, we have 


enn a ee —“2__ 
aes So (20.1) 


Since &y<0, a>0, it follows that S will increase with in- 
creasing /. For large / we can neglect the first term on 
the left-hand side of (19.16), and this yields 


S=S,— iRy ¢ (20.2) 


As l! increases further, the quantity — becomes greater 
than So and therefore the intensity of the beam at a depth / 
becomes independent of the intensity of the primary beam. 
The intensity within the medium is then wholly determined 
by its internal properties. A medium with a negative ab- 
sorption coefficient and large enough linear dimensions will 
act as a source (generator) of radiation and not merely an 
amplifier of the incident radiation. 
Substituting (20.2) into (19.14) we have 
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For very large ! we have k=1/l, and the optical thickness 
kl remains constant. The rate of negative absorption, taken 
with the minus sign, is in view of (17.33) given hy 
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For small / the rate of emission depends on the intensity 
of the primary beam S, and the depth /. For large / this 
is no longer so; each volume element emits the same amount 
of energy &)/a. The greater the primary intensity So, the 
more quickly is this limiting value reached. The greater 
the magnitude of /, the smaller the dependence of We™ on So. 

The limiting value of the rate of emission depends not on 
k but on the ratio &o/a. A higher rate of emission can be 
achieved with a slightly non-linear absorption coefficient. 


Properties of a plane-parallel layer on the linear 
approximation 


The absorption of radiation in a plane-parallel layer was 
discussed in detail in Section 17. All the calculations were 
carried out on the linear-optics approximation. The results 
are also valid for layers with negative absorption coeffi- 
cients. More accurate results can be obtained by taking into 
account the dependence of the absorption coefficient on the 
density of the radiation inside the layer (see next section). 

Figures 4.21 and 4.22 show the transmission and reflec- 
tion factors of a plane-parallel layer of this kind as a func- 
tion of &/ and r. The curves were computed from (17.54) and 
(17.55) which were obtained on the geometrical-optics 
approximation. In contrast to the usual case (k > 0; see 
Figs. 4.5-4.7), in the case of negative k& it is possible to 
have P>1andR>1, i.e. the incident radiation is ampli- 
fied. The sum P +R is always greater than unity, and when 


I 
r 


eal = 


(20.5) 


both P and R increase without limit. 

This means that the radiation is produced within the 
plane-parallel layer, however small is the primary in- 
tensity Sy. The layer therefore becomes a generator of 
radiation. Infinite values of P and R cannot be achieved 
in practice, that is, there must be some non-linear effects. 
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Fig. 4.21 Reflection and transmission of a plane-parallel layer with 

a neyaltive absorption coefficient as a function of|k|on the geomet- 

rical optics approximation (numbers on the curves indicate the re- 
flection ese Fictent for the layer-medium boundary) 


The generation condition given by (20.5) has a simple 
energy interpretation As it passes from one surface to the 
other. the radiation is amplified by a factor of e—* . Some 
of this radiation leaves the layer and the remainder is re- 
flected to the second surface. If the fraction of reflected 
radiation, e-*', is greater than unity, then as a result of 
multiple reflections there will be a continuous accumulation 
of energy within the layer. For small reflection coefficients, 
generation of radiation can occur only for large values of 
|k| (for example, |k/| = 1.61 when r=0.2). For large r, the 
generation condition is satisfied much more readily ( |A/| 
=0.11 for r= 0.9). 

Figures 4.21 and 4.22 show that the region of amplifica- 
tion (R> 1 or P>1) for r close to unity is very limited, 
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Fig. 4.22 Reflection and transmission of a plane-parallel layer 
with a negative absorption coefficient as functions of r (numbers 
against curves represent the values of n= e"*! 


since the functions R(— Akl) and P(—ktf) vary very rapidly, 
and very small changes in & may lead to transition from 
amplification to generation. 

Equations (17.70)-(17.73) may also be used to estimate 
the time dependence of the radiation produced by a plane-. 
parallel layer with negative k. They determine the form of 
R(t) and P(t) at the beginning of the illumination process and 
after the external radiation has been removed. Equation 
(17.72) gives the mean time necessary to reach the steady- 
state and afterglow. It shows, in particular, that « rapidly 
decreases as re-*! approaches unity, i.e. as J[A/| increases. 
Layers with negative absorption coefficients may exhibit 
very considerable inertia and retain the radiation within them 
for considerable lengths of time. Whenthe condition given by 
(20.5) is satisfied, equation (17.72) loses its significance. A 
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more rigorous calculation based on the non-linear approxi- 
mation is then necessary. 

The usual geometrical-optics approximation cannot be 
used for a strictly plane-parallel layer. The transmission 
and reflection factors of’such a layer, obtained by solving 
Maxwell’s equations, lead to equations (17.61) and (17.62), 
from which it follows that the optical properties of the layer 
depend on the ratio of the optical thickness to the wavelength. 
The values of R and P remain finite even when re-*! = 1, 
provided the second generation condition 


ALSO aS (20.6) 


is not satisfied at the same time. 

The values of P and? are very sensitive to any depar- 
ture from (20.6). If, for example, the sinusoidal function in 
the denominators of (17.61) and (17.62) is equal to unity 
rather than zero, the transmission and reflection factors 
will be very small, and can be greater than unity only for 
very small r and (at the same time), very large |fi| . 

Figures 4.23 and 4.24 show & and P as functions of [Al| 
and r. They were computed from (17.61) and (17.62) subject 
to the condition given by (20.6). It follows from these graphs 
that R and P will only tend to infinity when re-*!-- 1, and 
will not do so when re-">1. R and P are particularly 
rapidly varying functions of / near the generation point. 

It follows from (17.67), which determines the width of the 
transmission band for the plane-parallel layer, that Av—0 
when re—*‘--1, Under generation conditions the layer can 
emit only narrow monochromatic lines [46]. 


Properties of a plane-parallel layer on the non-linear 
approximation 


The theory of a plane-parallel layer withanegative absorp- 
tion coefficient given in the preceding section shows that the 
linear optics approximation is unsatisfactory. Although it 
does yield the conditions which arenecessary for the intrin- 
sic emission by the layer to occur,, it leads to physically 
incorrect values for R, P, t, and Av. This is connected with 
the initial assumption that the absorption coefficient is inde- 
pendent of the density of radiation inside the layer. 
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Fig. 4.23 Dependence of R and P on 7 on the wave optics approzt- 
matron 


It has already been pointed out in connection with Boug- 
uer’s law that more accurate calculations may be carried 
out on the basis of (19.14). This shows that as the density of 
radiation inside the layer increases, there is a continuous 
decrease in the absorption coefficient, so that even in the 
limit of uw —° , which is never achieved in practice, the in- 
trinsic emission by the layer remains finite. In fact, if 
u—- oo, then k- 0, and according to (17.33), the negative rate 
of absorption tends to the finite value 


C 
uk = — — 
n nN 


Wem — —__ [Yabs — — 


Fy Rk (20.7) 
a 
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Fig. 4.24 Dependence of R and P onr on the wave optics approzi- 
mation 


This gives the rate of absorption per unit volume. The total 
intrinsic emission by the layer through both sides is equal 
to Wem, 

The maximum value W°®™ may be found by returning tothe 
formulae of geometrical optics, (17.54) and (17.55), which 
describe the reflection and transmission by a plane-parallel 
layer. It was assumed in the preceding section that these 
formulae were valid only within the framework ofthe linear 
approximation, since for given values of the absorption 
coefficient and with (20.5) satisfied these formulae lead to 
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infinite R and P. In .reality (17.61) and (17.62) are valid 
on the non-linear approximation provided the absorption co- 
efficient depends not only on the properties of the medium 
but also on the density u of radiation inside the layer. A 
change in this coefficient as u increases automatically leads 
to finite P and R. Hence it follows that 


re-Fl < |, |RL < —in— (20.8) 
r 


If S, +0 then the equality sign cannot apply. When S, = 0 the 
outgoing fluxes Sjen= S,R.S, =S,P can be finite if 
| l 


— k = — |ln — = k!0ss (20.9) 
l r 


The existence of outgoing fluxes in the absence of external 
radiation shows that radiation is being generated by the layer. 
The amount of radiation escaping per unit length from the 
layer is determined by the quantity (1//) In(I/r). The rate of 
emission by the layer satisfies the inequality 


R eats In I 
0 20 0 
em — __ |j/abs ey c l r ( l ) 


The equality sign yields the rate of generation. The genera- 
tion condition is 


1, 1 
Rol mane ae = |ko| — RSS > 0 (20.11) 


If this condition is not satisfied, radiation is not generated 
and emission by the layer leads to the amplification of the 
incident radiation. 

The true values of the negative absorption coefficient with- 
in the layer can be calculated through the simultaneous solu- 
tion of 

== ae. (20.12) 
ak 


and 


— —Rx ee kl p—kx 
ew it enna =r cae (20.13) 
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The first of these equations follows from (19.14) and 
determines the non-linearity of the absorption coefficient; 
the second was obtained by summing over (17.57) and (17.58) 
and represents the density of radiation within the layer 
when a flux S, =u,c/n is incident on one of its faces. 

Analysis of (20.12) and (20.13) shows that the absolute. 
magnitude of the absorption coefficient increases with de- 
creasing non-linearity parameter, the density of the inter- 
nal radiation uo,the thickness of the layer and the reflection 
coefficient r+, and with increasing absolute magnitude of £p. 


Quantum generators (masers ) 


Media with negative absorption coefficients have been used 
to develop new sources of radiation. These are all based on 
the assumption that the stimulated emission at frequency V,; 
will be greater than absorption. Since the directionof propa- 
gation of the emitted and incident radiation isthe same, and 
stimulated emission results in coherent radiation, such 
sources can be made to produce beams of exceedingly small 
divergence and wavelength spread. The width of aline which 
may be produced in this way may be much smaller than the 
natural line width. 

The first quantum generators (masers) were successfully 
developed for the microwave range. The first generator for 
the visible part of the spectrum (the laser) was developed in 
1960. It was based on a synthetic ruby crystal with 0.05- 
0.5% of chromium oxide. The crystal was in the form of a 
rod with a diameter of half an inch. The two plane-parallel 
ends of the rod were coated with silver in order to produce 
a high reflection coefficient. A negative absorption coef- 
ficient was achieved with the aid of a pulsed neon-krypton 
lamp. which produced high-intensity pulses (1= 5,600 A). 
As a result of multiple reflections between the two parallel 
faces of the crystal, a pulse of red coherent radiation wis 
obtained (A, in Fig. 4.19). The angular divergence of the 
beam was 0.01°, the wavelength spread was 1a the peak 
power output of the order of 1 kW, and the efficiency was in 
the region of one per cent. At about the same time, a coher~ 
ent generator of infrared radiation using a Caf» crystal with 
a uranium impurity was also developed. Quantum-mechanical 
generators will undoubtedly find extensive applications in 
science and technology [47]. 
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21. RATE OF LUMINESCENCE 


Rate ef emission 


Suppose that in an elementary volume dV there are a, (Q,) 
x dQ, dV particles occupying a level i and having a special 
axis lying within the solid angle dQ,. The number of radia- 
tive transitions in a time dt from level i‘ to a lower level 
j with the emission of quanta with polarisation a into the 
solid angle dQ, is, according to (7.6), given by 


dN jg (Q4, Qe) = AF (Q,, Qo); (Q))d Q,dQ,.dVdt (21.1) 


where aj;(Q,, 2.) is the differential Einstein coefficient. We 
have taken only the spontaneous transitions into account be- 
cause stimulated emission is inseparable from the process 
of absorption and merely compensates the proportion of 
energy which is absorbed as a result of j—i transitions 
(see Chapter 4). The probability a;(Q,, 2.) is proportional 
to the square of the modulus of the matrix element of the 
operator representing the interaction between radiation and 
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matter. In the dipole approximation it is given by (8.70). 
The rate of spontaneous emission, i.e. the energy emitted 
by all the particles as a result of :>j transitions per unit 
time per unit volume is given by 
r 


Wir (2,)d Q, = hy, dQ, | a7 (Qs, Q,) 2; (2))dQ2, (21.2) 


*; 


It depends on the nature of the emitting particles, the fre- 
quency, the orientation of the particles and the population of 
the energy levels. In the case of an anisotropic orientation 
of the particles, the emitted radiation is alsoisotropic. 

If all the particles are distributed randomly, then as was 
shown in Section 7, the result of integration with respect to 
Q, is independent of £22 anda, Theemission is equally likely 
in all directions and is completely depolarised. The total 
rate of emission (after integration with respectto 22)is then 
given by 


Wi = A,jnjh Vij (21.3) 


where A, is the integral Einstein coefficient which is 
related to 8, by the usual formula 


8a hvi, 
A; = Bu Chas (21.4) 


The expression given hy (21.3) is valid for a discrete 
spectrum and the value of A,; corresponds to the integral 
over the profile of the emitted line. If the energy levels 
form a continuum, then (21.3) may be replaced by 


Wen (vy) = nhv | A(E*, v)p(E*) dE* (21.5) 


where no(E*)dE*, is the number of molecules in the energy 
interval between E* and E* + dE*, p(E*) is the distribution 
function over the excited states and A(E*, v) is the proba- 
bility of spontaneous transition from level E* to level E(h» 
= E*—E) per unit frequency interval. The dimensions of 
A,j in (21.3) and A(E*,y) in (21.5) are, of course, different. 
The limits of integration in (21.5) are different for differ- 
ent specific cases. If the energy spectrum is completely 
continuous, the integration with respect to E* is carried 
out between Av=E and infinity. For transitions between 
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different vibrational .sub-levels of two electronic levels, 
the integration must be‘carried out between E*= 0 and 
infinity for h»y<hA»ve,,. and between E* =hvy —hy,, and in- 
finity for hy <hy,, . 


Rate of emission in thermal equilibrium. Kiurchhoff’s 
law for an elementary volume 


The rate of thermal emission is given by (21.3) when the 
level population is replaced by the Boltzmann distribution: 


yy th. ii 
W .. tia A, it, ° Av; = a = UO) eam, (21.6) 


bf 


where 7 is the total number of particles per unit volume. 
An analogous formula may be obtained for anisotropic emis- 
sion in the presence of particle alignment. 

In thermodynamic equilibrium, the rate of spontaneous 
emission is equal to the rate of absorption of Planck radia- 
tion. By equating (21.6) and (19.2) it is easy to obtain the 
following equilibrium condition 


eq 0 eq reer 
A,jnje = Byuyj nf? (l—e " ) (21.7) 


By rearranging this it may be shown that the relations 
connecting the Einstein coefficients and the density of equili- 
brium radiation are 


A.; t 
Bu Ae 21.8 
ka Pm aed gj — 
Bij Aij 
g, I--e 4 


We have already noted that the absorptive power is com- 
monly defined as the ratio of the rate of absorption to the 
density of the incident radiation, i.e. the rate of absorption 
per unit density. Consequently, if we divide the rate of 
thermal emission by the absorptive power of matter in 
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equilibrium with radiation we obtain 


th.em 3 
Wi; oe § thi; ] 


0 
Oa iy 21.1 
ke 3 jbl h ; j ( 0) 


This expresses one of the most general laws of physics, 
namely, Kirchhoff’s law. The ratio of the rate of spontaneous 
emission of any medium in thermal equilibrium with radia- 
tion to its absorptive power is equal to the density of the 
equilibrium radiation. This law is different from that consi- 
dered in Section 18 inthatitis concerned with an elementary 
volume rather than with emission by bodies of finite dimen- 
Sions. In the form given by (21.10), Kirchhoff’s law is ob- 
tained only when stimulated emission is taken into account 
in the derivation of the expression for the absorptive power. 
In the absence of stimulated emission the ratio of the rate 
of emission to the absorptive power would not be given by 
Planck’s formula but by Wien’s formula 

vy = shall ma ad (21.11) 

kj; 4 


When hy; >> kT, stimulated emission is relatively unim- 
portant, and therefore Wien’s formula presents a good 
approximation to Planck’s function. Conversely, at low 
frequencies and high temperatures (hv,; << kT) the role of 
stimulated emission becomes appreciable, so that Planck’s 
formula must be employed. At very high temperatures, stimu- 
lated emission resulting from i-j transitions completely 
balances the absorption of radiation due to j >: transitions, 
the absorptive power tends to zero, and therefore,in accor- 
dance with Planck’s formula, the right-hand side of the 
expression given by (21.10) tends to infinity. Note that the 
absorptive power of a harmonic oscillator is independent of 
temperature. The value of W‘-°™/e increases with increas- 
ing 7 only as a result of an increase in the rate of thermal 
emissions (see Chapter 6), 


Rate of luminescence ; 


The thermodynamic equilibrium prevailing in a system may 
be disturbed by an external agent, for example a beam of 
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radiation from an external source. As a result, the system 
undergoes a transitign to‘ an excited state, and processes 
develop within it which tend to returnitto its original state. 
Luminescence is one such process. 

If the external disturbance affecting thermodynamic equi- 
librium persists for a sufficient length of time, a steady 
state is eventually reached. When the excitation is switched 
off, there is a gradual return to equilibrium. 

Let us consider radiative transitions between two energy 
levels of a system of particles taken out of thermal equi- 
librium. If the excitation is radiative, the process occurring 
in the system is simple absorption of the incident radiation. 
At the same time there is absorption of thermal radiation 
reaching the system from the surrounding medium. The rate 
of absorption of thermal radiation is given by 


ve = (B;; 1; {Nj — Bij uz;n;)N yh ees Byam i; (21.12) 


t 


which is a consequence of (17.20). 
It was seen above that, in thermodynamic equilibrium, the 
absorption of thermal radiation within the system is compen- 
sated by spontaneous emission (21.6), and therefore the latter 
must be completely identified with thermal emission. Any 
departure from equilibrium leads to a change in the rate of 
spontaneous emission and the rate of absorption of equili- 
brium radiation. Only a part of the spontaneous emission can 
then be identified with thermal emission, the remainder being 
non-equilibrium emission, i.e. luminescence. 

In order to determine the rate of thermal emission, it is 
sufficient to recall that it must compensate the absorption of 
equilibrium radiation incident on the system from the ambient 
medium. It is only in the case of such compensation that the 
density of equilibrium radiation inthe surrounding space will 
remain unaltered and departures from equilibrium within the 
system will produce no changes in the state of the medium. 
The rate of luminescence should therefore be defined as the 
difference between the total rate of spontaneous emission 
and the rate of absorption of thermal radiation given by 
(21.12), i.e. 

ve = | Au = B;, ur; G — Bi n; )| hy; (21.13) 
gi 
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It would be incorrect to define the rate of luminescence 
as the difference between the rate of spontaneous emission 
by a system and its thermal emission prior to the departure 
from thermodynamic equilibrium. This takes no account of 
the change in the absorption of equilibrium radiation and may 
lead to important errors, especially when the departure from 
equilibrium is considerable [48]. 

From (17.31) and (21.13) it follows that 


Wie" = Ansa, — kjedjeln (21.14) 


In many cases it is more convenient to use 


um A,; ‘day , --Av. fk 
Wii vee _ Ah (1, = Si nie “ (21.15) 


a py” 
eee aaa de gy; 


If the system is in a state of thermodynamic equilibrium, 
l.e. if 


nj Bj 


—hy, i /RT 


the rate of luminescence is zero. The intensity of lumine- 
scence is specified by the degree of departure from the 
equilibrium distribution over the energy levels, i.e. the 
quantities 


An, =n,—nj4 (21.16) 


and 


q 


Anj=nj—n; (21.17) 


Substituting (21.16) and (21.17) into (21.15), we have 


Wii” = (a Nn; sen nem | or (21.18) 

Bj emer at as 
This shows that the appearance of luminescence maybe as- 
sociated with a change in the population of both the upper 
level ; and the lower level j. All the formulae in this sec- 
tion were obtained for luminescence emitted by randomly 
oriented molecules. Under these conditions the luminescence 
is isotropic and unpolarised. 
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Positive and negative luminescence 
If, in the presence of adeparture from thermodynamic equi- 
librium we have 


te —— (21.19) 
é J 


then according to (21.15), the rate of luminescence is posi- 
tive. Spontaneous emission then exceeds absorption of Planck 
radiation, and the system becomes a source of positive flux 
of frequency v,;;. Positive luminescence has been extensive- 
ly investigated and can readily be produced in practice. If, 
however, there is an opposite departure from equilibrium 
Se Shel (21.20) 
gi gj 
then the rate of luminescence is negative, and therefore the 
total emission by the system is less than its thermal emis- 
sion, and the system becomes a source of negative flux [49]. 

The intensity of luminescence is, according to (21.18), 
determined by the degree of departure from the equilibrium 
distribution, i.e. the quantities An; and An,;. It follows from 
(21.18) that the appearance of positive luminescence may be 
associated not only with an increase in the population of the 
upper level but also with a reduction inthe population of the 
lower level. On the other hand, the appearance of negative 
luminescence is associated with a reduction in the popula- 
tion of the upper level or anincrease in the population of the 
lower level. 

Changes in the population of levels ¢ and j (in compari- 
son with their values in equilibrium) have different effects 
on the rate of luminescence. Suppose, for example, that 
during the excitation process the population of the upper 
level ¢ changes by An, =a, while the population of the lower 
level remains unaltered (An; = 0). The rate of the resulting 
positive luminescence of frequency »,; is then equal to 


A, ;h iu 


] — enh vj fRT 


(21.21) 


If there is a reverse change in the population (An; =4, 
An, = 0), negative luminescence is produced at a rate which 
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is lower than (21.21) by a factor of 
&i ra Vegi RT 
gj 


It is precisely for this reason that negative luminescence is 
as a rule more difficult to observe in practice. 

This result is valid when the departure from equilibrium 
is associated with an excess of particles inone of the levels 
(An, =a, or An; =a are positive). If, onthe other hand, there 
is a negative excitation (An; = —a or An; = —a), then the 
inverse relationship prevails between the rates of emission 
of positive and negative luminescence. Strictly speaking, the 
probability of appearance of positive and negative lumine- 
scence is the same. The difference is only that at normal 
temperatures, and in the visible part of the spectrum, it is 
easier to obtain positive values of An, or An; by taking a 
proportion of the particles from the lowest tothe most popu- 
lated level. At high temperatures, or low frequencies (hy 
< kT), it is quite possible to achieve the inverse situation 
with a high intensity of negative luminescence. It should also 
be noted that when fhv,;< kT the intensities of positive and 
negative luminescence are of the same order of magnitude. 

The concept of negative luminescence can most simply 
be explained by analysing (21.14) and (21.15), which are 
valid for an elementary volume, together with (18.20), which 
gives the flux of radiation recorded by a detector. This flux 
is equal to 


Y 


=afle, —A, S,(Tmr)) +4180 (Tm) — So(7Tq)] (21.22) 
A,a 


where So is the flux of equilibrium radiation which is pro- 
portional to its density u,¢e, is the emissive power of the 
source of radiation, A is its absorptive power and aisa 
constant of proportionality which is determined by the geo- 
metry of the apparatus. In contrast to (21.14), the expres- 
sion given by (21.22) does not refer to any particular point 
inside the luminescing object, but to the flux of radiation 
produced and absorbed within a given solid angle through- 
out the body. The first term in (21.22) is equivalent to 
(21.14) and represents the difference between the total 
emission by the body and its thermal emission, i.e. the 
luminescence of the object under investigation. The second 
term characterises the detector readings in the absence of 
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the luminescing body-which are due tothe flux of equilibrium 
radiation from the surrouhding medium. This flux is inde- 
pendent of the properties of the source of luminescence. 

Let us suppose that the detector usedto analyse the spec- 
tral composition of the luminescence is at a temperature 
of absolute zero. If the system under investigation is ina 
state of thermodynamic equilibrium with the medium, then 
€,=A, So(T,,), the first term in (21.22) is zero, and the 
detector reading Y corresponds to the usual equilibrium 
radiation given by Planck’s function with 7=7,. 

When the excitation is switched on, the thermal equili- 
brium will be disturbed, luminescence will appear, and the 
system of particles will become a source of radiation. The 
detector will then register the total rate of emission inclu- 
ding the thermal background. At some frequencies, the total 
rate of emission may be greater than the thermal background, 
in other cases it may be smaller. Thisis illustrated in Fig. 
o.la for a medium with a discrete spectrum (the spectral 
lines were assumed to have a finite width). Positive lumine- 
scence is observed atv), v3 and v4, while negative lumine- 
scence is observed at v2 and vs. 

It is evident from Fig. 5.la that negative luminescence 
will be appreciable only when the equilibrium emission 
corresponding to ve and vsis high enough. The maximum 
rate of emission of negative luminescence cannot exceed 
the rate of thermal emission. It is precisely for this rea- 
son that it is practically impossible to observe negative 
luminescence in the visible part of the spectrum at room 


Wi um 
a—T,=0;b6-T=T, 


Fig. 5.1 Positive and 
negative luminescence 
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temperature. We have already noted that it canonly become 
appreciable at high temperatures or low frequencies. At the 
same time, the rate of positive luminescence may be very 
appreciable for large hv/kT. Figure 5.1b shows a plot of 
the rate of luminescence recorded by a detector at the 
same temperature as the medium. Prior to excitation the 
detector readings are zero. As soon as luminescence ap- 
pears the detector records positive signals for v, v3 and vs 
and negative signals for ve and vs. The detector reading is 
proportional to the rate of luminescence as given by (21.22) 
with So(7,, ) = So(T q ) ; 

We have already noted that luminescence is one of the 
non-equilibrium processes tending to restore the system 
to thermodynamic equilibrium. Depending on the nature of 
the departure from equilibrium, the luminescence process 
may be accompanied either by a reduction or an increase 
in the energy of the system. In the former case, lumine- 
scence is positive, in the latter negative. Whenn,; >7n, °, 
the luminescence will result in a reduction of the excess 
number of particles in level ¢ and vice versa. The lumine- 
scence process will terminate only after the equilibrium 
distribution over the energy levels is restored. 

Figure 5.2 shows the directions of luminescence for all 
the possible radiative transitions in a system of particles 
with four energy levels when 1,~17,°9, ng <n, ng > n,°4 
and n,n. This distribution over the energy levels may 
occur in particular in the case of excitation by radiation of 
frequency %3,-(dashed arrow). The downward and upward 
arrows represent positive and negative luminescence re- 
spectively. The arrows point in both directions from the 


An, ~0 


An, ? 0 
Fig. 6.2 Direction 
of transitions be- | 
tween energy levels An, <0 
in the case of pos- 
itive and negative 
luminescence An, ~0 


level with a surplus of particles and end on the level with a 
deficiency of particles. In general, the direction of lumine- 
scence for any particular pair of levels can be found from 
the direction which brings the system closer to equilibrium, 
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It follows from the above discussion that negative lumine- 
scence is a common, though not easily noticeable , phenome- 
non, and arises for any type of departure from equilibrium. 
The only exception occurs for systems which interact with 
the medium at absolute zero, (according to (2.14) when 
Tm=0 and therefore u;?,=0, the rate of luminescence is equal 
to the rate of spontaneous emission, which is always positive). 

If the system is illuminated by anegative flux of frequency 
v32, both positive and negative luminescence will arise, but 
with opposite signs (positive for vo, v43 and negative for vs, 
V32, V42 ). 

It is worthwhile noting a particular property of the har- 
monic oscillator (Chapter 6). Negative luminescence may 
arise in a given system only for illumination by negative 
fluxes. When the harmonic oscillator is placed in a normal 
flux, the luminescence is always positive. 

Negative luminescence exhibits all the main features of 
ordinary luminescence which we shall discuss below. It may 
be characterised by definite duration, polarisation, quen- 
ching and so on. 


Lacitation and quenching of luminescence 


The departure of a system from equilibrium may be due to 
one of many different causes. Photoluminescence (fluore- 
scence and phosphorescence) arises as a result of excita- 
tion by radiation, whereas cathodoluminescence is produced 
through excitation by a beam of electrons. Again, the sys- 
tem may be found in a non-equilibrium state as a result of 
a chemical reaction, in which case one speaks of chemi- 
luminescence. The excitation of luminescence may be as- 
sociated with the effect of a beam of heavy ions, neutral 
particles, or various mechanical, electrical and magnetic 
phenomena. The penetration of an electric field intoa phos- 
phor may give rise to electroluminescence. 

The intensity of luminescence is directly related to the 
magnitude of the external effect. For example, in the case 
of excitation by radiation, it depends on the magnitude of 
the luminous flux. It also depends on the degree of inter- 
action between the system and the incident radiation. If the 
radiation is poorly absorbed, departure from equilibrium 
is negligible and the luminescence weak. 

Any departure from the equilibrium distribution over the 
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energy levels within a system will inevitably give rise to 
processes which tend to restore the state of equilibrium. 
Apart from luminescence, these include de-activation by 
collision, transfer of excitation energy to a solvent, trans- 
formation of electronic ehergy into vibrational energy, and 
so on. In the steady state, the rate of luminescence depends 
not only on the intensity of the external agents which bring 
about the departure from equilibrium, but also on all the 
internal processes in the system which tend to restore 
equilibrium. 

Let us suppose that a time-independent non-equilibrium 
distribution over the energy levels has been established in 
the system of particles as a result of the action of various 
external and internal agents. The form of this distribution 
is determined by the solution of an equationsuch as (19.10). 
This distribution will correspond to a definite rate of lumi- 
nescence at all possible frequencies, given by (21.14). Let 
us suppose further that the experimenter can vary the rate 
of the processes tending to restore thermodynamic equili- 
brium, for example, by introducing a foreign substance into 
the luminescing solution which gives rise to newnon-radia- 
tive (.2j transitions. The degree of departureof n,/n; from 
(2;/£)) e~*i!/™" can thus be regulated, and by achieving small 
changes of this kind we can quench (suppress) luminescence 
of frequency v,;. The quenching of luminescence essentially 
involves the restoration of the equilibrium distribution of 
the particles over the energy levels. All other methods of 
quenching involve the destruction of the luminescing parti- 
cles themselves. Thus, the disappearance of luminescence 
may be associated with an increase in the probability of 
photochemical disintegration of the molecules on collision. 
An increase in the concentration of molecules frequently 
leads to associations and a reduction inthe number of lumi- 
nescing centres. 

Quenching can be either general or selective. In the for- 
mer case, the external agent gives rise to a simultaneous 
reduction in luminescence at all frequencies. This can be 
achieved, for example, by increasing the temperature ofthe 
system, leading to a reduction in the effect of the external 
excitation which tends to introduce a departure from equili- 
brium. Thus, it follows from (19.10) that as the temperature 
increases, and therefore the density of equilibrium radiation 
increases, the effect of the external radiation may become 
insufficient to bring about an appreciable departure from 
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equilibrium, and this will reduce the rate of luminescence. 

A very large increase in temperature is required to pro- 
duce quenching of this kind in the visible region. The mech- 
anism of the more appreciable temperature quenching in 
complex systems (molecules) is somewhat different. The 
increase in the temperature leads to anincrease in the store 
of vibrational energy of the molecules which is associated 
with an increase in the probability of transformation of 
electrical energy into vibrational energy and the reduction 
in a number of excited molecules. 

It is also possible to achieve general quenching of lumi- 
nescence (at all frequencies) by increasing the strength of 
the interaction between the molecules. In infrared studies, 
one frequently encounters systems in which thestatic inter- 
molecular interactions arevery considerable, and there are 
no known ways in which a departure from the equilibrium 
distribution over the vibrational levels of the lowest elec- 
tronic state can be effectively produced. It is precisely for’ 
this reason that luminescence is not observed inthe infrared. 
Attempts to remove the system from the state of equilibrium 
most frequently lead to an increase in its temperature, i.e. 
anew equilibrium distribution at a higher temperature, and 
the emission of thermal radiation in accordance with Kirch- 
hoff’s law. 

Selective quenching of luminescence at a single frequency 
v;; can only be achieved when non-radiative transitions have 
a non-resonance nature and produce i=—/ transitions. As we 
have seen in Section 9, the probabilities of non-radiative 
transitions i—-j and j;--i are frequently related by (see 
(9.11)) 


d.; ee ae 
aif ae hy, [RT 
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If the probabilities d,;; and d;,, due to an extraneous quen- 
cher are very high, and play a dominating role in (19.10) 
in comparison with probabilities of all other transitions, then 
it follows from (19.10) that 


d, jn; = dj; 


From (9.11) we obtain 
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The ratio of the populations of levels i and j is thendeter- 
mined by Boltzmann’s formula, and in accordance with 
(21.15) there is no luminescence at frequency v;;. This does 
not exclude a non-equilibrium distribution over all other 
pairs of levels, or luminestence at other frequencies. 

A detailed phenomenological description of excitation and 
quenching of luminescence can only be given for specific 
systems (see Chapters 7 and 8). The number of possible 
types of quenching is quite large, and the quenching mecha- 
nism must be discussed separately for each molecule. 


Stokes’ rule 


The absorption ana subsequent emission of radiation is usu- 
ally associated with a change in its spectral composition; 
fluorescence frequencies differ from absorption (excitation) 
frequencies. They are equal only in the special case of the 
resonance fluorescence of atoms. 

Stokes’ rule was for many years regarded as the basic 
law determining the transformation of the spectral compo- 
sition of radiation. It states that the frequencies of the ex- 
citing radiation are always greater than the frequencies of 
the fluorescence spectrum: 

Vie em (21.23) 
This rule reflects only the overall features of the pheno- 
menon and is not always valid. Stokes’ rule has a particu- 
larly clear interpretation in the case of atomic spectra. 
Let us suppose that the luminescence spectrum is emitted 
as a result of absorption of radiation of frequency vVexc (Fig. 
0.3) and is accompanied by a transition to one of the higher 


Fig. 5.3 Stokes 
luminescence 
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energy levels. Thesemission spectrum then exhibits a set 
of lines of different frequencies. They all arise as a result 
of transitions between the lower energy levels. One of them 
is the same as the frequency of the incident radiation, but 
the remainder are all lower. 

Departures from Stokes’ rule can also be easily demon- 
strated in the case of atoms. Suppose that the frequency of 
the exciting light is vz. (Fig. 5.4). If all the atoms are in 
the electronic ground state, there is no absorption. At tem- 
peratures other than zero, a small proportion of the atoms 
will occupy level 2 and will undergo transitions to level 3 


Vexe 


Fig. 5.4 Origin 
of antt-Stokes 
] luminescence 


as a result of absorption of radiation of frequency v32. They 
can then undergo transitions to state 2 with the emission of 
quanta of frequency equal to that of the absorbed radiation. 
They can also undergo transitions to state 1 with the emis- 
sion of frequency 3;>vexe. The higher the temperature, the 
smaller the difference E,—E,;, and the more easy it is to 
observe departures from Stokes’ rule. 

In complex systems with a continuous spectrum of energy 
levels, departures from Stokes’ rule are much more prob- 
able and are in fact frequently observed. Figure 5.5 shows 


Fig. 5.8 Stokes 
and anti-Stokes 
luminescence due 
to transitions be- 
tween electronic- 
vibrational leveis 
of molecules 
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transitions between vibrational sub-levels of two elec- 
tronic levels. Arrows 1 and 2 represent transitions invol- 
ving absorption and emission in accordance with Stokes’ 
rule, whereas arrows 3 and 4 represent exceptions to 
Stokes’ rule. Since the frequency of the initial level for 
transition 3 is small, the number of particles occupying 
this level is considerable, and the rate of absorption is 
sufficient for the appéarance of appreciable anti-Stokes 
luminescence. 

As can be seen from Fig. 5.5, the process of absorption 
and subsequent Stokes fluorescence is always accompanied 
by the liberation of some vibrational, i.e. thermal, energy. 
In the case of a departure from Stokes’ rule, the reverse 
situation is observed; the store of vibrational energy of a 
molecule is reduced, and some of it is transformed into 
radiation. 

Figure 95.6 shows typical luminescence and absorption 
spectra of complex molecules. The line of approximate 
symmetry of the spectra corresponds to the frequency of 
the purely electronic transition. Experiments show that the 
form of a luminescence band of complex molecules is inde- 
pendent of the exciting frequency for v,,,. > v,,, and is only 
occasionally slightly transformed for v.,,. < v.,. Inthe latter 
case a considerable proportion of the observed luminescence 
is therefore, in fact, anti-Stokes luminescence. 


Universal relationships between absorption and 
emrsston spectra of complex molecules 


The problem considered in this section is concerned only 
with complex systems consisting of two sub-systems. For 
complex molecules, the analysis can be most simply carried 
out by considering transitions between the vibrational sub- 
levels of the lowest and the first excited electronic states. 
Stimulated emission will not be taken into account. 

A considerable number of experimental results, inclu- 
ding in particular the fact that the luminescence band profile 
is independent of the exciting frequency, show that a very 
rapid redistribution of energy over the vibrational degrees 
of freedom takes place between the absorption andemission 
of radiation. As a result, the act of emission is preceded 
by the establishment of a temperature distribution over the 
vibrational levels of the excited molecules. Atthe same time, 


316 Theory of luminescence 


the system does not exhibit complete equilibrium; there is 
an appreciable surplus of‘molecules in the excited electro- 
nic state. An equilibrium distribution over the vibrational 
energy levels in the excited,electronic state is characteri- 
stic for complex molecules and other complex systems, 
and is associated with the interaction between the vibra- 
tional degrees of freedoms. In simple systems this does 
not occur. 

Let us consider again the transition scheme between 
electronic-vibrational levels of a molecule {see Fig. 95.9). 
The rate of emission of frequency v (per visit trequency 
range) is given by 


Wem = nh v(A (es ¥) e(E..,) dE, ;., (21.9) 


where np(E., )is the number of excited molecules per unit 
energy range, A(E,,,,%) is the probability of spontaneous 
transition from vibrational level E>, of the upper electro- 
nic state to the vibrational level E,;, = E\,,—A»v+A»,.,; of the 
lower electronic state. The integration is carried out over 
all the values of the vibrational energy of the excited state. 

Equation (21.5) is valid for all distribution functions. If 
a complete thermodynamic equilibrium exists in the sys- 
tem, then 


corms 


ME =COe Eye (21.24) 


where g*(E.,,) is the statistical weight of the vibrational 
levels of the excited electronic state, hv.,+ E\,, isthe total 
energy of the given vibrational level of the excited state and 
C(T) is a normalising factor. 

Substituting (21.24) into (21.5), we obtain an expression 
for the thermal emission rate. In accordance with Kirch- 
hoff?s law (21.10) this emission is related to the absorp- 
tive power in equilibrium by the equation 


a u° eae — nh YC (T) eavh Nelle bas (ee) 
. 21.25 
x AE. cis v) e~Evib /AT ee ( 
where we have taken into account the fact that hy AT. 

In the visible region, the rate of thermal emission is very 
small and difficult to measure. It can readily be calculated 
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from (21.25) if the absorptive power is known from experi- 
ment. For our purposes, it is particularly important to know 
the frequency dependence of W.""°", i.e. the form of the ther- 
mal emission band of a complex molecule. A very conveni- 
ent description of this can’be obtained as follows. 
According to (17.33), the absorptive power k, is propor- 
tional to the absorption coefficient k,(k, =k,c/n) . For many 
complex molecules the frequency dependence of k, (profile 
of absorption line) is well known, and in the long-wave re- 
gion is of the form shown in Fig. 5.7 by curve 1. Curve 2 in 


Fig. 5.6 Profile of absorption (a) 
and emission (hb) bands of com- 
plex molecules 
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this figure shows the approximate form of Planck’s function 
in the visible region. The scale is arbitrary. For the pur- 
poses of our analysis, it is only important to know that as 
v decreases there is a monotonic increase in w?. Curve 3 
(which is also plotted on an arbitrary scale) represents the 
multiplication of &, and u°, i.e. the profile of the thermal 
emission band for the particular material. The maximum of 
the thermal emission band is shifted towards lower frequen- 
cies relative to the maximum of the absorption band. 

Let us now find the expression for the luminescence rate. 
According to our original assumption, the act of emission 
is preceded by the establishment of an equilibrium distri- 
bution of excited molecules over the vibrational energy 
levels. At the same time, absorption of external radiation 
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ensures that the total number of excited molecules is much 
greater than their number‘in complete thermodynamic equi- 
librium. The number of excited molecules with energies 
between E\,, and E\,, + dE". is 


n* (Ev) d Et, = C# (T) ng? (B*) oP vie dB’, = (21.26) 


where 7.,, is the number of excited molecules which depends 
on the type of excitation (intensity of the incident radiation, 
the presence of quenchers, the temperature and the pro- 
perties of the molecule itself). The statistical weight g* (E“,,) 
has the same meaning as in (21.24) and depends only on the 
properties of the molecule. The temperature 7 is deter- 
mined by the temperature of the medium at which the trans- 
fer of vibrational energy occurs. The normalising factor 


C* (T) differs from C(T) and is determined from 
jn* (EV ) dEvin = 2" 


Substituting n*(E\;,) from (21.26) for np (EV) in (21.5), we 
obtain 


wien = hvC* (T) n*[o*(Evin ) A(Evin , vem Evin’  dE* i, (21.27) 
Comparison of this with (21.25) yields 


Jum _. OE (T) n* ry th.em 
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and therefore in complex molecules with a rapid redistri- 
bution of energy over the vibrational degrees of freedom, 
the rate of luminescence is proportional to the rate of ther- 
mal emission. The coefficient of proportionality depends 
only on the temperature of the medium. The profiles of the 
thermal emission and luminescence bands are the same. 

From Kirchhoff’s law we have finally 


wn 
; =d (T) v3 e7h V/kT (21.29) 
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where 
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The rate of luminescence at frequency v is, therefore, 
unambiguously related to the absorption coefficient at this 
frequency. Knowing the frequency dependence of ky, we can 
easily find the frequency dependence of W,"". Equation (21.29) 
is valid for all systems for which the distribution over the 
sub-levels of the excited state is independent of the frequency 
of the exciting radiation and, in general, of the method of 
excitation. In addition, (21.29) will only be valid provided 
the system does not contain absorbing, but non-luminescing, 
impurities, there is no non-exciting absorption, and so on. 
These conditions are obvious and should be taken into ac- 
count in experimental work [50]. (21.29) canbe written as 


— 3Inv (21.31) 


and is thus readily amenable to experimental verification. 

It has been shown that in the case of solutions of complex 
molecules the universal relation given by (21.29) is in fact 
valid, and this confirms the correctness of the original as- 
sumption about the redistribution of vibrational energy [51]. 

For vapours of complex molecules, the distribution over 
the vibrational levels of the excited molecule depends not 
only on the temperature of the medium, but also on the fre- 
quency of the exciting radiation. In the case of Stokes exci- 
tation (v.,. > %4), the excited molecule has a certain surplus 
of vibrational energy and a higher effective temperature. It 
is only for v.,, = ve that the surplus is zero and (21.29) is 
no longer valid [52]. 

A universal relationship such as (21.29) is valid not only 
for electronic-vibrational spectra of complex molecules, 
but also for other systems consisting of two sub-systems, 
one fast and one slow. It is only necessary for the energy 
redistribution time of the slow sub-system to be much 
greater than the lifetime of the excited state of the fast 
sub-system. The relation given by (21.29) is also valid for 
narrow atomic lines, provided the line profile is connected 
with the interaction with the medium. It shows in particular 
that a luminescence line is never strictly coincident with 
an absorption line, but is always shifted towards longer 
wavelengths, and has a slightly different profile. 
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22> LUMINESCENCE YIELD 


a 
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Energy yield 


An important characteristic of the luminescence properties 
of a system is its energy yield, i.e. the ratio of the rate of 
luminescence to the rate of absorption. The concept of the 
luminescence yield was first introduced by Vavilov. 

It was considered for a longtimethatthe energy absorbed 
by luminescing objects was largely converted to heat and only 
a very small proportion was re-emitted inthe form of lumi- 
nescence. This is so for most natural objects. There are 
however, many cases when losses of radiant energy are 
relatively small and the energy yield canbe quite high. This 
was first demonstrated as far back as 1924 by Vavilov who 
studied the properties of fluoresceininanumber of solvents. 
He showed that inthe case of excitation by a continuous spec- 
trum, the fluorescence energy yield was 0.71. Subsequent 
more accurate measurements ledtosimilar results. In many 
cases the energy yield approached unity. 

The energy yield of a particular system is of decisive 
importance in technological problems concerned with prac- 
tical applications of luminescence, Studies of the energy 
yield as a function of the conditions of illumination, the pro- 
perties of the medium and the systemitself are very impor- 
tant from the point of view of the theory of interaction of 
radiation with matter and the processes which take place 
in the system after excitation. 

Detailed calculations of the luminescence energy yield 
can only be carried out for specific systems under given 
conditions of excitation. This will be done in the next three 
chapters. Here, we shall confine our attention to some gen- 
eral remarks. 

An accurate determination of the energy yield will in- 
volve measurement of the total amount of energy absorbed 
by the system while it is being illuminated by the exciting 
agent, and the total energy of luminescence from the onset 
of excitation to its complete removal (between t= 0 and 
too). The ratio of these two quantities is then calculated. 
Most frequently, it is sufficient that we should divide the 
rate of luminescence by the rate of absorption under sta- 
tionary conditions. With the exception of special cases, the 
two results will be identical [53], 
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By definition, the energy yield of photoluminescence for 
a system with a discrete spectrum of energy levels is 
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The numerator in this formula is written in accordance 
with (21.14), and the denominator in accordance with (17.20). 
Summation is carried out over all absorption and emission 
frequencies. In (22.1), u,; represents the density of the ex- 
ternal radiation of frequency v,;, i.e. the difference between 
the total emission and the thermal emission Ur, . The deno- 
minator takes into account only the absorption of the exter- 
nal flux producing the measured luminescence. There are 
analogous expressions for the luminescence energy yield 
of systems with a continuous spectrum of energy levels. 
They can be obtained by replacing the summation sign in 
(22.1) by integration with respect to v and over the vibra- 
tional levels of the upper electronic state. 

Equation (22.1) requires a knowledge of all the Einstein 
coefficients and all the level populations. To determine n; 
and nj, it is necessary to solve the balance equation for the 
time-independent state (see Section 16). In general, the 
population of the :-th level will depend on all the proba- 
bilities of radiative and non-radiative transitions between 
different pairs of levels, the density of external radiation 
and the temperature of the system. 

If excitation is produced by monochromatic radiation of 
frequency »v,;, it is sufficient to consider transitions be- 
tween a limited number of energy levels since most of the 
higher levels will not be affected by excitation and will re- 
tain their original populations. It is frequently sufficient 
(for excitation at frequency yv.,) to consider absorption and 
emission as a result of transitions between two levels only, 
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in which case equation.(22.1) assumes the simpler form 
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Possible values of the energy yield 


In the subsequent chapters we shall calculate the energy yield 
for a number of specific systems and conditions of excita- 
tion. Certain general conclusions can, however, be made 
without detailed calculation. 

If there are nonon-radiative transitions, the luminescence 
energy yield is identically equal to one. This follows from 
the law of conservation of energy. Whend ;; =O (i and j ar- 
bitrary), there are no processes which transform absorbed 
radiant energy into other forms of energy. 

The appearance of non-radiative transitions leads as a 
rule to the quenching (attenuation) of luminescence and 
therefore to a reduction in the energy yield. This is so only 
for intramolecular non-radiative transitions, or non-radia- 
tive transitions connected with the interaction with the med- 
ium. They are statistical in nature, tending to restore the 
system to thermodynamic equilibrium. Such non-radiative 
transitions are related by (9.11), where the probabilities of 
downward transitions are always greater than the proba- 
bilities of upward transitions. 

Non-radiative transitions are frequently induced by a 
directional external agent which disturbs the equilibrium of 
the system and the transitions themselves act as a source 
of luminescence (for example, in the case of excitation by 
a beam of electrons). 

If the probabilities d,;; of irreversible transitions which 
satisfy (9.11) are much greater than the probabilities of 
radiative transitions A;; +8,; u;;, the energy yield approa- 
ches zero and the system remains in equilibrium, as before. 
The great majority of specific systems do not luminesce 
precisely for this reason, and the number of systems capa- 
ble of emitting luminescence is comparatively small. Most 
frequently, the phenomenon of luminescence is exhibited by 
simple systems in which intramolecular non-radiative tran- 
sitions are of relatively low probability. 

It follows from the above considerations that for most 
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luminescing objects the energy yield is greater than zero 
and less than unity: 


2 te] (22.3) 
1 


It is however possible, in principle, to have the two anoma- 
lous cases 


Yen <Oand Yen > | 


The energy yield may assume a negative value if the 
numerator and the denominator in (22.1) have different 
signs. 

When the system is excited by apositive flux of radiation, 
the rate of absorption is positive. The necessary condition 
for the appearance of a negative energy yield is that the 
numerator in (22.1) should be negative. As we have seen 
in the preceding paragraph, negative luminescence is a 
common phenomenon (see Fig. 5.1) although its intensity is 
usually low. Negative luminescence at a particular frequency 
is always accompanied by positive luminescence. For ‘Yen<_0 
it is necessary that positive luminescence should be largely 
quenched. Selective quenching of this kind is possible in 
principle. 

When 7Yen<.0 for excitation by a positive flux, this means 
that both the absorbed energy from the external source and 
a proportion of the absorbed Planck radiation are trans- 
formed into other forms of energy. Negative values of 7,, 
may also arise for negative exciting fluxes, in which case 
negative luminescence must be quenched. 

Under certain conditions, the energy yield may be greater 
than unity. To be specific, let us consider excitation by a 
positive flux. The luminescence will then be positive for 
some frequencies and negative for others (see Fig. 5.2). If 
all the d,;; are negative, the yield is equal to unity, i.e. the 
numerator in (22.1) is equal to the denominator. It follows 
that for 7., >1, the sum of all the positive terms in the 
numerator of (22.1) will be greater than the denominator. 
If now we selectively quench the negative luminescence in 
some way, the numerator in (22.1) will become greater than 
the denominator and the yield will besgreater than one. 

If in a given system Yen->!, then under the action of an 
external agent which disturbs the state of equilibrium, 
the system may convert into radiation a proportion of its 
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intrinsic thermal energy. This is not in conflict with the 
second law of thermodynamics, since the cooling of a 
luminescing body is not accompanied by the transfer of 
energy to the exciting source of radiation which is ata 
higher temperature. The energy of the exciting radiation 
and the thermal energy of the luminescing body are both 
transferred to the surrounding objects whose tempera- 
ture is lower than the temperature of the source. This 
is quite similar to the operation of conventional refriger- 
ators which work off external sources of energy. 

We need also to consider the temperature dependence of 
the luminescence energy yield, At very low temperatures 
uv, = (0, so that the second term in the numerator of (22.1) 
is zero, i.e. 


py A, jn jh; 
i. 
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Negative luminescence is then impossible, the store of 
thermal energy is negligible, and yen < 1. Anomalous values 
of the yield (Yen > land yen< 0) are connected with the pre- 
sence of a thermal background. 

At very high temperatures the distribution of particles 
over the energy levels is practically constant (if g; = gj= 1), 
and the external radiation is insufficient for an appreciable 
departure from the state of equilibrium. Absorption of ex- 
ternal radiation and of luminescence is then small. These 
considerations are valid only at very high temperatures. 
For small 7, the temperature dependence of y., may be due 
to the dependence of d;, on T. Incomplex molecules this may 
lead to areductionin W'""at constant W *>* i.e. to a reduction 
in ten. This phenomenon is usually referred to as tempera- 
ture quenching of luminescence. According to (9.11), when 
T>oo the probabilities of non-radiative transitions, d,;,are 
equal to the reverse probabilities d;,, andthe transformation 
of radiant energy into heat is completely compensated by the 
reverse process. It follows that there is no quenching of 
luminescence and therefore at very hightemperatures there 
iS an increase in the energy yield which becomes equal to 
unity in the limit as T7-oa. 
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Quantum yteld of luminescence 


The quantum yield of photoluminescence is defined as the 
ratio of the number of emitted photons to the number of ab- 
sorbed photons (under tifme-independent illumination), The 
quantum yield of simple systems is frequently much greater 
than unity and is determined, to a considerable extent, by 
the number of energy levels. Forexample,inthe case of the 
scheme illustrated in Fig. 5.3, the absorption of a photon 
of frequency v4; can be followed by the emission of photons 
with frequencies V41, V42, ¥43, V32, Vai.ve;.. Under these condi- 
tions the concept of the quantum yield loses its usefulness 
and is not employed. 

The concept of the quantum yield of photoluminescence is 
heuristically useful only when the emission spectrum is 
independent of the frequency of the exciting radiation. We 
have encountered a similar situation in the case of complex 
systems for which the emission spectrum is produced only 
as a result of transitions from the lowest of the excited elec- 
tronic states, but is independent of the store of vibrational 
energy received onexcitation. In such systems the probabili- 
ties of intramolecular non-radiative transitions (dys, d39,...) 
are much greater than the probabilities of the corresponding 
radiative transitions, the process of intramolecular redistri- 
bution of energy takes place very rapidly, and the molecule 
is in state 2 before the act of emission (independently of the 
method of excitation). The quantum yield is then largely 
determined by the relation between the probabilities of 
radiative (Ag) and non-radiative (do) transitions. 

When the emission spectrum is independent of v.,., the 
quantum yield is unambiguously related to the energy yield 
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where N'"™ and N@>s are the numbers;,of emitted and absor- 
bed quanta respectively. When v.,, > v., , the quantum yield 
is always less than the energy yield. The case of anti-Stokes 
fluorescence must be considered separately. 
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Secondary luminescence , 

Suppose that the plane-parallel layer under investigation 
is illuminated by an external flux So which is attenuated as 
it penetrates the specimen. Luminescence is produced under 
the action of the external radiation, andinthe absence of non- 
linear effects, the rate of luminescence is proportional to 
the density of the exciting flux and falls off in accordance 
with Bouguer’s law 


Wilum — aS,e** (22.6) 


Experiment shows that in many cases the rate of lumine- 
scence does not depend on x in the way indicated by (22.6). 
This may be due to various causes, above all the appearance 
of secondary luminescence. 

The relation given by (22.6) is valid only provided the 
source of luminescence is primary radiation reaching the 
layer from outside. This luminescence can conveniently be 
called primary. However, in reality, luminescence is pro- 
duced by all the radiation at a particular point, including 
primary luminescence. Luminescence produced as a result 
of absorption of additional radiation from primary lumine- 
scence is called secondary luminescence. Luminescence of 
higher orders can be defined inasimilar way. Occasionally, 
secondary luminescence is understood to mean all lumine- 
scence apart from primary luminescence. 

Figure 9.8 shows the experimental data for rhodamine 
C [54]. The ratio of the rate of secondary luminescence to 
the rate of primary luminescence is plotted in this figure 
as a function of the optical thickness. In all cases it in- 
creases rapidly with depth x. The effect is particularly 
appreciable for large concentrations of the dye. Secondary 
absorption and emission of radiation has recently been sub- 
jected to systematic experimental [55] and theoretical [56] 
studies. The theory of these phenomena is based on the 
theory of transfer of radiant energy and is connected with 
the luminescence of bodies having finite linear dimensions. 
The theory is particularly easy to develop in the case of 
resonance luminescence when absorption and emission fre- 
quencies are equal. Corrections for the form of absorption 
and emission bands complicate the theory but modify only 
slightly the final results. 

The equation for the number nz of excited particles at a 
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particular point r in a system of particles with two energy 
levels is of the form 
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where u, (r) is the density of the external equilibrium radia- 
tion at the point ,, whichis attenuated as a result of absorp- 
tion within the material, we(r) is the density of radiation due 
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Fig. 6.8 Ratio of secondary to 
primary luminescence in a solu- 
tion of rhodamine C in glycerin, 
as a function of the optical thick- 
ness JT) = kx for different con- 

centrations 


to external sources and u(r) is the density of radiation at 
the particular point due to emission by all elements of the 
material itself. 

When the complicated dependence of uw), ue and especially 
u3 On the coordinates is taken into account, (22.7) becomes 
a non-linear integro-differential equation. When both the 
stimulated emission and the effect of Planck radiation are 
neglected, which is practically always valid inthe visible and 
ultraviolet regions, the solution of this equation is consi- 
derably simplified. For the erctionary case it may be writ- 
ten in the form 
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A 
where ¥ =————_. ee and S..,is the flux due to 
A+d* — A+t+d ‘ 
external sources at the surface of the body. The functions 
u) (r) are proportional to the density of luminescence of 
various orders at the point r: 
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The first term in (22.8) is proportional to the density of 
radiation reaching the point r from outside, the second 
represents the density of primary luminescence, the third 
gives the density of secondary luminescence and so on. 

The general solution of (22.7) is quite difficult to obtain. 
In a number of cases the solutionhas been found by numeri- 
cal integration in an infinite plane-parallel layer. In some 
cases the equation canbe solved approximately. Calculations 
reported in the papers quoted show that for large absorption 
coefficients and high enough values of the quantum yield, 
the rate of low-order luminescence may become much smal- 
ler than the rate of high-order luminescence. The presence 
of secondary luminescence leads to an increase in the ob- 
served quantum yield and in the duration of afterglow. It is 
often impossible to obtain a correct estimate of the optical 
properties of an elementary volume, or to determine the 
probabilities of radiative and non-radiative transitions from 
experimental data unless secondary luminescence is taken 
into account. 


23. DURATION OF LUMINESCENCE 


Dependence of the intensity of luminescence on time 


When external radiation is allowed to fall on the specimen 
for a sufficient length of time, the rate of luminescence 
becomes independent of time, i.e. a steady state is eventu- 
ally reached. Studies of time-dependent phenomena reveal 
many of the characteristic features of luminescence, and may 
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be used to determine the internal properties of matter from 
experimental data. However, this source of information is 
not entirely adequate. Additional information may be obtained 
by the investigation of the properties of time-independent 
luminescence. } 

Any change in the conditions of excitation, for example, 
the intensity of incident radiation, additional illumination 
at other frequencies and interactions with other quenching 
objects, will lead to a change in the rate of luminescence. 
This change is never instantaneous because the transition 
probabilities between levels are finite and the lumine- 
scence exhibits considerable inertia. The most convenient 
method we have of studying the time characteristics of 
luminescence is the investigation of the laws of excitation 
and attenuation of luminescence. The excitation of lumine- 
scence begins immediately after the source of excitation 
is switched on, and continues until the stationary state is 
reached. Attenuation of luminescence, or what is usually 
referred to as afterglow, begins immediately after the ex- 
citing radiation is switched off. 

The decay and rise of luminescence depend on the proper- 
ties of the luminescing system and can, in general, be quite 
complicated. The rate of emission and the spectrum are 
frequently functions of time. For some systems the laws of 
excitation depend on the intensity of excitation. 

Tne most frequently measured parameter is the duration 
t of luminescence. If the law of decay of afterglow is sim- 
ple and can be described by an exponential function, t will 
unambiguously define the form of the attenuation curve. In 
more complicated cases, the time characteristics of lumine- 
scence cannot be represented by only one or two parameters. 

The mean duration of afterglow,or simply the duration of 
luminescence, is usually defined by 


fiw’ (t) dt 
t= (23.1) 
pW’ (t) df 
0 


where the integration is carried out between the instant 
at which the exciting radiation is switched off and the com- 
plete disappearance of luminescence. This definition is not 
suitable in all cases because t may be found to be infinite. 
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It is sometimes useful to investigate the time dependence 
of luminescence under pulsed illumination. The source of 
radiation is switched on for a very short period and is 
switched off before steady-state conditions set in. The pulse 
of radiation is followed by a dark pause during which the 
rate of emission of luminescence decreases. The process 
is then periodically repeated. A detailed calculation corre- 
sponding to this case is given in Section 31. 

By comparing the intensity of luminescence as a function 
of time with the corresponding formulae obtained by the 
probabilistic method for a particular model of the medium, 
it is possible to find the transition probabilities characteri- 
stic of the given system. A systematic study of the intensity 
of luminescence as a function of time can only be carried 
out for specific systems and given conditions of excitation. 
Analysis of the properties of complex molecules, crystals, 
and particularly crystal phosphors, requires special calcu- 
lations which take into account the processes which take 
place in the molecule between the acts of absorption and 
emission of radiation. In this chapter we shall discuss only 
some general problems. 


Lifetime of the excited state 


Consider the variation in the level population after the ex- 
citation is switched off. We shall suppose that at time ‘=0, 
level i is occupied by 1; (0) particles. We shall also suppose 
that the population of the higher-lying levels is zero, and 
therefore there are no /- i transitions (£, >E;). After the 
excitation has been switched off, the number of particles in 
level ¢ begins to decrease systematically. The change in the 
number of particles in a time interval between ¢ and f-+dt 
can be found by the probabilistic method (Section 16) and is 
given by 


t 


dn; = — (& Ajj) nat -— (x d;j) njal (23.2) 
j j 


where A, and d;; are the probabilities of spontaneous and 
non-radiative transitions :—-j. The summation is carried out 
over all transitions to the lowest levels /. 

If we integrate Equation (23,2) subject to the initial condi- 
tions, we then obtain the following equation. 
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wt Ase ls VWs: 
(23.3) 


=n; (O)e—"* 


The population of the : -th level falls off exponentially and 
tends to zero ast—~ oo. The rate of decrease is characterised 
in this case by the single parameter 


l 


~ EAT a (aes) 


which is called the lifetime of the excited state. 

The lifetime of the excited state is numerically equal to the 
time interval during which the population of the particular 
level decreases by a factor of e.Itis also equal to the mean 
interval of time during which the molecules are in the ex- 
cited state. In point of fact, the quantity 


dn, = —n,(0) e— di (23.5) 
T 


is equal to the number of molecules which undergo transi- 
tions to lower levels between ¢ and t+d?t, and therefore have 
occupied this level during the time interval between 0 and 1. 
The mean value theorem then yields 


i= re _ = i = 1 
cs: ; = FE 10) i= (23.6) 
0 


According to (23.4), the lifetime of the excited state is in- 
versely proportional to the sum of transition probabilities 
from level i to the lower-lying levels j;. The greater these 
probabilities, the smaller the lifetime tv. Ifthere are no non- 
radiative transitions, the lifetime of the excited state is 
determined only by spontaneous transitions. The appearance 
of non-radiative transitions, i.e. the quenching of lumine- 
scence, leads to a reduction in the lifetime. Jt is precisely 
for this reason that determinations of t for a particular sys- 
tem under different external excitations is a reliable means 
of establishing the presence of quenching and the magnitude 
of non-radiative transition probabilities. 
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For dipole transitions betwéen electronic levels, the quan- 
tity A,;; is of the order of 10° sec-!, and therefore the life- 
time of the excited sfate inthe absence of quenching is of the 
order of 10°’sec. It has already been noted that levels having 
lifetimes of this order are referred to as labile. 

The dipole moment of i—-j transitions is frequently equal 
to zero. Transitions can arise only as aresult of changes in 
the quadrupole moment, magnetic dipole moment and higher- 
order moments. In such cases, the transition probability is 
much smaller and the lifetime ofthe excited state is greater 
by several orders of magnitude. Such levels are commonly 
referred to as metastable. Very frequently, the metastabi- 
lity of levels is associated with a forbidden transition be- 
tween levels of different multiplicity, for example, between 
excited triplet and unexcited singlet levels. 

The rate of luminescence at frequency »v,; during the pro- 
cess of afterglow is given by 


Wis (t) = A,n, (t)hy,; 
= Ajjn,; (0) Avie 
= Wi? (0) e-!/" (23.7) 


The quenching of luminescence has the same time-depen- 
dence as the variation in the population of the initial level. 
Substituting (23.7) into (23.1), we find that the mean duration 
of afterglow is equal to the lifetime of the excited state. 

According to (23.7), the duration of afterglow is the same 
for all frequencies v,; which are emitted asa result of tran- 
sitions from the i-th ‘level: The value of = for luminescence 
of frequency v,; depends not only on the probability of the 
i> jtransition, but also onthe probabilities of all other tran- 
sitions from the initial level. 

Equations (23.3), (23.4) and (23.7) were derived without 
taking into account the thermal radiation background, and on 
the assumption that the probabilities of non-radiative j—-i 
transitions are zero. They may be valid at low temperatures 
or high frequencies (in the visible orultraviolet parts of the 
spectrum), In the case of values of 4v which are compar- 
able with AT the thermal radiation background must be 
taken into account, and therefore the functions 7; (t) and 
Wi*™(t) depend on the temperature, 
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Variation in the level population and rate of lumin- 
escence during the afterglow process 


In the preceding section we considered the simplest case, 
when variation in the population during afterglow is associ- 
ated with transitions from level : to lower-lying levels. The 
refilling of level ¢ with particles arriving from other, for 
example higher-lying, levels was assumed not to take place. 
It is precisely for this reason that we succeeded in deriving 
a simple exponential law for the variation of the population 
with time, so that it was possible to introduce the concept of 
the lifetime of the excited state, whichis related to the tran- 
sition probabilities A,; and d;; as indicated by (23.4). 

In the great majority of real cases, the time dependence 
of the level population is considerably more complicated, 
particularly when interaction with Planck radiation and non- 
radiative j— i transitions is taken into account. 

The afterglow process essentially consists of atransition 
from a stationary distribution over the energy levels to the 
state of thermal equilibrium with the medium andthe disap- 
pearance of luminescence. The time necessary to approach 
the state of equilibrium, i.e. the relaxationtime, depends on 
the probabilities of all radiative and non-radiative transi- 
tions between all pairs of levels, and therefore on the pro- 
perties of the molecule, the degree of departure from 
equilibrium in the preceding conditions of illumination and 
the temperature. The concept of the relaxation timeis valid 
for the system as a whole but not each level individually. It 
is only in some special cases that one can speak of the life- 
time of the excited state of an individual level, or occasion- 
ally a set of levels. 

Let us suppose that when the excitation is switched off, the 
distribution of the particles over the energy levels is pre- 
scribed by the function 7,;(0). The values of n, at any subse- 
quent time may be found by solving the system of equations 
obtained by the probabilistic method (Section 16): 


dn, /dt = — (Pre + Pig“. Pam) y+ Partle +... Pit 


dng [dt = — (Poy + Pos +... + Pam) M2 + Protty +. A Pall 
(23.8) 


dn,, /dt = (Part “i Pme fe ee ) Vn al Pim, “fee Pm—i. m™m—1 


Ln,=n 
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where m is the total number of particle energy levels, which 
is, strictly speaking, infinite, and 


Aj 
fe t+d; (23.9) 


0 . 
Pu Aub Buty, + bh = ——— er 


——_ . ° ——= te ie ee in ° aes 
pi; = Bip; + dip = ae + dee 


asfRT 


(23.10) 


The equations given by (23.8) may be transformed toa 
more convenient form. If all the n,; correspond to the state 
of equilibrium we have 


n° =n; Me (23.11) 


and the right-hand sides of all the equations in (23.8) are 
equal to zero. Substituting 


n, = ni" -+- An, (23.12) 


into (23.8), we obtain 


d(An 
ome = — (Py, + Prg + .-.) Ay + Poy Ang +... + Pry A Nm 
LY » e e ° (23.13) 
d(An,, 
te) — (Pint =r Pme “fr JAN ea Pim AN, a FE Pm—in AN m= 


An; = 0 


The values of 4n, are positive for some levels and negative 
for others. 
The solution of (23.13) is 


—Am—yt 


_ _ hf 
An, = Dest + Die? +... + Dye 
be Oe a elit: 


(23.14) 


where \,, do, .... Am—y are constants which depend only on the 
properties of the system of particles andonthe temperature, 
and D,, are constants which in addition depend on the initial 
conditions, i.e. the method of excitation. The total number of 
the constants i, is equal to (m—1) , They can be complex, 
and their real partis always positive, since An,;--O as t--o, 

It follows from (23.14) that the change in level population . 


Luminescence 3395 


as the system approaches the state of equilibrium (after 
the excitation has been switched off) occurs in accordance 
with a complicated non-exponential law. For many levels the 
values of An; can not only decrease, but also increase and 
pass through zero many times. 

The rate of change in the quantities An, as the state of 
equilibrium is approached may be characterised by a mean 
time during which this surplus (or deficit) of particles ex- 
ists in the particular leveli-. By analogy with (23.6), this 
time is defined by 


| io @) 
ane | td (An;) (23.15) 


Using (23.14) and integrating (23.15) it can readily be shown 
that 


(23.16) 


The values of ¢, are different for different levels. It follows 
from (23.16) that they characterise not only the properties 
of the given ¢-th level, but also those of all the other levels, 
i.e. the system as awhole. Moreover, the values of ¢, depend 
on not only the transition probabilities and the temperature, 
but also the initial conditions, i.e. the method of excitation. 

Similar calculations may be carried out for the process 
leading to stationary conditions and the rise of luminescence. 
In this case the expressions given by (23.10) for the transi- 
tion probabilities will depend on the density of the exciting 
radiation. The rate of afterglow at frequency v,; can readily 
be found with the aid of (23.14). 

As an illustration of the above discussion, we may con- 
sider a system of particles with three energy levels ex- 
cited by a positive flux of radiation of frequency v3z2. The 
necessary formulae will be given in Chapter 8. Figure 5.9 
shows graphs of m (f) no (¢) and n3(¢) after the excitation has 
been switched off for some specific assumptions about the 
properties of the probabilities (23.9) and (23.10). None of the 
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Fig. 5.9 Variation of the 
population of levels dur- 
ing afterglow for a system 
of particles with three 
energy levels excited by 
radiation of frequency Vao 


three quantities are exponential in form and the usual con- 
cept of the lifetime of the excited state does not apply. It is 
only useful in the case of the highest excited states. 

The curves shown in Fig. 5.9 are plotted for those values 
of p;; for which Ais real. They may turn out to be complex, 
in which case n;(f), no(t) and na(t) will continuously pulsate 
and approach the equilibrium values n.°9, 


Redistribution of vibrational energy within a complex 
molecule 


Complex molecules and other condensed systems have avery 
large number of vibrational sub-levels which participate in 
absorption and emission processes. Experiment shows, 
however, that quenching of the luminescence emitted by 
solutions of complex molecules of the uranyl compounds 
and many other substances is strictly exponential and is 
the same for all frequencies within a broad electron- 
vibrational luminescence band. 

To explain this fact, consider the initial equations given 
by (23.8). Suppose that n, is the number of particles in all 
the vibrational sub-levels of the first electronic level, while 
no, nz... are the numbers of molecules in various vibrational 
sub-levels of the upper electronic state. The probabilities 
p;, of transitions from the lower electronic level which are 
associated with the presence of the thermal radiation back- 
eround are very small atroomtemperature and may be neg- 
lected. We shall also suppose that the transition probabilities 
p,;; for i>! and j;>1 are higher by two or three orders of 
magnitude than the p;,, this being valid when radiative and 
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largely non-radiative transitions between vibrational sub- 
levels are much more probable than transitions tothe lower 
electronic state. This relationship between the transition 
probabilities is characteristic for complex molecules and 
can even be used as a m€asure of the degree of complexity 
of the molecule. Under these conditions, redistribution of the 
excitation energy of the electronic state over the vibrational 
levels becomes distinct from the luminescence process. 
Redistribution ceases after a time interval of the order of 
10-'° to 10 ~''sec, i.e. a time usually beyond the control of 
the experimenter. 

If it is assumed that during the short interval of 10~' to 
10 ‘sec there are no transitions to the lowest electronic 
state, the redistribution of the particles over the vibration- 
al levels of the excited state is described by 


dn 
—" = — (Poy 1 Poa Te.) Mg 1 Palts Bee ee 2 Prng!'m 
i, (23.17) 
i 
— ae (Pie =? Pins ae ote ) Nm as Pome a 


Te see aD esa, m Nin—y 


These equations were obtained from (23.8) by removing all 
the transition probabilities p;,; (and p,;) to the lower elec- 
tronic state. The solution of (23,17) is 


— sD, + Dye! + Dye! 0 + Ds, mye mit (23.18) 
where 1, =n, + 73+... -+-", is the total number of particles 
in the excited electronic state at time ‘= 0. For large ¢ all 
the exponentials tend to zero and n, tends to the constant 
value 1’ D;. Time intervals of the order of 10°’sec can in 
this case be regarded as long. Adefinite distribution of par- 
ticles over the vibrational levels of the excited state is there- 
fore established in 10°sec: 


The constant D; is here identical with the statistical weight 
of the particular vibrational sub-level. 

If there were no transitions from levels : = 2,3,...to ievel 
1, then the values of n; which are equal to D,n, would remain 
constant. In reality, such transitions do take place, and the 
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number of particles in.the excited electronic state continu- 
ously decreases. However, ‘->1 transitions proceed rela- 
tively slowly and do not modify the form of the distribution 
over the vibrational sub-levels. This follows from the fact 
that (23.17) is very similar to (23.8) apart from the first 
equation. The probability p,, may be neglected in compari- 
son with Pos-++ Poy +...-+ Pom » the probability ps, may be 
neglected in comparison with Ps. + ... + P3m and so on. 

The populations of the vibrational sub-levels of the exci- 
ted state at any given time ¢ (after the excitation has been 
switched off) are thus given by 


n, =n, Df (t) (23.20) 


where f(f) is a function of time which is the same for all :. 
The form of this function, and therefore the form of 1; (¢) 
may be found by solving the first of the equations in (23.8) 
subject to (23.20). If we neglect the very small terms (Pi 
+- Pig t--»+ Pim) 7, and substitute 


En, (t)=n2—n, (t) (23.21) 
t=2 


this equation assumes the form 


d m m 
—s. n; (t)] = % pin; (t) (23.22) 
t=2 { =2 


If we now substitute for 7, from (23.20) and use (23.19), 
we obtain the equation for f (¢) 


m d d m 
(EDI = Fed DIF (28.23) 


It follows that 


— [yeni |t — [SPF | 
f(t)=f(Oje | =e —e-Pt (23,24) 


or 
t 
a. 


n, = no D,e-Pt = no D; e- (23.25) 


The variation in population of all the vibrational sub-levels 
of the excited electronic state is exponential. The rate of 
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decrease in the number of particles is givenby the constant 
= 2 paD, (23.26) 


i.e. the mean ofthe transition probabilities p;,from the indi- 
vidual vibrational levels. For a rapid redistribution over the 
vibrational sub-levels, the individuality of their optical pro- 
perties is lost. The lifetime of the excited electronic state 
is inversely proportional to the probability p. Itfollows that 
the exponential variation in the number of excited particles, 
and hence the exponential quenching of luminescence, may 
be observed for systems characterised by a rapid redistri- 
bution of the constituent particles over the various sub-levels 
of the excited state. 


24. POLARISATION OF LUMINESCENCE 


It is a direct consequence of both the classical and the 
quantum-mechanical theory of interaction of radiation with 
matter that the emission by elementary objects such as 
atoms and molecules is anisotropic, and that the emitted 
radiation must be polarised. However, when excited parti- 
cles are randomly oriented, all the directions become equi- 
valent, and the emitted radiation is unpolarised. Polarised 
luminescence can only be observed in those media which 
exhibit a natural or induced anisotropy in the distribution 
of the constituent particles. Incrystals, the degree of polari- 
sation is connected with the disposition of the molecules in 
the unit cell, while in media with induced anisotropy, it is 
connected with the nature of the external excitation. 

In the following paragraphs we shall be mainly concerned 
with those media which are completely isotropic prior to 
the external excitation, and the only reason for the appear- 
ance of the anisotropy is the incident radiation. Since elec- 
tromagnetic oscillations are always transverse, a directed 
beam of radiation is thus always anisotropic, even if it is 
unpolarised. When the system is illuminated by isotropic 
radiation, the resulting luminescence will be unpolarised. 

Since the elementary absorbing and emitting centres are 
anisotropic, the exciting radiation interacts preferentially 
with those centres which have the appropriate orientation 
relative to the electric vector. As a result, therefore, only 
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those particles are.fqund in the excited state which have a 
certain preferred orientation, and the luminescence be- 
comes polarised. The degree of the polarisation is differ- 
ent for different directions of observation, 

The anisotropy of luminescence depends not only on the 
direction of the electric vector in the incident wave and the 
nature of the elementary emitter, but also on the nature of 
the processes which proceed in the system while the parti- 
cles are in the excited state. The latter include above all 
the interaction with the medium, which reduces the aniso- 
tropy in the orientation of the excited particles and thereby 
the degree of polarisation of the emitted luminescence. 

In luminescing gases, collisions between the particles act 
as a depolarisation process. The longer the lifetime of the 
excited state, the greater the depolarisation. Depolarisation 
may also be associated with the rotation of the molecules if 
the rotational period is comparable with the lifetime of the 
excited state. In liquid and solid solutions, depolarisationis 
connected with Brownian motion and depends onthe temper- 
ature and viscosity of the medium, the dimensions and shape 
of the molecules and the lifetime of the excited state. 

Resonance transport of energy between excited molecules 
is also a depolarising factor. We have considered similar 
processes in Section 9, when we were concerned with the 
transport of energy in linear chains. If, however, the par- 
ticles interact with each other, the molecule which has 
absorbed a photon may transmit its excitation energy to 
some other unexcited molecule. When the interaction is 
strong enough, this process may occur repeatedly until 
emission or non-radiative deactivation takes place. Since 
the molecules participating in the resonance transport of 
energy may have different orientations, the result of a 
repeated process of this kind is that the initial angular 
distribution of the excited molecules is completely sup- 
pressed [57]. The degree of depolarisation of luminescence 
decreases also as a result of the appearance of secondary 
luminescence (Section 22). The anisotropy of primary 
luminescence is much less than that of exciting radiation. It 
follows that the polarisation of secondary luminescence is 
lower than that of the primary luminescence, and similarly 
for higher-order luminescence. Since, under certain condi- 
tions, the relative fraction of secondary luminescence is 
quite appreciable, this leads to a general increase in the 
degree of isotropy of the emitted radiation. 
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The methods of classical theory can frequently beused in 
quantitative calculations of the degree of polarisation of 
luminescence in the linear optics approximation. They were 
discussed in detail in Section 3. Quantum theory enables us 
to estimate the limits of applicability of the classical repre- 
sentation, and to elucidate many of the characteristic features 
of luminescence which are associated with the properties of 
excited molecules, the transitions between different energy 
levels and the necessity of taking non-linear corrections into 
account. 

In Section 21 we used equation (21.14) for the rate of lumi- 
nescence of frequency »v;; averaged over all the orientations 
of molecules. If we take the anisotropy inthe angular distri- 
bution of the excited particles into account, we can readily 
show with the aid of (21.2) and (17.19) that 


Wien (Q,) dQ = hy, id Q, 5 | ai; (Qy, Qe) 1% (Q)) 


(24.1) 
— B%, (Qy, 2p) us (v;j, Qe) g (2,) — . nj (2) | dQ, 


t 


where Win (Q2,) dQ, is the rate of luminescence of polarisa- 
tion a which is emitted into the solid angle dQ, by all 
molecules in a unit volume, n;, (2,) dQ, and n; (Q,)dQ, are the 
numbers of excited and unexcited molecules with a special 
axis lying within the solid angle dQ, , a’, (82), Q,) is the pro- 
bability of spontaneous emission of radiation of polarisation 
a in the direction 2, by a molecule oriented in the direction 
Q,, and b%(2), Q.) us (v,;,2,) is the analogous probability of 
stimulated transitions under the action of equilibrium radi- 
ation. In equation (24.1) we have taken into account the ther- 
mal radiation background. It follows from this equation that 
negative luminescence is also polarised. In the visible region, 
the second component in (24.1) is as a rule small, and need 
only be taken into account at very high intensities and 
temperatures. 

According to (24.1), the polarisation characteristics of 
luminescence depend upon the properties of the molecule 
itself, the direction, intensity and frequency of the exciting 
radiation, and on all the depolarising factors. Calculations of 
n,(Q;) and n; (Q1:) are in general very complicated, and can 
only be carried out for specific systems (see Chapters 6-8). 
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Most frequently, one.has to resfrict the analysis to the limit- 
ing polarisation, ive. the pelarisation of luminescence inthe 
complete absence of all depolarising factors. In practice, 
depolarisation is reduced by reducing the temperature and 
increasing the viscosity of the solvent. Calculations become 
even more complicated if various non-radiative transitions, 
for example, redistribution of vibrational energy within a 
complex molecule, take place between absorption andemis- 
sion [58]. Knowing Wire (Q,), it is easy to find the degree of 
polarisation of luminescence in a given direction from the 
formulae of Section 6. 

Absorption and emission by the same oscillator is fre- 
quently discussed in classical theory. In quantum theory 
this corresponds to a transition between the same pair of 
energy levels, including an unexcited level. We encountered 
a similar situation in the case of resonance emission by 
atoms, or the excitation of the luminescence of complex 
molecules in the long-wave absorption band. In practice, 
the absorption band frequently corresponds to one electronic 
transition, while the luminescence band corresponds to 
another of lower frequency. A radiative or non-radiative 
transition from one level tothe other occurs between absorp- 
tion and emission. As a result, the polarisation of lumine- 
scence of given frequency is very dependent on the frequency 
of the exciting radiation and has a polarisation spectrum. In 
quantum theory this is allowed for by taking into account the 
dependence of n; (Q:) and n;(Q;) on the frequency of the ex- 
citing radiation. The classical theory assigns to each tran- 
sition of frequency v; its particular elementary oscillator. 
These are rigidly attached to the molecule and are at def- 
inite angles to each other. Knowing the angles between the 
absorbing and emitting oscillators, it is possible to find the 
polarisation of luminescence as a function of the frequency 
of the absorbing oscillator. 


25. CLASSIFICATION OF TYPES OF SECONDARY EMISSION 


Equiltbrium and non-egutltbrium emission 


The limiting and the most thoroughly investigated case of 
emission by a real assembly of atoms and molecules is the 
equilibrium thermal emission of a black body. This is a 
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very general type of emission which masks all the specific 
properties of the emitting particles, although the elementary 
processes which give rise to the black-body radiation are no 
different than the elementary processes in other radiating 
systems. The total loss’of individual particle properties 
which occurs under the conditions of thermal equilibrium is 
intimately connected with the strong interaction between 
elementary processes. Any black body which is in thermal 
equilibrium at a particular temperature is characterised by 
its specific equilibrium emissive power. The equilibrium 
emission of grey bodies of finite dimensions exhibits, if only 
slightly, the individual properties ofthe particular material. 
The loss of individual particle properties is connected not 
only with their mutual interactions, but also withthe repeated 
occurrence of absorption, emission and scattering, inter- 
molecular transport of excitation energy. reflection at the 
walls, interference phenomena and So on. 

In addition to equilibrium systems there is an infinite 
number of non-equilibrium systems. They appear as aresult 
of departure from thermodynamic equilibrium due to some 
external excitation. Emission by non-equilibrium systems 
depends not only on the nature andthe degree of the external 
excitation, but also on the properties of the system itself. 
Moreover, the effect of the external excitation will depend 
both on the properties ofthe medium surrounding the system, 
and above all its temperature, andonthe rate of exchange of 
energy between the medium and the system. If,for example, 
the temperatures of the medium and of the system are very 
high, small external disturbances will not succeed in modi- 
fying the state of equilibrium, andthe emission by the system 
will as before be purely thermal. If, on the other hand, the 
temperature of the medium is low, external excitation will 
modify the equilibrium distribution over the energy levels, 
with the result that non-equilibrium emission will appear 
against the background of thermal emission. The resultant 
emission of any system must in some measure include the 
ordinary thermal emission. This important idea was intro- 
duced as far back as 1888 by Wiedemann who introduced the 
term ‘luminescence’ to characterise non-equilibrium pro- 
cesses of emission of radiation. According to Wiedemann 
the chief characteristic of luminescence is the difference 
between the emissive power of a body andits thermal emis- 
Sive power (in the particular spectral interval) as can be 
seen from Equation (25.1). 
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Wiedemann’s definition of luminescence correctly represents 
some of the characteristic features of the luminescence pro- 
cess, and serves as a basis for the introduction of the con- 
cept of negative luminescence. We have used it in deriving 
the fundamental formula (29.14) for the rate of luminescence. 
This definition, however, is incomplete. In aseries of papers, 
Vavilov showed that the physical significance of the concept 
of luminescence as used in modern physics is much narrower 
than the general concept of non-equilibrium emission. Non- 
equilibrium emission includes not only luminescence, but 
also Rayleigh scattering (including reflection), combination 
(Raman) scattering, and also Vavilov-Cherenkov radiation 
and bremsstrahlung. A further important type of non-equili- 
brium emission was discovered in recent years,namely, the 
emission by media with negative absorption coefficients, i.e. 
stimulated emission, which again cannot be classified as 
luminescence. 

The experimental separation of the various types of non- 
equilibrium emission is not an easy task, andcannot always 
be achieved. It is particularly difficult to separate scattering 
from photoluminescence, since both are common types of 
secondary emission produced as aresult of adeparture from 
equilibrium due to the incidence of the primary radiation. 

By analysing the various types of non-equilibrium emis- 
sion, Vavilov showed that one of the most characteristic 
features of luminescence is the presence of an afterglow 
with decay time longer than the period of the electromag- 
netic vibrations after the exciting agent has been removed. 
This is intimately connected with the possibility of quenching 
luminescence as a result of an increase inthe non-radiative 
transition rate. A systematic application of this criterion 
enabled Vavilov to develop a correct interpretation of the 
many types of emission observed in practice, including the 
‘Vavilov-Cherenkov emission. Vavilov’s criterion is almost 
entirely valid whenever luminescence arises as a result of 
non-radiative methods of excitation (thermal excitation, ex- 
citation by electron impact, and so on). There are, however, 
residual difficulties connected with the necessity of separa- 
ting luminescence from the radiation emitted by quantum 
generators (masers). A negative absorption coefficient may 
be produced by ncn-radiative excitation, and the emission 
may exhibit afterglow, and, moreover, the generation of 
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radiation may be quenched by impurities, or occasionally by 
increased temperature. 

Whenever secondary non-equilibrium emission is con- 
nected with the incidence of a primary radiation, the use of 
the above criterionis even more difficult, particularly in the 
case of resonance emission. According to this criterion, 
resonance emission under the action of an external flux of 
radiation must be classified as photoluminescence, since it 
exhibits the characteristic afterglow and is easily quenched. 
At the same time, experiment shows that when the density 
of the emitting vapour is increased, the resonance emission 
is transformed to specular reflection, showing that itis co- 
herent with the incident radiation. Therefore, some of the 
properties of resonance emission cannot be fitted into the 
concept of photoluminescence; resonance emission resem- 
bles ordinary scattering in many respects. This uncertainty 
is reflected in some measure of confusion in the termino- 
logy. Some authors refer to it as resonance fluorescence, 
others as resonance scattering, still others, following Wood, 
call it resonance emission. 

The facts considered above show that the single experi- 
mental criterion involving the presence of afterglow and 
quenching is not sufficient for the classification of various 
types of secondary emission. In his earlier work Vavilov 
showed that other experimental criteria are alsoinadequate 
for reliable classification. Fcr example, one cannot use the 
coherence criterion, since coherence is absent not only 
from luminescence, but also from combination (Raman) 
scattering. 

We thus see that the classification of various types of 
secondary non-equilibrium emission cannot be based on its 
external characteristics, and it is essential to consider the 
mechanism responsible for the processes occurring in the 
system under the action of the external radiation, i.e. to 
analyse the transformation of radiation within the material. 

In concluding the present section we must emphasise that 
the division of the resultant emission of asystem into equi- 
librium and non-equilibrium emissionis possible only within 
the framework of linear optics, i.e. at low densities of the 
emitted radiation. This is adirect consequence of the general 
theory of transport of radiant energy within regions of finite 
linear dimensions. The integro-differential transport equa- 
tion given by (22.7), which we introduced in connection with 
secondary processes, is ingeneral non-linear. It determines 
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the total density of excited particles n.ateach point. If there 

is no radiationfrom external sources (u2= 0), and as is usual 

dio = dg, e—/AT | (22.7) leads to the usual equilibrium formula 
‘ e—hv/kT 


ner = — Nn 
2 | + enter 


Any non-zero intensity of exciting radiation leads to a 
departure from the equilibrium distribution. In accordance 
with Wiedemann’s definition, it seems useful to seek the solu- 
tion of (22.7) in the form 


An, (7) =n, (r) — ng? (7) (25.2) 


However, in view of the non-linearity of (22.7), it cannot 
be separated into two independent equations, one in n," (r) 
and the other in 27,(r), and therefore the separation of the 
resultant emission into equilibrium and non-equilibrium 
contributions cannot, in general, be carried out. 

Equation (22.7) is linear only under certain special condi- 
tions. These include the many special cases when one can 
neglect stimulated emission, or when the density of the 
external radiation is small and so is the departure from 
equilibrium, i.e. 


No (r) -— no 4 (r) K no (r) 


These conditions are usually satisfied in luminescence 
studies, and therefore (25.2) is valid. However, inthe special 
case of the generation of radiation within a plane-parallel 
layer with a negative absorption coefficient itis not possible 
to isolate the equilibrium radiation. 


Scattering, combination (Raman) scattering and 
luminescence 


The rigorous criteria which are necessary for the classi- 
fication of various types of secondary emission can only be 
established on the basis of quantum electrodynamics [59]. 
Classical theory does not in general consider stationary 
luminescence, while quantum mechanics does not describe 
spontaneous emission. However, the results of classical 
theory are very illustrative, and therefore it will be con- 
venient to summarise their main consequences. In the case 
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of scattering, they will lead to the same results as quantum 
electrodynamics, and therefore correctly reflect the true 
state of affairs. 

Absorption and induced emission by a classical dipole has 
been discussed in detail sin Chapter 1 (Section 2). The rate 
of emission is given by (2.46), and the rate of absorption by 
(2.35). The emission by a dipole is coherent with the inci- 
dent radiation and is therefore regarded as scattered radi- 
ation. The secondary emission energy yield is 


see 0) ea (25.3) 
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It is equal to unity only for processes accompanied by the 
outflow of energy into the surrounding medium (when 7,;, = 0). 
Any increase in 7,,, for example, by the addition of gaseous 
impurities, leads to a reduction in the yield, and therefore to 
the quenching of the scattering process. The latter undoubt- 
edly exists but isusually masked. Figure 5.10 shows the rate 


Wem) 


PY = 0, 2 = a 0 
Fig. 5.10 Rate of emission (solid 
curves) for radiation of frequencyv 


of emission as a function of frequency of the incident radi- 
ation for two values of 7,,. When the frequency of the inci- 
dent radiation is very different from the natural frequency 
v, Of the dipole, the intensity of the scattered light is inde- 
pendent of ;,,. The reduction in the rate of emission with 
increasing 7,, is associated not with a reduction in the in- 
tensity of the emission, but with an increase in the absorption 
due to the broadening of the absorption line. In the region 
where v~v,, i.e. for resonance absorption, an increase in 
{tf iS accompanied by a decrease in the intensity of the 
emission and in its yield. 

It is most important to note that, according to classical 
theory, the emission spectrum under stationary conditions 
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(scattered spectrum) is very dependent on the spectral 
composition of the exciting radiation only when the incident 
radiation contains narrow spectral lines. The profiles of 
the emission line and the incident line are then identical. 
Different scattered lines will, of course, have different 
intensities. If, on the other hand, the incident radiation has 
a continuous spectrum, then in accordance with (2.46), when 
E'o>=const, the secondary emission spectrum contains a line 
or a band whose profile is determined exclusively by the 
properties of the dipole, and is described by the dispersion 
formula. However, the character of the transformation of 
light in the two cases is the same. By dividing the incident 
light into narrow bands, one can see that each of them is 
transformed without change in profile and frequency (but 
with a change in intensity). 

According to classical theory, afterglow is always pre- 
sent after the removal of illumination, and the afterglow 
intensity is a function of frequency and of time. For time- 
integrated quantities the intensity distribution is given by 
(2.17). The duration of this afterglow is of the order of the 
corresponding quantity for luminescence (when 7;,=0,tT ~ 
10°“sec). The afterglow spectrum is in general quite dif- 
ferent from the spectrum of the incident radiation; it con- 
sists of the natural line of the dipole with a profile given by 
(2.17). At incident frequencies well away from the resonance 
frequency, there is a rapid change inthe emission spectrum 
as soon as excitation is removed, and this might be inter- 
preted as the absence of afterglow. The spectral composition 
of the secondary emission under stationary conditions is the 
same as the spectral composition of afterglow only in the 
case of resonance illumination by a continuous spectrum. In 
this case the properties of the secondary emission resemble 
those of fluorescence, although in fact it does not differ in 
any way from the secondary emission in the absence of 
resonance, which is naturally regarded as scattering. 

Thus if we consider that the classical theory of induced 
emission by a dipole correctly reflects the basic properties 
of scattering and resonance emission of radiation, then the 
criteria involving the duration and the ability to quench can- 
not, in fact, be used for the classification of secondary emis- 
sion; scattering, similarly to luminescence, is quenched and 
is accompanied by afterglow. 

The basic information which is necessary for the clas- 
sification of secondary emission by the methods of quantum 
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electrodynamics is discussed in detail in Section 15 (Chap- 
ter 3). From the point of view of quantum electrodynamics 
the transformation of light by matter involves the disappear- 
ance of primary and the appearance of secondary photons. In 
this sense there is no difference between scattering, reson- 
ance emission and luminescence. The only distinction may 
lie in whether or not the disappearance and appearance of 
photons occurs in direct succession, or whether they are 
separated by intermediate processes. Among such inter- 
mediate processes are radiative or non-radiative transi- 
tions between energy levels. In complicated molecules they 
may include redistribution of vibrational energy over the 
degrees of freedom. 

The transformation of radiation without the participation 
of intermediate processes is described by (15.17) and (15.19) 
for a two-photon process. In the analysis of three-photon 
processes we introduced the formula given by (15.22) which 
describes the appearance of two types of photon. Photons 
belonging to the first type have frequency, say v’, and are 
produced without the participation of intermediate processes. 
Photons of the second kind are of frequency v’” say, and ap- 
pear after the completion of the first process which may be 
regarded as intermediate. Averaging of (15.22) over all v’” 
yields the law of transformation of the incident photons v’ 
into the secondary photons v” as determined by (15.23)- 
(15.25). Averaging of (15.22) over all photons vw” yields 
(15.27) for the v’ ~v” transformation with the participa- 
tion of a single intermediate process, in this case, an opti- 
cal process. A detailed analysis of the spectral properties 
of such radiations is given in Section 15. 

In complicated systems, intermediate processes may be 
very different with different conditions. The rate of emission 
of a particular part of secondary emission produced without 
the participation of intermediate processes is given by 
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This is obtained by averaging over all intermediate radi- 
ative and non-radiative processes [60j. In this expression, 
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1, 2 - Raman scattering; 
3 - Rayleigh scattering; 
4, 5 - luminescence; €, 
7 - non-radiative inter- 
mediate transitions 


Fig. 5.11 Various types 
of secondary emisston in 
the case of resonance (b) 
and non-resonance (a) 
excrtation 


|a,|? is the probability of finding the system in the ¢-th level 
and 4ny, is the probability that the system transforming the 
radiation will leave the intermediate state k& (Fig. 9.11). It 
consists of the probability of transitions with the emission 
of radiation, 277" (spontaneous emission), the probability of 
non-radiative transitions, 27,°" to lower states, and the pro- 
bability of redistribution processes 27,7°. The sum27,--+ 277° 
equals the total probability of non-radiative transitions. The 
remaining symbols in (29.4) have the same meaning as 
before. 

If the frequency of the exciting radiation is not the same 
as one of the frequencies of the system (Fig. 5.11la), then 
there is a non-resonance transformation of radiation. When 
v’ = v,, the transformation is resonant in nature (Fig. 5.11b). 
Summation is carried out over all intermediate levelsk. 

When t¢=j, the expression given by (25.4) describes the 
transformation of radiation without change in frequency 
(v’ =v’). This secondary emission has the properties consi- 
dered in the case of the classical dipole. The expression 
given by (25.4) differs from the corresponding classical 
expression only in the model adopted for the medium. In 
the case of a harmonic oscillator (7,°° = Yn, 7'° = 0) they 
are identical. Emission by a classical dipole, which is 
given by (25.4), must therefore be regarded as scattering. 

When i#j, the secondary emission (25.4) contains the 
combination frequencies wv” = v’-~v,;. It consists of lines 
whose position and profiles depend on the spectral com- 
position of the incident radiation and is called combination 
or Raman scattering. | 

The energy yield of this transformation process can 
easily be found by first calculating the number of disap- 
pearing photons. The result is 
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where 7°©" , 7°", 7'® are the probabilities 7", 7,0" andv,° 
averaged over allk. , 

The transformation of radiation which occurs with the 
participation of only one intermediate process is described 
by (15.27) and has the energy yield 


i es ee (25.6) 
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It follows from (15.27) that this part of the emission con- 
sists of a set of characteristic lines of the material, whose 
positions and profiles are independent of the conditions of 
excitation. The only quantities which depend on the fre- 
quency and intensity of the exciting radiation are the C,, 
which are closely connected with the population of level k. 

In contrast to the emission described by (29.4) for which, 
well away from resonance, a reduction in the yield is not 
accompanied by a change in the intensity, a change in the 
yield of the emission given by (15.27) is always accompa- 
nied by a corresponding change in the integral intensity. 
Emissions which appear as a result of the transformation 
of radiation with the participation of two, threeor a greater 
number of intermediate redistributions of energy, consist 
of the characteristic lines of the medium with the same 
position in the spectrum and the same profile. The intensity 
of lines corresponding to processes with a different num- 
ber of intermediate processes may be different, depending 
on the values of C,. All such lines are superimposed upon 
each other, and cannot be separated experimentally. They 
must therefore be considered together as a single line. 

The quantum yield of the transformation of radiation with 
the participation of all intermediate processes is of the 
order of 
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In complicated systems the redistributions proceed very 
rapidly and most of the radiation is emitted after a large 
number of redistributions so that the band profile is inde- 
pendent of the conditions of illumination. It is evident from 
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(25.5) that in such systems the transformation of radiation 
without the participation of redistributions, i.e. scattering, 
is almost entirely quenched by the redistributions which do 
take place. All the emission.occurs with the participation of 
redistributions and its yield is entirely determined by the 
usual formula 


(Se (25.8) 
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which is identical with (25.7) for very large Yre. 

The basic equations of quantum optics (Sections 13 and 15) 
can be used without much difficulty to determine the pro- 
perties of the emission which continues after the illumina- 
tion ceases. Calculations show that any stationary emission 
ends with afterglow whose profile and line positions are 
independent of the conditions of excitation. The entire after- 
glow consists of characteristic lines, and therefore its spec- 
trum is the same as thestationary spectrum appearing after 
the redistributions, and differs fromthe secondary emission 
spectrum which is treated as scattering. 

From the point of view of quantum electrodynamics, sec- 
ondary emission may therefore be successively separated 
into two parts which differ from each other by the mechanism 
of formation and have quite different properties. One of these 
is the emission produced with the participation of interme- 
diate transitions. It is characterised by (1) profiles and posi- 
tions of its constituent lines which are independent of the 
properties of the incident radiation, (2) a reduction (some- 
times an increase) in the quantum yield is always accom- 
panied by a corresponding change in the intensity of the 
emission, and (3) the stationary spectrum is the same as 
the afterglow spectrum. All forms of emission which are 
usually looked upon as photoluminescence have similar 
properties. It is precisely for this reason that this part of 
secondary emission is usually treated as photoluminescence. 
It may be noted, however, that the above properties are 
clearly exhibited only by line spectra. In other cases, when 
the lines overlap, the profiles and positions of the bands de- 
pend both on the properties of the medium and of the incident 
radiation. 

The second part consists of emission produced without the 
participation of intermediate processes. In classical theories 
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it is regarded as emission due to forced vibrations of a di- 
pole. This part of the emission has the following character- 
istic properties: (1) the profiles and positions of the lines 
depend on the spectral composition of the incident radiation, 
(2) a reduction in the yield is not always accompanied by a 
reduction in the intensity of the emission, and (3) the station- 
ary spectrum is not, in general, the same as the corre- 
sponding afterglow spectrum. It is only in one special case, 
i.e. in the case of illumination by a broad resonance line, 
that the emission has properties that appear to be the same 
as the properties of emission with the participation of re- 
distributions. 

We thus see that any multi-photon emission process which 
occurs without the participation of redistributions must be 
regarded as Rayleigh (arrow 3 in Fig. 5.1l1a) and combina- 
tion (Raman) scattering (arrows 1 and 2). From this point 
of view resonance emission by low-density atomic andsim- 
ple molecular vapours must be regarded as resonance 
scattering (in Fig. 5.11b Rayleigh resonance scattering is 
represented by arrow 3, while Raman scattering is repre- 
sented by arrows 1 and 2). The emission produced after 
the completion of the intermediate process indicated in Fig. 
Q.11 by arrows 4 and 5 is classified as photoluminescence. 
Among the intermediate processes there are also the non- 
radiative transitions 6 and 7. 

The optical properties of specific models of matter, i.e. 
systems of particles with two or more levels and also of 
the harmonic oscillator will be considered later. In most 
cases we shall be concerned with luminescence of such 
systems rather than with resonance or Raman scattering. 
Even the emission by a system of particles with two energy 
levels is classified as luminescence. This is possible if it 
is assumed that some intermediate processes leading to a 
change in the phase of the secondary emission occur be- 
tween absorption and emission. The intensities due to the 
individual atoms can then be added, since the waves are 
not coherent. 

It follows from (25.5) and (25.7) that the ratio of the photo- 
luminescence to the scattering yield is 
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With increasing probability of non-radiative transitions, 
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yi" falls off more rapidly than 7°* It follows that by using 
different quenchers, it is possible to suppress completely 
luminescence without altering scattering. This explains the 
major practical significance. of the quenching criterion for 
the experimental separation of scattering from photolumi- 
nescence. 


Media with negative absorption coeffictents 


In Sections 19 and 20 we considered the special kind of emis- 
sion which is associated with negative absorption coefficients 
in highly non-equilibrium media. This cannot be classified as 
either scattering‘or luminescence, although it appears when 
an external electromagnetic field is applied to the medium. 

As we have seen, scattering and luminescence are associ- 
ated with the disappearance of primary and the appearance 
of secondary photons, and may consist of two-photon or 
multi-photon processes. The emission by media with nega- 
tive absorption coefficients, which is much simpler and 
arises as a result of single-photon processes, was dis- 
cussed in detail in Section 14. 

In the next approximation of quantum electrodynamics, 
i.e. when two-photon processes are considered, there are 
further terms which characterise radiation with similar 
properties. This arises as a result of an excess popula- 
tion in the upper level due to the absorption of the prim- 
ary photon. We shall not discuss this in detail because it 
can usually be neglected. 

The distinction between media with positive and nega- 
tive absorption coefficients is not fundamental, from the 
point of view of the optical properties of volume elements. 
In the first case, the interaction of light with the medium 
leads to an attenuation of the incident radiation, whereas 
in the second, it leads to its amplification. The attenuation 
is accompanied by an increase in the energy of the absorb- 
ing particles, whereas amplification of the beam is accom- 
panied by the transfer of energy from the medium to the 
field. The mechanism of the two interaction processes is 
identical, except that the distribution over the energy levels 
is different. The two processes are mutually symmetrical 
and differ only in direction. 

In the case of stimulated emission by media with nega- 
tive absorption coefficients the incident photons do not 
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disappear but simply stimulate the emission of further pho- 
tons. In the terminology which we have adopted, they cannot 
therefore be referred to as secondary. 

Emission by media with negative absorption coefficients 
is quite different from luminescence. The latter involves the 
spontaneous emission of a photon, i.e. emission due to the 
interaction with the zero-point electromagnetic field. A 
luminescing atom is the simplest generator of radiation. 
Emission by individual non-interacting atoms is not co- 
herent, and the phases of the emitted waves are random. 
Emission by media with negative absorption coefficients 
arises only during interactions with radiation. The indivi- 
dual excited particles do not generate radiation, but simply 
modify the incident radiation. Photons which are produced 
as a result of the interaction with the field are coherent 
both with each other and with the incident photons. 

In media with negative absorption coefficients lumine- 
scence (spontaneous emission) and stimulated emission 
always occur side by side. The main experimental criteria 
which can be used to separate them are (1) coherence of 
the emitted photons and (2) differences between distribution 
functions for different directions of propagation. The direc- 
tions of propagation of the stimulated and incident radiations 
are the same. Photons produced as a result of spontaneous 
emission propagate in different directions with a probabi- 
lity which is determined by the properties and orientation 
of the elementary sources. 

Objects having finite linear dimensions are of particular 
importance in the study of the optical properties of media 
with negative absorption coefficients. It is then important 
to take into account not only the amplification of radiation 
reaching the system from outside, but also the amplification 
of waves produced in the system itself. Reflection by the 
walls (see Section 20) can be allowed for at the same time. 
As a result of the continued repetition of these processes, 
the object as a whole may become a generator of radiation, 
even in the absence of external stimulation. Generation will 
always set in when losses associated with the escape of 
radiation from the system are compensated by freshly pro- 
duced radiation. 

It was noted at the beginning of this section that the trans- 
fer theory is in general non-linear. Linear approximations 
are admissible only when we can ignore the effect of radia- 
tion on the absorption coefficient, i.e. on the distribution of 
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the particles over the energy levels. In media with negative 
absorption coefficients (finite volumes) this condition is 
frequently unfulfilled, so that the theory of such media can 
only be constructed within the framework of non-linear op- 
tics. The separation of the emission into equilibrium and 
non-equilibrium components is then meaningless. In par- 
ticular, one cannot use formulae such as (21.14) which 
equate the rate of non-equilibrium emission to the differ- 
ence between total and thermal emission. 

The division of total emission into equilibrium and non- 
equilibrium components is meaningless not only for the 
finite volume as a whole, but also for each elementary 
volume within it. At the same time we can, as before, 
separate the spontaneous emission of intensity A,n,i»,; from 
the stimulated emission of intensity B,,(1;—7;)h»,; in each 
elementary volume. In the object as a whole, the directed 
stimulated emission is usually predominant, while spontane- 
ous emission acts as background noise. 


Optical Properties of the 
Harmonic Oscillator 


26. QUANTUM-MECHANICAL PROPERTIES OF 
THE HARMONIC OSCILLATOR 


Wave functions and energy levels 


The harmonic oscillator is the basic model of matter in 
classical electrodynamics and retains its importance in 
quantum theory. It is used not only as a model of matter, 
but also as a model of the electromagnetic field, which can 
be represented by a set of such oscillators. 

The development of quantum theory, beginning with its 
original form and ending with the modern quantum field 
theory, depends to a considerable extent on the proper- 
ties of this model. The oscillator plays a particularly 
important role in the theory of emission by quantum sys- 
tems where it is the basis for the analysis of many com- 
plicated problems. 

In quantum mechanics, a harmonic oscillator is defined 
as a system whose Hamiltonian is of the form 
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the quasi-elastic constant and the mass ofthe oscillator re- 
spectively. It is assumed for the sake of simplicity that the 
problem is one-dimensional, i.e. the oscillations of the par- 
ticle occur along the x axis. The energy eigenvalues and the 
wave functions which satisfy the Schroedinger equation for 
the oscillator 


he d*u 


a ik aa (26.2) 

are given by 
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Hv (§) is the Chebyshev-Hermite polynomial of order v which 
is given by 
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and | is the integral part of v/2, According to (26.3) the 


oscillator has an infinite set of equidistant energy levels. 
The lowest energy is not zero, as predicted by the classi- 
cal theory, but is 1/2hA vo. 

The wave functions for the first three states can readily 
be written out using (26.4) and (26.5): 
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The first of these has a maximum at x =0, and does not 
vanish anywhere apart from infinitely distant points. The 
second vanishes at x = 0 and reachesits maximaatx= +x. 
In other words, it has one node and two maxima. The third 
function has two nodes (at x= +x,V2). It may be shown 
that the number of nodes of an eigenfunctionis always equal 
to the quantum numberv [61], 

Figure 6.1 shows plots of the functions given by (26.6), 


v(x) 


U, - fundamental, Us, Uz - first two harmonics 


Fig. 6.1 Wave functions of (a) harmonic oscillator with 
v=, 1, 2 and (6) oscillations of a stretched string 


together with graphs of functions describing the vibrations 
of a string with fixed ends (the fundamental and the first 
two harmonics). As can be seen, there is a considerable 
Similarity between these graphs. 


Probability of localisation of charge 


It is well known that a classical operator having the lowest 
energy E = 0 (amplitude a = 0) is located precisely at the 
point of equilibrium at «= 0. When E#0, the probability of 
finding it between x and x + dxis 


| dx 
Wx de eis 
ot | ) — i-=}" (26.7) 
a® | 
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The quantum- mechanical probability W q (x)dx of finding 
the oscillator of energy E, between x and x + dx is deter- 
mined by the square of the modulus of the corresponding 
wave function: 


W , (x)dx =| p (x) Pde (26 .8) 


As can be seen from Fig. 6.2, which shows plots of the 
classical and quantum-mechanical probabilities, W ., (x) has 
a maximum at the turning points of the path of the oscillator. 
The quantum-mechanical probability is a much more com- 
plicatedfunction of x, although with increasing level number, 


Fug. 6.2 Classical and quantum- 
mechanical posttion probabilities 
for an oscillating charge. The 
energy of the oscillator ut rest is 
assumed to be zero 


it increases near the turning points and assumes a form 
similar to that of W. (x). This result is expected from the 
correspondence principle. It also follows from the elemen- 
tary critericn of the applicability of classical mechanics 
given by Fock [62]. In the case of the harmonic oscillator 
this criterion is 


V+". > 1 (26.9) 
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Classical and quantum mechanics of the harmonic oscillator 
lead to results which become more and more similar as the 
energy of the oscillator increases. 


r) 
Mean position 


Let us suppose that the motion of the oscillator is described 
by the wave function 


p(x, t) = P Colt) dy(x)ere (26,10) 


re) 


The mean value of x is then given by 


x(t) = j v(x, Dx v(x, dx = VY Ch (d)xo-, o CL(L) 


(26.11) 
= SY Cd (0)xv- (£)C,(0) 
where 
_ h U 
Xp’, y(t) = Y wxly > bul, v 
(26.12) 


v-+ | —2 bE Vry~,! 
aie a tae 1 


are the matrix elements of the position coordinate operator. 
According to the last expression, *%v’,, differ from zero only 
when v’ =uv+ 1, All the x,., varv with the same frequency 
v, and therefore (26.11) may be written in the form 


x(t) = acos(2n,t + @) (26 .13) 


where a and @ are the amplitude and initial phase respec- 
tively. The expression given by (26.13) can also be obtained 
from Ehrenfest’s theorem, which states that the mean valves 
of physical quantities obey the classical law of motion 
mE 
dt x 


For the oscillator 


OV oot 
—— = yp" t a 26.14 
ax | b* xbdx = kx ( ) 
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and therefore - 


m—— + kx =0 (26.15) 


This is satisfied by (26.13). The equations of_classical 
mechanics hold rigorously for the mean value x. This is 
connected with the special form of the potential function 
for the harmonic oscillator which is quadratic inx. Even 
for a small anharmonic oscillator, whose potential function 
contains higher powers of x, we have 


ov : OV 
Gx! OF 
and Ehrenfest’s theorem does not lead to the classical 
equation of motion, The identity of the results of classical 
and quantum mechanics for the mean value x for the har- 
monic oscillator is, of course, the basic reason for the 
identity of the results of the classical and quantum theories 
of emission by the oscillator. 


Oscillating wave packet 


Consider the time-dependent Schroedinger equation for the 
harmonic oscillator: 


h ow he oO 
eo 0x + 2st ms | mn 


We shall seek the solution V(x, f)in the form of the super- 
position of eigenfunctions 


—2n (E,, t/h 


W(x, t) = Si Cope (26.17) 


Suppose that, at the initial time, (x, 0) describes the wave 
packet shown in Fig. 6.2 (see the plot of W, for v=0). The 
‘centre of gravity’ of the packet is at a distance a from the 
position of equilibrium x = 0, so that 


oY 2/9,2 
Wx, 0) = bakes 0 = tg 2x, (26,18) 


VxVr 
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If we now multiply this expression by 9°"! and integrate with 
respect to x between —oo and +o, we have, using (26.4) 


Cy=M, H (b)e78/2 e~ © Ea"/2a 


: { 
V Vr s 
; (26.19) 
_ ( “i ) en U/4x, 
7 x, VX ach 
where § = u/x,. This integral can be evaluated with the aid 
of the generating function for the Chebyshev-Hermite poly- 
nomials [63]. 


substituting (26.19) into (26.17) we have, after some 
transformations 


ry 
W(x, 0) == ———— exp | — = 16 —& cos (2ré vy 2)]? 
Vauve ees 


; | (26 .20) 
or Rvp -+ —7~ Sit (47% t) — Bk, sin (291) 


The probability of finding the particle at a particular point 
is given by 


] —(xX — acos Qnvol)?/2x- 


PEC) =e (26.21) 


It will readily be seen that V(x, ¢) describes the wave 
packet executing harmonic oscillations at the natural fre- 
quency of the oscillator. The form of the packet remains 
constant, and as a--0, the wave function tends to the eigen- 
function for the zero state (26.64). 


Probabiltty of radiative transitions 


The quantum-mechanical properties of the oscillator de- 
scribed above are not connected with the presence of its 
electric charge. Such properties are exhibited by any mech- 
anical system for which the Hamiltonian is of the form 
given by (26.1). We shall however, only be interested in an 
optical oscillator constituting a model of an electron in an 
atom. It has a variable dipole moment and is capable of 
absorption and emission of electromagnetic waves. We shall 
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confine our attention to the dipole approximation and will 
calculate Einstein’s coefficients for stimulated and spon- 
taneous transitions. ~ 

Substituting (26.12) into (8.76) and (8.77) we find that 


it €* 
By, vii = Bop v= (Ut 1) By = (v + Pee i (26.22) 
0 


Smt er 26.23 
Avia o= (0+ DA = (0+ 1) Sag FCF D210 ( ° ) 


where To is the classical damping constant (see (2.9)). All 
the remaining transition probabilities are zero, so that on 
the dipole approximation the oscillator can only undergo 
transitions between neighbouring levels. Since the levels 
are equidistant, it follows that all transitions involve the 
absorption or emission of the proper frequency vo. 


27, ABSORPTION AND LUMINESCENCE 


Absorption of isotropic radiation 


Consider n non-interacting harmonic oscillators illumina- 
ted by an external isotropic radiation of frequency vo and 
density u. The dipoles are located in a thermal radiation 
field of density uo. In general, the rate of absorption can, 
in view of (17.19), be represented by the sum 


Wises »} (2,(u, 7, t) By, v4, 


v=0 


—Nyi(u, T, t) Bosra, vt] 2% 


(27.1) 


where “,(u, T, f) is the number of oscillators occupying 
level v, It depends on the density of the exciting radiation. 
the temperature of the medium and the time ¢. Stimulated 
emission (second term under the summation sign) will, as 
before, be looked upon as negative absorption. 

For other quantum-mechanical systems we must calcu- 
late the distribution function before we can determine the 
rate of emission. In the present case this will involve con- 
siderable mathematical difficulties. In point of fact, inorder 
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to find n,(u, T, 4), we would have to solve an infinite set of 
differential equations. In some special cases, however, the 
determination of this function does not involve laborious 
calculations, and we shall discuss them below. 

In view of the specific’ properties of the oscillator, the 
sum (27,1) can in general be evaluated without any know- 
ledge of the explicit form of the distribution function. As- 
suming that coefficients 8, ,_, with negative subscripts are 
zero, we can write (27,1) in the form 


Wes = > nu, T, t) (Bo, v4) — Be, v1) UA % (27.1a) 
vu=0 


Since, according to (26.22), Bs, 4, — By, »_, = B, for all », it 
follows from (27.1a) that 


ae 2 
W aps == Buh, = nu, T, tf) =nBwuhy, =n om uo (27,2) 


v0) 


This expression is valid both for stationary and non-station- 
ary excitation. It is quite independent of the distribution 
function, and therefore of the method of excitation and the 
temperature of the medium, In other words, the absorptive 
power of the oscillator is independent of whether itis ina 
normal or an excited state. This follows directly from an 
analysis of the expression under the summation sign in 
(27.la). It gives the observed rate of absorption by the 
oscillators occupying the v-th level. It is easy to see that 
for any v the rate of absorption per oscillatoris Bpuhvo. 
When the oscillator is illuminated by a negative flux, the 
rate of absorption (27.2) is also negative. 

Stimulated emission is occasionally neglected to simplify 
the mathematics. However, inclusion of stimulated emission 
in the case of the harmonic oscillator notonly does not com- 
plicate the calculation of the absorbing power, but will also 
actually help us reduce the number of intermediate steps. 
and will lead directly to the final result. 

From (27.2) and (2.39) it follows that 


R= | R(v)d -— fl 
0 
This shows that the absorption coefficient is independent 


9 
5 ae aa 


21.3 
3mc ( 
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of the density of the exciting radiation and the temperature 
and is always positive. For a harmonic oscillator Bouguer’s 
law is always rigorously satisfied. 

In the literature, the absorption coefficient is sometimes 
calculated without allowance for stimulated emission. This 
leads to the erroneous conclusion that it should increase 
with temperature. The analysis given here was first pub- 
lished by the authors elsewhere [64]. 

Equation (27.3) is identical with the Kravets integral 
(2.45) deduced from classical electrodynamics. 


Luminescence under stationary illumination 


In view of (21,14), the rate of luminescence by oscillators 
with allowance for the thermal radiation background can be 
written in the form 


W ium oe y) {ry(u, i t) Ay. vU—-] [Ny_y (u, T, t) 
v::l (27 4) 
—n fu, T, t)| By_y, ply} Avo 


This sum cannot be evaluated without the use of the pro- 
perties of the distribution function. In general, the numbers 
nu, T,t) satisfy the following system of differential equa- 
tions (see (16.1)) 


: ny(u, T, t) = ny(u, T, f) [A,, ee fea Bo, y—1(Uy + lt) 


+ Bo. oath + u)| +- Ny (U, T, {){Asay, v - Bos .v(Uo 5 i) | 
+ ny_,(u, T, t) Boy, o(My -+ &) (27.5) 


We shall not consider here the interaction of the oscil- 
lators with the medium, and therefore the probabilities of 
non-radiative transitions are absent. The first term on the 
right-hand side of (27.5) is equal to the number of oscil- 
lators which leave level v to levels v+ 1 and v — | per unit 
time, while the second and third terms correspond to the 
number of particles arriving from levels v + | andv — lat 
the level vw, 

To begin with, let us evaluate Wium under constant illu- 
mination. In this case ny, is time-independent, and (27.5) 
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becomes a system of linear algebraic equations 


— nN, B,(uy tu) +1, [Ay + Bo(u + u)] = 0 
—NfAp + Bo(uy + 4) +, Bie(Uo + 4)] + NpBy(uly + UL) 
+ nglAg, + Boy(u + 4)] = 0 


ame nelAg, v—] + By, v—] (Uy + u) + Dea. v(Uy -+- u)] 
+ ny_yBo_y, 0 (Up + 4) + Moga [Aogi, o + Bota, ofl + 4)] 
——4 


@ @© @ © © 8 —  e Fe  @ Gel UUUlULeUUlUUUUlUh Uy 


From the first equation in this system it follows that 


By(uy + 4) 
” Ay + Bo(up + 4) 


ny, estos 


(27.7) 


Substituting this into the second equation in (27.6) we have, 
in view of (26.22) and (26.23) 


By(uly + 4) : 
Ng = Ny | ———-——_ 27.8 
: ireyiceed | 
Similarly 
~ Buy +u : 
Ny = Ny Correes (27 .9) 
A,+ By(uy + 4) 
If we determine 7, from the normalisation condition 
y Ny oon (27.10) 


v0) 


we obtain the following final expression for the distribution 
function 


Ny 


A, | By (uy + 4) 


a 
Ay + Bo(ulp + &) | Ay 4+ By(ug + 4) (27,11) 


When u-+0, (27.9) yields the Boltzmann distribution over 
the energy levels. Thus, since (A, + B,u,)e—"/#? =: Buu, we 
have, on lettingu=0, 

oh v9 Ey —Eo 


HF _ 
ny=ne “ =ne 


(27,12) 
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When u #0, the number 7,(u, T) may be regarded as the v-th 
term of a geometric. progression whose ratio qg is given by 


= By (uy + ut) 
Ay + Bo(uo + 4) 


When u— oo, g +1, the distribution: becomes uniform and 
n,> QOfor any v. 

Substituting (27.12) into (27.4), we obtain, after simple 
transformations, the following expression for the rate of 
luminescence under constant illumination: 

4 
W st = nBywhy, = n——u (27.13) 
m Si 
This is identical with (27.2) and the corresponding classical 
formula (see (2.48) for 1 = Tem and cos’?6 =1/3), 


Growth of luminescence 


To calculate luminescence during the growth process, we 
shall rewrite (27.4) in the somewhat different form 


Wiun = Syrolu, T, t)Ay, vy %y — > [ny(u, T, E)By, vaio 


Ve | v=0 


—n(u, T, t)Bysy, vo] hry. (27 .4a) 


The second sum in this expression is identical in form with 
(27,2), and represents the rate of absorptionof Planck radi- 
ation. We thus have from (27.4a) 


a 


| a } ny(u, T, t)Ay »_, hv, — ABottgh v, (27.14) 


u= | 


This is a particularly useful formula. It followsfrom it that 
(27.4) is entirely consistent with the definition of lumines- 
cence as the excess above the thermal background. 

In order to avoid complicated mathematical analysis in 
the evaluation of n,(u,7T,¢), we shall employ the following 
device. Differentiating (27.14) with respect to time ft, we 
obtain 


< W um = 2% YA. v-1— 1,(u, T, t) (27.15) 
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and substituting (27.5) into this expression we obtain, after 
simple transformations, using (26.22) and (26.23) 


a) : (27.16) 
— A, b) ny(u, T, Ay, vf %g — NBollg A Mo | + A,nByuh v, 


u=! 


Since, according to (27.4), the expression in square brackets 
is equal to the rate of luminescence, equation (27,16) may be 
written in the form of a linear differential equation for W,,,_: 


d 
Pad lum AW tum = Ayn Buh Yo (27,17) 


Thus, instead of solving the infinite system of (27.5), and 
evaluating the sum (27.4), it is sufficient to solve the simple 
equation (27.17). 

As an example, consider the solutions of (27.17) for three 
different methods of excitation. 

1. Suppose that external excitation was absent(u = 0)for 
all times up to fo=0 and that the external illumination is 
switched on and a constant intensity maintained. In classi- 
cal theory the excitation of the oscillatoris calculated under 
similar conditions. For wu =const the solution of (27.17) is 
of the form 


W ium (f) = Ce~ 4% + nBy uh, (27.18) 


If we determine C from the initial condition (W ju,,(0) = 0) 
we obtain 


W ium (f) = nBotth vy (1 - em At) it —e-~2rt ) (27,19) 
m 


For I>, (27.19) becomes identical with (27.13). Com- 


parison of classical and quantum formulae, (2.49) and (27.19), 
will show that the two theories lead tothe same growth law. 

2. Let us suppose now that after the sourceis switched on 
the intensity of the exciting radiation increases continuously 
up to the maximum value uz, If u increases exponentially, 


370 Theory of luminescence 


(27.17) becomes i 


= W ium (ft) ae Ay Wium 
) (27.20) 


= A,nB,u' hv, (1 —e7 P*) 


where f is a parameter representing the rate of increase 
of u. The solution of (27.20) is 


W yum (t) = oF Ce Agt 
(27,21) 


+ nByu’ (AO eB 

B — A, 

Having determined C, from the initial conditions we obtain 
the final solution 


W ium (f) == NB, u' hv 


= ia 
0. g- Ft_ ______g— At + ] (27.22) 
. | 6 — A, B-—A, 


This expression shows that the dependence of u on time 
modifies the excitation of the oscillator. The modification 
is determined by the ratio B/A,. For a Kerr cell, the maxi- 
mum f is of the order of 10'’sec—! and Apo is of the order of 
10° sec—' in the visible region of the spectrum. Under these 
conditions, the error in the growth lawisof the order of 1%. 
Transition to higher frequencies leads to an increase in Ao 
(which increases as v*) but thereis also an increase in con- 
tributions due to operation of the cell. When £/A<j), the 
growth of the luminescence completely reproduces the form 
of the increase in u, 

3. Consider finally the case of pulsed excitation when an 
alternating component eu, cos mft(e < 1) is superimposed on 
a constant intensity u,. Equation (27.14) now becomes 


- V tum + Ap W tum = A, 2By uy hv, (1 --ecosmt) (27,23) 


Subject to the initial condition W,,,,, (0) =0 the solutionis 
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W 


tum == 1By U1 fh % { | —- e~ 40°) 
5 (27.24) 
2 [cos(mlt — p)— e- | 


ea 
m° + Ap P, 


f 
where @ =: tan-17— 


- . 
It is evident from this solution that the growth law may 
differ very substantially from the exponential law. The 


effect of pulsations becomes negligible as Ay +0Q.Forlarge 
m 
f (greater than =) a steady state is reached in which the 


e 0 e e 
rate of luminescence is given by 


¢ A, 


Vm? + As 


W ium = 2B uh, 1+ cos (mt— | (27.29) 


Decay of luminescence 


The law of decay of luminescence may be most simply estab- 
lished from (27.17). In the absence of excitation it assumes 
the simpler form 


W tum + AoW tum = 0 (27, 26) 


It should be noted that (27.17) is valid only for radiative 
excitation. With other methods of excitation, for example 
electron impact, Wium may not satisfy (27.17). However, 
once the excitation is switched off, the rate of lumines- 
cence is always determined by (27.26). Let W‘,, denote 
the value Y,,, at = 0 so that 


W vam (Z) =e W rum e~ Act = Wise e— 208 (27.27) 


It follows that according to quantum theory the law of atten- 
uation of the radiation emitted by an oscillator is indepen- 
dent of the temperature of the medium, the method of 
excitation and the distribution function at /= 0, Itis identical 
with the law of decay given by classical theory (see (2.50)). 

As has already been pointed out, the distribution of the 
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oscillators over the energy levels is, in general, a compli- 
cated function of time. The fact that this is not reflected in 
the time dependence of the rate of luminescence is one of 
the characteristic properties, of the harmonic oscillator. We 
must consider this problem in greater detail. Let us deter- 
mine the numbers rn, for the decay process in the special 
case when the temperature is low enough for the thermal 
background to be negligible. Knowing the explicit form of 
the distribution function it is possible to calculate the decay 
law directly from (27.4) and to elucidate a number of other 
problems. 

Let us suppose that the oscillator has j levels [65]. The 
system of equations (27.5) now becomes 


d : 
Be (f) = — jA,n; (t) 
d ; 
ene 
(27.28) 


7 a nee ks 1) Ay Nj —¢44(%) 


d 
di (t) = Ayn (2) 
Integration of the first equation yields 


nj (t) = ny oe fAot (27,29) 


where 7; is the value of nj(t) att = 0, Substituting this ex- 
pression into the second equation in (27.28), we obtain the 
inhomogeneous equation 


d . a e —y| 0 
dt nj_y(t) + (j—1) A,nj_, (¢) = jAyny e see (27,30) 


whose solution is 


ae am JAot 


nj_,(t) = —jnfe + (nj + jnzy)e7 97 4" (27,31) 


The functions n;_,, n;_, can be found in a similar way. 
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In general, 
(—1)'~*?(j +1—k)! 
= yy (i —/ ie 
roy are ey! Cj —2) (27.32) 
i eyeqe oe 


Since j—iis the number level uv, we have 


ij—v =k 
iiie OS 
ara aaa (j—v—k)lovtl! (27.33) 
Chieguken te Oe 


If we substitute /' = j—k andl” =1+ j—Rk we obtain 


| 1” —y 
n (1) ate y v ee ee e- L’Agt (27.34) 
U Fei oe x (1’ —v)tut (l” —l’)! 


Since the factorial of a negative integer is infinite, the 
lower limit of summation with respect to /” may be ex- 
tended to zero and the upper limit reduces to l”, so that 


ny(t) = y y ere ee? ee ee re —" 
roopvay vlad —Uyt- 


v 


Since j is not subject to any limitations, we may let it tend 
to infinity. This yields the final expression for the distri- 
bution function during the decay of a harmonic oscillator: 


Ty (rea aia O17 
ales ese a OIA (0736) 
“) >} » (l’—v)tol(i”—Vyt 


Direct substitution will show that this expression satis- 
fies (27.5) for u,=«=0 and the initial conditions 1, (¢ = 0) 
=n? .As t>o,all the n, (¢) except n, (t) tend to zero, whilst 
n,(t) itself tends to n, 

The rate of luminescence in the absence of the thermal 
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background is =" 


a 


Win (t) = Py My (t) Ay o—1h% 


hv, > = y a Gell 9 nn (27.37) 
OH =-0l =v (1° —v)tol (I — 1)! 


— Ll’ Aot 


0 
XK Nye 


Since ——— - 0 for l’ < v., summation with respect to l’ 


/ 


may be extended to zero: 


[”” 
—_ L’ yy 
W 0° (1) = Ayhy, pop) ee 
(“= 01’ =0 Ce ys 
(27.38) 


0 p-- UV Al : ee can!) ae 
mae » = v)!(u— 1)! 


eae | 


The last sum in this expression is not zero only for l’ = 1, 
and therefore 


wees (7) = A > ny vh )e ~~ Ack — = Wim e—2%ol (27.39) 
v= | 


In fact, 
baer aect pera Sea ey 
(I’ —v)l (o— 1)! (l’ — 1)! 
v-1 
27.40 
—f-1 when l'=1 ( 
7 O when I #1 


Comparison of (27,27) and (27.29) shows that (27.4) and 
(27.17) lead to identical results. In spite of the fact that 
ny(t) is a complicated function of time, the form of the func- 
tion W7(°° (t) is exponential. 

Equation (27.39) may be written in the somewhat dif- 
ferent form 


Wee? (t) -= A, E’ (27.41) 


lum 
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where E’ = > n, vuhy,e- 4+ igs the part of the energy which 
v= | 
can be wholly transferred to the electromagnetic field. 

In classical theory, the rate of emission is also given 
by (27.40). The difference is that in classical theory the 
energy of an oscillator at rest is supposed to be zero, and 
therefore E’ is equal to the total energy of the oscillator. 
Its optical properties are not, however, affected when a con- 
stant E’ is added to E. It is thus clear that in classical 
theory the formula for the rate of emission includes only 
the variable part of the oscillator energy. This must be 
remembered when comparing results of classical and quan- 
tum theories of radiation since otherwise an erroneous 
conclusion may be reached. 

As an example, consider the simple calculation which is 
usually introduced to illustrate the correspondence prin- 
ciple. Suppose the oscillator occupies level v at time /,= 0. 
For ¢ near f,, the rate of emission is 


W eri ae Ay oesalt Vo (27.42) 


If we multiply and divide this expression by the energy of 
the oscillator E, = (v-+ ?/,)hvy, and remember that A, ,_, 
= U2;7,, we obtain 


U 
W om = 21, E —_—— (27 .43) 
To v+¥, 


It is concluded from this equation that the results of clas- 
sical and quantum theories are identical when the oscillator 


is excited to high-energy states, i.e. when ——_— + I. The 
U 


mistake in this calculation lies in the fact that the total 
energy of the oscillator is introduced into the formula for 
the emission, whereas E,,, depends only on the variable 
part of the energy E =vuhy,. It follows that (27.42) must be 
multiplied and divided by E’=vhy, and not by 


E=( ie hv, 
Z 


The result, whatever the value of v, is 


uh v, i (27.44) 


and this is identical with the classical formula. 
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Moments of the transition probability distribution 

In Section 11 we established the expressions for the moments 
of an arbitrary function. From (11.17) we have that the /-th 
moment of the distribution of the probability of stimulated 
transitions of an oscillator between levels / and ‘is 


si) = WE, —£))' p; 
(27.45) 
= > (E; — Ej)! By, u 


t 


where B;, is Einstein’s coefficient for stimulatedtransitions 
and uw is the intensity of the exciting radiation. Since transi- 
tions between neighbouring states are allowed in aharmonic 
oscillator, the last expression may be rewritten inthe form 


Si? = [Bj j41+ (—1)! By ja] 4 (hp)! (27.46) 


If we allow / to assume the values 0,1, 2, ... and recall 
(27.22), we find that 


So” = Bj, 74,4 +B; ju 


S(? = (B; pay — Bj. j— uhy = B,uhvy — 


te” 
u (27.47) 
m 
Si? == (B;, jt 1H + B;. j—,4)(Ay,)* 


It follows that the zero-order moment is equal to the sum of 
all the transition probabilities between level / and other 
levels. The first moment gives the rate of absorption of the 
incident radiation, This enables us to calculate the rate of 
absorption of an oscillator and other systems without finding 
the wave functions and matrix elements. In fact, if we re- 
place in (27.45) the coefficient 8,, by the square of the mat- 
rix element of the dipole moment D,, in accordance with 
(8.76), and repeat the steps leading to (11.22), we find that 


sf — 8", *D(HD—DH)v;d 27.48 
fy! a= 3h? d Y, ( —— )v; x ( : ) 


where the operator His given by (26.1) and the dipole moment 
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of a one-dimensional operator is D = ex, Since 
2 
Pn (27.49) 
2x? Ox 
where p is the momentum operator, wecanintegrate (27.48) 
by parts and find that the rate of absorption is 


: 2 
SU ay 7 
3m (27.50) 


It may be shown that the quadrupole partof absorption by an 
oscillator is given by the third moment of the distribution 
of quadrupole transition probabilities and can also be easily 
calculated without solving Schroedinger’s equation [66]. 


28. POLARISATION OF LUMINESCENCE AND INDUCED 
DICH ROISM 


The oscillator energy distribution for excitation by 
plane-polarised light 


Consider a set ofn harmonic oscillators which are randomly 
distributed in space. Suppose further that the directions of 
their dipole moments are fixed in space and the harmonic 
oscillators are illuminated by plane-polarised light propa- 
gating along the x axis. The electric vector in the incident 
radiation lies along the z axis and the luminescence is ob- 
served along the y axis. The oscillator energy distribution 
will depend not only on the temperature of the ambient 
medium and the density of exciting radiation, but also on 
the directions of the oscillator dipole moments which are 
defined by angles § and g, 

Under constant illumination the number of particles 
n,(u, T, §) satisfies the balance equation 


— ny (u, T, 2)[Av.o-1 + Bo,v- Wo + Bo,vtr Uo + O0,0—1 (Q) u 
-+ bi+i (¢2) u| =A Nyty (u, i ie $2) {[Avtie —+ By aie Uy (28, 1) 


+ b641,0(Q) u} + ty, (U, T, Q) [By-y,0 Uy + Ob—1,0 (2) u] = 0 
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where, according to (8.75), (8.74) and (26.12) 


& 


bi,v—-1(Q) = 3 By,»_, cos? 9 = 3uB, cos? 6 


b5,0-1(2) = 3B,,y_, sin? 6 cos? g = 3uB, sin?@cos?@ =: (28.2) 


Qyy—) (Q) = KJ Ay y_, cos? 6 = A vA, cos? 6 
Sr Sr 


and 


x 3 9 ‘ 7 9 
Ay,yv—) (Q) = = Ay y_, sin? 6 cos? @ = “ vA, sin? § cos? 


On solving (28.1) subject to (28.2) and bearing in mind 
the conservation of the number of particles 


~ }) 
y ny(u,T, 2) = — (28.3) 
v--0 at 


we obtain 
Ny (6) = ae es 
4x A, + Byuy + 3B,u cos? 
Xx By Uy + 3B, u cos" 4 o (eo4) 
Ay + Botty + 3B, cos? 6 


Figure 6.3 shows plots of n, (9) for v=1, 3, 5, and 10. 


Polarisation of resultant luminescence 


The intensity of luminescence polarised along the z and 


x axes and emitted as a result of transitions of the oscil- 
lator from level v to level v — 1 is ‘given by 


Wev-1 =hy, ( (y As,e—1 (Q) — (Nyy -- My) 03.01 (Q) up} dQ (28.5) 
ie 


Wav = hv \ (mp Qio—1 (Q) — (Mey — Me) Bo,0-1 (Q) Uo] AQ (28.6) 


e 
q) 
de 
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a7 Bou= 5A 6, Uo = (0); b- Bou = 0.5 Ag, Uo = 0: C= Bou = 0.1 Ao 


Fig. 6.3 Dependence of the populations of the first, third, fifth 
and tenth levels of an oscillator on the angular position of its 
dipole moment 


where Uo = = t is the density of Planck radiation per unit 
Tt 


solid angle and given polarisation. 
Substituting (28.4) into (28.5) and (28.6), summing over uv 
and integrating with respect to 2, we obtain the simple ex- 


pressions 


We -- > Wiv= = nB, uh i (28.7) 


v= | 
5 


We = y Wry = - nB,uh irs (28.8) 
vu—l 
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which, together with (3.38) give the following expression for 
the polarisation‘of the luminescence emitted by a set of har- 
monic oscillators: ~ 

We — Ww ] 


—— —— 
ee 
——_ 


WetwWwr 2 


This result is valid for an arbitrary density of the exciting 
radiation and arbitrary temperature of the medium, and is 
identical with the polarisation obtained by the classical 
theory for a set of dipoles. 


Polarisation of individual lines 


The above value of the polarisation is validfor the resuitant 
radiation emitted as a result of transitions from all energy 
levels. The polarisation of individual lines due to transi- 
tions from level v to level v — 1 depends on v, the intensity 
of illumination and the temperature, which is connected with 
the strong dependence of 1, (u, 7,2) on @ (see Fig. 6.3). 

The dependence of the polarisation of individual lines, 
Py v1, on the intensity of exciting radiation can be found by 
substituting uw) = 0, which corresponds to TJ = 0 in (28.4), 
(25.8) and (28.6). The expression for the intensity of lumi- 
nescence then becomes 


Win =Ay, i Ny Ao,y—1 (Q)dQ 


Q 


(au)! 
2(u+1) 
— of i ae ae _ xe ds (28.9) 
16 (a u)'*/2 Cheaper 
ain 
Woo = Ay, f Ny Ay,v—1 (Q) dQ 
2 
3 ar 2Y 
_ “oo oo oe de 
32r (a w)*/2 (1 + x*)ot 
(au) - 
~(au) /? en 
| : x20FD dy 
OF eae as ane 
(au) '/2 6 oe ae | 


(au) /? 
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where 


a= 3, x = (au)’/2 cos 8 


The integrals which enter into (28.9) and (28.10) can be 
evaluated exactly for any given v, However, for large v, in- 
tegration leads to unwieldy results. We shall therefore find 
the polarisation of individual lines for a few special cases. 
On evaluating the integrals in (28.9) and (28.10) for v =1 and 2 
with the aid of (3.38), we find that the polarisations of the 
first two lines are 


Py ={7 (au) +9 (au) — [(au)? + 1] 
x [1 +9 (a u)—*] tan™* (a u)*/2 (28.11) 
X{(au)y—* + 8(au)—/ + (au) + 1] 
x [1 — 3(au)|] tan” (a u)*/2 io 


P,, = {29 (au)—"/? + 78 (au)—*/? + 45 (au) 
—[(au)7* + 1]° [45 (aw)! + 3] tan” (au)'” 
X {3 (au) + 22 (au) + 15 (au)-*/2 (28.12) 
2 [(a a) + 17° (3+ 15 (aa) tan”? (au)'/2 \e 


These expressions give the exact values for the polarisations 
of the first and second lines for u, = 0 and arbitrary inten- 
sity 4. When au], we can expand tan-!(au)'/ into a series 
in powers Of au and obtain the following approximate ex- 
pression for the polarisation 


| 3 
PL, = —- ——- (anu) +... (28.lla 
w= ye) 
2 5 
Py = ae a oe (28.12a) 


When u+ cwo(au-.+co), all the terms in (28.11) and (28.12) 
with negative powers will vanish and, the polarisation of both 
lines will tend to -1 (even for «u =10" we have P,, = -0.95, 
P,, =-0.93). This means that only the x component is repre- 
sented in the first and second lines. It follows that as the 
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Fug. 6.4 Polarisation of luminescence 

and induced dichroism for the first 

and second lines as a function of the 
intensity of exciting radiation 


intensity of the exciting radiation is increased continuously 
from zerc to infinity, the polarisation varies from 1/2 and 
2/3 to -1 (Fig. 6.4). 

The limiting values of the polarisation of all the lines for 
au —» 0 can be obtained by expanding the integrand in (28.9) 
and (23.10) into a series in powers of x”. If we confine our 
attention to the first terms in the expansion we obtain 


Wov-1 = i unA, hv, (aw)? 
Sr 


(28.13) 
| vu-+ | 
x | — F(t aes 
rer ae = 
rrX 3 
Wega — — unA, hv, (a uy” 
Sr 
(28.14) 


l vu+ | 


x| (2u-+1)(204+3) (204.3) (2045) (ou) | 


which corresponds to 


Uv 2u + | 


ee = 


For negligible u, the limiting values of P,,,_, for successive 
lines are respectively equal to 1/2, 2/3, 3/4, ..., 1. 
The polarisations of individual lines obtained above are 


Optical properties of the harmonic osetllator 383 


consistent with the fact that the polarisation of the resultant 
luminescence is 1/2 for arbitrary densities of exciting radi- 
ation, This becomes clear when the polarisation of the re- 
sultant emission is expressed in terms of the polarisation 
of the individual lines 4 


fo 8) i? @) oo) 

2 x 
b> Wo,v—1 vee bp} Woe Pio +)) Py Py vt 
u=] v=] vu -2 


—— 


3 Wov—1 + y Wov— a y By 
v=l 


U-= | u==2 


(28.16) 


where 
8 22, Ws u—!] + Wo0—1 
° Wio + Wio 


is the ratio of luminescence intensitites emittedinv +~v — ] 
transitions to the luminescence intensity in the first line. 

It is evident from (28.13), (28.14) and (28.16) that all the 
6, beginning with ~, tend to zero as u-Q, and the polarisa- 
tion of the resultant luminescence is in the limit equal to 
1/2. For large u, the negative polarisation of the first lines 
is compensated by the positive polarisation of lines due to 
transitions between higher energy levels, since the weight- 
ing of lines with large contributions to the resultant lumi- 
nescence increases with increasing uw. 

The dependence of Py»; on the density of Planck radiation 
is different from the dependence of the polarisation on un, 
Suppose, for example, that the density of thermal radiation, 
uj, is much greater than the density of the exciting radia- 
tion, On the first approximation, the distribution function 
(28.4) will then be 


Ny (02) = tt cs vol kT 
4x Ay + Bou 
31 (28.17) 
x| 1 + — [vu —(u + 1) 7? volkt | costa | 
Uo 


Substituting this expression into (28.5) and (28.6), and inte- 
grating with respect to angles, we obtain the following sim- 
ple expressions for the rates of luminescence: 
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. UAVs 


Ul Je eawer ) = (28.18) 


a 


Ho 


Zz Q 
Wig = = 7 ( 


To oO 


Woo = — nvA, ( ) e-uh vefkT (| __ ehve/KT ) = (28.19) 


Uo 


According to (28.18), (28.19) and (3.38), the polarisation 
Py»; Of all the lines tends to 1/2 when the density of the 
exciting radiation is negligible in comparison with the den- 
sity of the Planck radiation. 

It should be noted that the polarisation of individual lines 
emitted by a harmonic oscillator cannot, in principle, be 
observed because ali the lines are identical in frequency 
and overlap, However, for a slightly anharmonic oscillator, 
for which the above results are qualitatively valid, different 
transitions correspond to different frequencies and the polar- 
isation of individual lines can be measured. If the frequencies 
are not too different and the lines overlap, different polarisa- 
tions can be observed within the limits of a line profile. 


Induced dichroism 


We shall investigate dichroism by considering two beams of 
external radiation as inclassical theory (Section 2). We shall 
assume that the first beam propagates along the x axis and 
produces an angular anisotropy in the distributionof the ex- 
cited particles, while the secondisparallel tothe y axis and 
is polarised along the z or x axes. The energy density wu’ 
in the second beam will be taken to be much smaller than 
the energy density u inthe first beam so that the distribution 
function is practically independent of uv’ andis given by (28.4). 

The rates of absorption due totransitions of the oscillator 
between levels v and v — | for radiation polarised along the 
z and x axes are respectively given by 


Weis (Vg) =h Vo 
28.20 
4 \ [yy bb—1,0 (Q) w’ — My O5,y—1 (Q) u’] dQ ( 
and 
W “abs (Vig 4) = h Vo 


p« j Wess b5—13 (Q) i hs NyDrv—t (Q) u' | dQ (28,21) 
e 
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If we sum these expressions over v between 1 and oo, and 
integrate with respect to the angles, we obtain 


Co 


2 Y Z t 
W ‘abs _— > W'abs (Vo o-1) = Bau Avy (28,22) 


u=] 


aos =) Wave (Yo,0-1) = MB! hy (28,23) 


v=] 


The last formulae show that the absorption coefficient of 
a set of harmonic oscillators is independent of the polarisa- 
tion of the absorbed radiation, and there is therefore no 
dichroism, This is valid only for the resultant absorption. 
The absorption coefficients of individual lines do depend on 
the distribution function, Consider the special case when 
there is no Planck radiation (uo=0), Equations (28.20) and 
(28.21) can now be rewritten in the form 


t/s 
—(au) 
3 x24 dx 
Vv’, 8 v.U— —_—_ —_—- nuB u'h oe tee 28.24 
bs (%y, 1) 9 0 Vo \ ( yen ( ) 


(au) /? 


ee 
] x24) dx 
(a u)'/ \ (1 + eye 
(au) ** 
atau? (28,25) 


I xv dx 
tae | oS 


(au) ’* 


W ans Ve o55) = - nuB, i’ h Vo {— 


Integrating these expressions for v equal to l and 2 with the 
aid of (2.42), we obtain the dichroism for the first two lines 


Dy, = {[3 ( uy—*/t + (an) |4+[(au)*+]] 


[1 —3 (au) ] tan” (au)'/ | (28,26) 


x {{(au)-'/s —( au) ] + [1 — (a u)—"}? tan -*(au)'/\~! 
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Dy = ((au) 2 + 14 (au)? +9 (au): 
me [(a 1)? 4+- LJ? {] —9 (au) ] tan (a u)'/2} 
xX { (0 u)—"/t —6 (au)—°/2 — 3(au)-*/2 (28,27) 
+ [(au)~* + Ip? [1 +3 (au) ] tant (au)'/e}-! 


If the energy density inthe first beam which produces aniso- 
tropy tends to zero, the dichroism of the first line will also 
tend to zero, whilst D,, —-1/2. As u increases, the dichro- 
ism of both lines increases and tends to +1 as u -- ©, This 
form of the dichroism of individual lines is also connected 
with the strong dependence of the distribution function on 
the density of exciting radiation and the orientation of the 
oscillator dipole moments, 

The limiting values of D,.»,,for u — 0 can be found by ex- 
panding the integrand in (28.24) and (28.25) in powers of x? 
and retaining the first two terms. After integration with re- 
spect to angles this yields 


Was (Yy1,0) = 3NUBy ul’ A vy (au)? 


} as) (28,28) 
noe +3 Gu) to | 


W'abs (Yy_1,0) = 3NUBo uh Yo (a 1)?! 


; 28.29 
x | (vt 1) (24) n “ ( ) 
(2u — 1) (20+ 1) (2u + 1) (2u +3) 


and corresponds to 


v—1 , (v+ 1)(20—1) , 28 30 
u nee Co ee 


Djms ae era 


Asu- 0, the dichroism of the individual lines (D,,, Dye, Dos, ..) 
tends to the following limiting values: 0, -1/2, -2/3, -3/4, 
..., -L. As uw increases, D,_, , alsoincreases, and for small 
u may reach the maximum value of+1, The dichroism of the 
individual lines is not really in conflict with the fact that the 
resultant absorption does not exhibit dichroism, 

The magnitude of D,_,,, will clearly depend onthe density 
of Planck radiation, Since this radiation is completely iso- 
tropic, it tends to reduce the anisotropy in the distribution 
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of excitedoscillators due to plane-polarised exciting radia- 
tion. The resultofthisis that the dichroism of all lines tends 
to vanish for (up>u), 

Just as in the case of the luminescence of individual lines, 
the absorption of a strictly harmonic oscillator cannot be 
observed experimentally. However, the above results may 
be used, at least qualitatively, in the interpretation of the 
optical properties of a slightly anharmonic oscillator. 


29. NATURAL PROFILE OF A SPECTRAL LINE [68, 69] 


Interaction equations 


The quantum electrodynamic equations for the interaction of 
radiation with matter were givenin Chapter 3. They are also 
valid for the harmonic oscillator but the mathematical cal- 
culations are then much simpler if the equations are written 
in a somewhat different form, Their derivation is similar 
to the derivation of (13,15) and will be given below in ab- 
breviated form. 

Consider a harmonic oscillator interacting with the elec- 
tromagnetic field. Its motion can be described by the time- 
dependent Schroedinger equation for which the Hamiltonian 
may be written in the form 


H=H,.+tH,4+ Hint (29.1) 


where Hos- and H;, are the oscillator and field Hamiltonians 
and H,,,is the interaction operator, In the non-relativistic 
approximation we can take 


H,.== ——— (pA) (29.2) 
cin 


— —_S) [qa (pAx) +4 (PAs )] 
cm 


where e, m and p are thecharge, mass and momentum of the 
oscillating charge and A is the vector potential which is 
taken in the form of a set of plane waves in volume V. If we 
expand the wave function for the oscillator + field system in 
terms of the eigenfunctions of H,,,and H,, we obtain 
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h ‘ = . he* /s 
i——Cy (1, ) = (E, i F(a) Cy (a3, )— ( ; >, (pex’)o’e 
ns N 


my oh 
fly? CRE , | Ny? | 


where e is the unit polarisation vector of the photon with 
wave vector x,, v is the number of the oscillator energy 
level and (m )represents the set of quantum numbers for 
the field oscillators. 

When the oscillator lies along the x axis 


(per )ov = 1 Vyy’ my mv, YS by’ <1, v 


vi + | 
-+- a a Sur, : (x,e) 


(29,4) 


where X, is the unit vector of the x axis. Substituting (29.4) 
into (29.3) and summing over v, we obtain 


_ oO 
i Cum) = 2 (Eo + Evm,» Com) —a* (0 1)" » ay 
ot Vy? 
, fly: -- l 
x (X, en") Cost, (2, — 637) — aU a ph |) V)° (Xpex") Co-1iny T 6y31) 
! 


(29.5) 


wf REN Ne 23 a 
where a= men 7 . Virtual transitions are not taken 
m 


into account in (29.5), 


Probability amplitude for a given sequence of appear- 
ance of photons 


Suppose that at time ¢=0 the oscillator is in the energy 

level N and there are no photons in the surrounding space: 
Cod = Pow (29.6) 

The maximum value of N is determined by the limits of 
applicability of the dipole approximation in the visible re- 
gion (A =5,000 A andm=m,). It may be of the order of 1,000. 
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In classical theory the line profile is evaluated under simi- 
lar limitations. To simplify the calculations we shall suppose 
that the energy of level NV is zero while the energy of the 
v-th level is 


E, =—(N—v)hy (29.7) 


Suppose that after a sufficiently long interval of time the 
oscillator undergoes the successive transitions VN > N — ], 
N—1-—- N—2 and so on, so that it ends up in the zero level 
and N photons appear in the field. We shall denote their 
frequencies v and wave vectors x by , %, Ye, %e-- +5 Yay Bye 
Since the frequencies ¥%,,%,...,%, Of all the photons are equal 
Within the limits of the line width, itis not possible to estab- 
lish experimentally which particular photon has the frequency 
v; and which has the frequency »;. In view of the indistin- 
puishability of photons emitted by a harmonic oscillator, 
there is an uncertainty in the sequence in which photons with 
given parameters will appear. In fact, a photonof frequency 
vy, and wave vectorx, may appear either as a result of a 
transition from level N to level N—1, or as a result of a 
transition from any other level j to the neighbouring lower- 
lving level. The solution of the problem, therefore, is cor- 
rect only when it is independent of the interchange of sub- 
scripts of v and x. This type of solution can be taken to be 
the sum of all the possible Coun) » each of which gives the 


probability that the oscillator has undergone a transition 
from level N to the zero level and NV photons have appeared 
in the required sequence in the field. The solution is sub- 
stantially simplified if, instead of trying tofindthe resultant 
quantity C,,,,, one tries todetermine Cy, ). All the remaining 
terms are obtained simply by interchanging the subscripts 
of vy and xin the expression for Con). 

Let us suppose that when the oscillator undergoes a tran- 
sition from level NV to level N -—1, a photon of frequency »,, 
is emitted, whilst the transition NV —]—- N —2 resultsinthe 
emission of a photon of frequency v,_,, and so on, In accor- 
dance with (29.5), the amplitudes Cyn, ) are given by the fol- 
lowing set of equations: 


: no,+ | 
. 0 fy / ‘ 
l Cys culos aN’! > oo (Xe, om 
hy N N 


Ot 
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a Sas / no as 
(ae ONE = 2n(v ig Na) Cg’ 1 — q* N'/s (Xe) Ce 
] fon _t! 
—a(N — yd sao Jen 


N 


a ae = | 2 


at 
j=N—k+41 


ji 
—a*(N—k+1)'/ ra Ot) Oye 


(vj— "| Coy 


(29.8) 


o +1 
od 7 (vj — a ae aS (xe, )C, 


In these expressions we have, for the sake of brevity; omitted 
the subscripts of C, whichcharacterise the state of the field. 
The solution of (29.8) may be written in the form 


C.Sc0" 


a oe (i)* n “_¥ Q,P ( — 1)! x [e le —Fy_yt _ e i n—kt ] 
ial '=0 (29.9) 
(R= 1,2,3,..., NM) 


where 
N 
Py = N %, Pye = 2n1 Si Vo) + (N —- L) 16 


l 
Q=1, A= Tl (Pe rere (29.10) 


k—l 
Py) = r] (Typ; —Pyip 7 = 0,1,2,---, k— 1) 


j=) 
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and 


(Xe) ) 


Sy; — a®(N = pe ri 


f 


where 27, is the classical line width, It can readily be seen 
that (29.9) satisfies the initial conditions (29.6). It can be 
shown that it is also the solution of equation (29.8). 

Since all the I;, except for [,, contain a real part, it fol- 
lows that ast- o, all the amplitudes C,,except C,, will tend 
to zero. This means that after a sufficient interval of time, 
the oscillator is found inthe zero state and N photons appear 
in the field. The amplitude C, is then given by 


al 


Co = —(i)™ eS (— 1)! Q,P{” eT 


jak yo (29,11) 
so that if we substitute 6; = 2ni(v;—v,) —y,, we obtain 


N 
Co = (i)” [| 8Qw ete 


j=l 


N 
(i)*T 1; eisai 
~ “E(B, + bs) (@, + By + hs) (PF; +o, + Pe + +B) 
x evi of 


Line shape 


The expression (29.12) gives the probability amplitude fora 
definite sequence of appearance of the photons. When all the 
subscripts are interchanged, we obtain NV! amplitudes, so that 
the resultant and normalised amplitude is given by the sum 


l 1 WN 
ites Fh cern] | gig (29 13) 
= dc, aH aie Xo, 


J 
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where P, represents summation over all the possible com- 
binations’of j and vy. , 

To evaluate the sum in (29.13), let us group all the terms 
at first in pairs and add, then group the result of this in 
threes and find the corresponding sums, and so on. Each 
such operation involves the grouping of terms which differ 
from each other only by the factor '/B,,. For example, 


ton Po 
ee |) REE TETR FEI 


I 
~ B,P.(By -+ Bo + Bs)... (By +... + By) 


] l ] 
rn oe, a) 
es 
+ +6) +h +e +B) GEE) 


I 
~~ ByBoBa(By + bo + Ps + Ba)... (B+... +8) 


The sum in (29,13) consists of NV! terms. When the indivi- 
dual pairs are added, the number of terms becomes smaller 
by a factor of two. After the second operation is performed, 
the number of terms is reduced by a factor of 3 and after 
N — 1 such operations, the result is 


N 
Go omen TT get 
oO YN j= 


To obtain the energy distribution of the emitted radiation, 
we must take the square of the modulus of C,, sum the re- 
sult over the polarisations and integrate over all directions 
of propagation. The final result is 


] 
BiBoPs... By, (een) 


N 
! 
W(y45¥0, ©. 29 ¥y) = (275) | | -————_—__.—_ (29.15) 
_ w jt 4? (97 —%)? +10 


This shows that the frequencies of all the photons emitted by 
the oscillators as a result of transitions from the N-th level 
to the zero level are independent of each other and are given 
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by the same expression, This expression, infact, defines the 
shape of the emission line as a whole. To find the energy dis- 
tribution for a single photon, we must integrate (29.15) over 
N — 1 frequencies. The result is the well-known classical 
formula for the natural line shape 


2 Yo 
Wes ee 

4x*(v — v,)? +- y0 

(29.16) 
_ | 

n (v — vg)? + to 

or, in terms of the angular frequencies, 
1 ee ee (29.17) 


x (wo)? + 70 


where To = Yo/2" = 2ne’/3mc’; and W(v) = 2x W(w). 

It follows that, according to the quantum theory of radia- 
tion, the natural line shape for aharmonic oscillator is inde- 
pendent of its initial energy and is identical with the line 
shape predicted by classical electrodynamics. The line shape 
for a set of non-interacting oscillators is therefore indepen- 
dent of the initial distribution function. 

The above results were obtained on the assumption that 
the temperature of the surrounding medium was zero. Since 
the luminescence characteristics of the oscillator are inde- 
pendent of temperature (Section 28), it would appear that the 
luminescence line shape (in afterglow) is also independent 
of the background temperature emission and is given by 
(29,10). The results which we have obtained are consistent 
with the fact that the oscillator level width is proportional 
to the level number. This is also a consequence of the un- 
certainty relation if it is recalled that, whatever the initial 
conditions, the attenuation of a quantum-mechanical oscil- 
lator is always exponential (see (27.39)). 

It is important that we should note that in the case of an 
even slightly anharmonic oscillator ;the above calculations 
lose their validity. The spectral line width is then equa! to 
the sum of the upper and lower level widths. 
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30. SYSTEMS APPROACHING THE HARMONIC OSCILLATOR 


a 
& 


Oscillator interacting with a medium 


The general problem of the interaction of an oscillator with 
the surrounding medium is outside the scope of the present 
chapter since the oscillations are then anharmonic. In this 
section we shall confine our attention to one special case 
when non-radiative transitions proceed only between neigh- 
bouring levels and the transition probabilities satisfy the 
condition 


dy, opi = (UF 1) doy, dozi,v = (U+ 1) diy (30.1) 


This is equivalent to the assumption that the operator repre- 
senting the interaction of the oscillator with the medium is 
proportional to the position coordinate operator (or dx /dt’), 
This occurs, for example, when the oscillator interacts weak- 
ly with the electric field due to the surrounding medium, 
For a constant illumination, the balance equations are 


Nywt, v [Av+, vy + Buz, v (uy ar u) + dy +1, v | 
+ My—1 [Bo-t.v (Up + &) + do-1, o] — tv | Bo. 4:1 (Up tu) (80.2) 
= i dy, u+] + Ay, u—| + B,, v—|] (i, a iL) ai dy, v—1] — 0 


If we solve these by analogy with (27.6), we obtain 


is dan sce ac Fequreewe 


Ag + By (ty + U4) + dio | Ag + Bo (Up + 4) + Z| (30.3) 


If we use the distribution function given by (30.3), we find 
that the rate of luminescence is 


A 
W um = NByuh v +. 
: . Ay + dip — dor (30,4) 
SS ee. ane 
A, + diy — doy 


According to this expression W,,,,is a function of the pro- 
babilities of non-radiative transitions (in contrast to the 
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rate of absorption). When (d,, —4d,,) >> Ay. there is practically 
no luminescence, The energy yieldcanbefoundfrom (30.4): 


Ay 
Ay + dq —_ 


Dium = (30.5) 


The emission and absorption by an oscillator which, in 
addition to radiative friction, experiences a resistive force 
due to the medium, can also be treated classically. If the 
resistive force is proportional tothe velocity of the charges. 
the integral rate of emission under stationary conditions is 
given by 


2 
W cl TwTe Yo cl Yo 


em = ut v) —-——- = ab 


3m To ae Tip ° T0 ae Trp (30.6) 


This is predicted by (2.47). Since A, = 27), it follows from 
(30.5) and (30.6) that the classical and quantum-mechanical 
formulae will only be identical if we let 27, = dj) — dj. 


Slightly anharmonic oscillator 


It has already been noted in connection with the polarisation 
of luminescence, the dichroism and the natural shape of the 
spectral lines of an oscillator that even slight anharmonicity 
leads to essentially new effects. Itis therefore of interest to 
compare the predictions of classical and quantum theories for 
an anharmonic oscillator. In general, the potential function of 
an anharmonic oscillator is given by a series in powers of 
distance. However, to elucidate some of the qualitative fea- 
tures, it is sufficient to retain only the first two terms, so 
that 


| 
V= —- ket kx . 
| “ae (30.7) 


The classical motion of oscillators with this potential func- 
tion has been investigated in detail by Viswanathan [70]. who 
has shown that, to a high degree of accuracy, the solution is 


X= Xy-+ (x, -—- x4) sn? (u, 2) (30.8) 


aay ae » —— X, » 
where half > (x, —xX,)¢- P= A274 and x). %, 4% 


Xx} — NX. 
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are the roots of the, equation 


a 


l ay ] | 30 9) 
— me + —kx®*— kxt=£ (30. 
5 + g  § 


which represents the conservation of energy. 
The function given by (30.8) can be expandedinto a Fourier 
series 


X =X) +X, coswl 


+ X%,cos2wi-+...+x ;cosjoft..., 


where x, is the mean displacement of the oscillator from the 
equilibrium position, x,,, x); are the amplitudes of the funda- 
mental oscillation and the j-th harmonic respectively and 
w is the fundamental frequency. Calculations show that the 
intensities of the harmonics are much lower than the inten- 
sity of the fundamental oscillation. Moreover, the funda- 
mental frequency w is a decreasing function of the oscillator 
energy. As the oscillations become damped out, the frequency 
» increases continuously together with the frequencies of the 
harmonics. It follows that the emission spectrum due to an 
anharmonic oscillator should, according toclassical theory, 
consist of narrow equidistant bands whose width should in- 
crease with increasing initial energy. 

In contrast to the harmonic oscillator, the distance be- 
tween neighbouring energy levels of a quantum-mechanical 
anharmonic oscillator decreases with increasing level num- 
ber and, at the same time, there are finite probabilities of 
transitions in which the vibrational quantum number vchan- 
ges by 2, 3, 4, and so on. The emission spectrum is there- 
fore found to consist of a series of bands whose separation 
decreases towards higher frequencies. We thus see that even 
here there are many discrepancies between classical and 
quantum theories, 

A second shortcoming of the classical theory is that it 
does not predict the fine structure of bands but only indi- 
cates their widths. Classical theory allows all frequencies 
within the limits of a band. Quantum theory, on the other 
hand, predicts that each band should,in principle, have a fine 
structure. For example, the first band consists of lines due 
to thetransitions1 — 0,2 -1,3 ~2,v+1 -—v,andthe second 
band is due to transitions 2 — 0, 3 —~1, v+2-—U and soon. 
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Although in practice neighbouring lines tend to merge into 
a continuous band. this does not obviate the basic difference 
between the two theories. We thus see that even weak anhar- 
monicity leads to a discrepancy between classical and quan- 
tum theories. f 


The place of the oscillator among other quantum- 
mechanical systems 


It is well known that classical mechanics and electrodynamics 
cannot, in general, be used todescribe atomic and molecular 
phenomena, The identity of classical and quaantum-mechani- 
cal predictions with regard to the optical properties of the 
harmonic oscillator must therefore mean that the oscillator 
is an exception among other models of matter used in clas- 
sical optics. The problem therefore arises as to whether 
there are systems in quantum theory whose optical proper- 
ties are either partly or entirely the same as the properties 
of the oscillator. 

The chief quantum-mechanical properties of the oscillator 
can be summarised as follows: 

1, the number of energy states is unlimited; 

2. the levels are equidistant; 

3, transitions are possible only between neighbouring 

levels; 

4. the Einstein coefficients are proportional to the level 

number; 

o. all the dipole moment matrix elements are parallel to 

each other. 

These statements can be regarded as a definition of the 
harmonic oscillator. If a quantum-mechanical system ex- 
hibits these properties, then it must be identified with a 
harmonic oscillator, and conversely if even one of these 
properties is not exhibited it must be of a different type. 

Consider, to begin with, the properties which matter must 
have if its absorptive power is to be independent of the den- 
sity of the exciting radiation. Suppose that a given system 
does have properties 2 to 5 but possesses a limited number 
of energy levels (cut-off oscillator). It is clear that the ab- 
sorption coefficient of this system will be a function of the 
density u of the exciting radiation. In point of fact, as 
increases, the population of the uppermost ‘-th level will 
increase. At the same time, particles occupying the N-th 
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level will not be able to absorb the radiation and therefore 
the absorption coefficient will decrease with increasing 
density of the incidenf radiation. 

Let us suppose now that the particles have all the proper- 
ties of an oscillator with the exception of property 2, i.e. 
the energy levels are not equidistant. Here, one will ob- 
serve a number of absorption lines, each characterised by 
its own absorption coefficient. The rate of absorptionin any 
given line will depend only on the population of the corres- 
ponding pair of levels in accordance with the formula W ,,,(%;;) 
= Bu(n;—-n,)hv,; Since, however, 2; and n, are functions of 
only T and u, it follows that the absorption coefficient will 
also be a function of the density of the exciting radiation and 
of temperature. 

If the system does not exhibit property 4, then the differ- 
ence between the Einstein coefficients, By, 4; — By,» will 
not be a constant, and this will again result in the depend- 
ence of the absorption coefficient on the distribution function 
and hence on uw and 7. Finally, if properties 3 and5 are not 
exhibited the polarisation of the emitted luminescence and 
the natural line shape will depend on the mean energy of the 
dipole, although the absorptive power of the system at the 
fundamental frequency given by hy, = Ey4;—E, will not be 
affected, 

Experiment shows us that the properties 1, 2 and 4 are 
not exhibited by real atoms. It follows that the independence 
of the absorption coefficient of the density of the exciting 
radiation is a property of an idealised model of matter, 
i.e. the harmonic oscillator. All real quantum-mechanical 
systems exhibit departures from Bouguer’s law andinduced 
dichroism. 

Absorptive power is an important characteristic of matter 
and largely determines its other optical properties. If the 
polarisation of luminescence is to be constant, k must be 
independent of uw and 7 since otherwise the relative contri- 
bution of the luminescence due to an individual particle will 
depend on wu and this unavoidably means that the polarisation 
must depend on the entire luminescence, However, in con- 
trast to the integral absorptive power, the polarisation is 
also sensitive to the directions of the dipole moments. If the 
matrix elements corresponding to different transitions be- 
tween equidistant levels are not parallel, then the polarisation 
of the luminescence will depend on the distribution function 
and, through it, on w and 7, Thetransition of a particle from 
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one level to another will then be accompanied by rotation of 
the dipole moment and this will lead todepolarisation of the 
radiation. 

It is important to note that the connection between the 
natural width of a spectral line emitted by a harmonic oscil- 
lator and the width of the energy levels is also quite excep- 
tional, Whereas for other quantum-mechanical systems the 
line width is equal to the sum of the widths of the upper and 
lower levels between which the transition takes place, in the 
case of the harmonic oscillator the line widthis equal to the 
difference between these widths. This resultis valid only for 
the harmonic oscillator, The calculation performed in Sec- 
tion 29 is valid only if conditions 3 to 5 are satisfied. It has 
already been noted that for a weakly anharmonic oscillator 
the theory predicts completely different results. We may 
conclude that the anharmonic oscillator occupies a special 
place not only among classical but also among quantum- 
mechanical models of matter. 


Absorption and Luminescence ofa 
System of Particles with Two 
Energy Levels 


31. DISTRIBUTION OF PARTICLES OVER ENERGY LEVELS 
FOR DIFFERENT MODES OF EXCITATION 


Excitation by isotropic radiation 


Consider a set ofn particles with two non-degenerate energy 
levels. The particles are randomly distributed in space and 
the directions of their dipole moments are fixed. The energy 
level scheme is shown in Fig. 7.1. The Einstein coefficients 
for spontaneous and induced transitions will be denoted by 
A and &, and the probabilities of non-radiative transitions 
by d,, and d,,. respectively. 

In the absence of external excitation, the particles are in 
complete thermodynamic equilibrium with the surrounding 
medium and the thermal radiation background. The popu- 
lations of the excited and unexcited levels are independent 
of time, although the particles continuously undergo tran- 
sitions from ground to excited states, and vice versa, The 
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A +Bu +d), 


Fug. 7.1 Two-level scheme 


principle of detailed balancing predicts that the transition 
probabilities are related by 


(A + Buy) Be es Bu, 
—h v/kT —h v/kT (ors) 
dy, == dye = de’ 


where uu, is the density of equilibrium radiation and d = d,,. 
When the particles are excited by external radiation, their 
distribution over the energy levels is different from the 
Boltzmann distribution, 

Consider, to begin with, the case when the external radi- 
ation does not give rise to anisotropy in the orientation 
distribution of the excited particles. If the particles do not 
rotate, this occurs only when the incident radiation is iso- 
tropic. However, calculations performed without taking into 
account anisotropy in the orientation distribution of the par- 
ticles have a broader range of application. They are also 
valid if there is intensive Brownian motion and the system 
is illuminated by a directed beam of partly or fully polari- 
sed radiation (non-viscous solutions will be a random orien- 
tation distribution of excited and unexcited particles in this 
case). Moreover, we shall see below that the dependence 
of total absorption and luminescence on the density of the 
exciting radiation, the temperature of the medium and the 
non-radiative transitions for excitation by directed andiso- 
tropic radiation is very similar, It is therefore often useful 
to neglect the anisotropy in the orientation distribution of 
the particles because this leads to a simplification of the 
calculations and does not substantially affect the final gen- 
eral conclusions. 

Let the density of the external exciting radiation beu, so 
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that the balance equation can be written in the form 
dn... : 
“== —n, (A+ Bu,+ Bu +d) 


dt (31.2) 
+n, (Bu, + Bu + de"”*") 


Under stationary conditions, the level populations are con- 
stant and therefore 


—hv/RT 


Bu, + Bu + de 


31.3 
A+ Bu,+ Bu+d ( 


Ne = My 


Since the total number of particles per unit volume must be 
constant 
n+n, =n (31,4) 


we find that 


Bu, -+ Bu+de"”/*" 


Qn, =? —————-—-_— wee —__OOOoO 
: A+ 2Bu, + 2Bu+d(1+e"”*") 


(31.5) 


A+ Bu,+ Bu+d 


i a a ee 
; A+ 2Bu, + 2Bu +- d(1 ae igrenrn) 


(31.6) 


If we let u tend to zero inthese expressions, we find that. 
in accordance with (31.1), (31.5) and (31.6), the distribution 
tends to the Boltzmann distribution 


(31.7) 


hy =f - —hv/kT 


Il+e 


After the exciting radiation is switched on, the distribution 
function assumes the non-equilibrium form, and even for 
large excitation energies, when the probability Bu is grea- 


ter than the remaining transition probabilities, n, +n, > oe n. 


The level populations tend to the same limit for sufficiently 
high temperatures (Bu, A). The distribution function is 
particularly sensitive to external excitation at low tem- 
peratures of the surrounding medium and low non-radiative 
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Fig. 7.2 Populations of the first 

and second levels as functions 

of the intensity of the exciting 
radiation 


transition probabilities. The dependence of n, and n, on the 
density of the exciting radiation (positive and negative) is 
plotted in Fig. 7.2. 

For purposes of comparison with subsequent calculations, 
let us now use (31.5) and (31.6) to establish the orientation 
distributions per unit solid angle. The results are 


| ae ae Ge 
ny (#,T,Q) = —n,= Se gg) 
4x l 
1+ — au 
] 0 fv ] 
J An - 4x 6 aa 
ny (u, T, 8) = ——n, = ——_____"_—____ (3.9) 
4x 
1 +—au 


where ny is the total number of particles in the j-th level in 
the absence of external excitation and 


6B 


oa 31.10) 
A+ 2Bu,+d(1+e"/*") : 


The parameter a, defined by the last expression, is an im- 
portant characteristic of a system of particles with two 
energy levels. It determines unambiguously the minimum 
density of incident radiation for which various non-linear 
effects become appreciable, namely, departure from Bou- 
guer’s law, depolarisation of luminescence, induced dichro- 
ism, and so on, Since asimilar parameter can he introduced 
for each pair of levels of any quantum-mechanical system 
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1 - isotropic radiation; 2-natural radiation; 3- plane- 
polarised radiation: a- ug =d= 0, Bu=A;b- Buy 
= Bu=zA,d=0 


Fig. 7.3 Angular distribution of excited particles 
during illumination 


with a discrete spectrum, it follows that a can usefully be 
referred to as the non-linearity parameter. 

Owing to (31.8) and (31.9), the level populations are linear 
functions of the density of the exciting radiation as long as 
au< 1, i.e, until one can assume that the denominators in 
(31.8) and (31.9) are practically independent of u, 

Isotropic radiation does not produce an anisotropy in the 
Orientation distribution of excited particles. The graphical 
representation of to(u, 7, 2) as afunction of 2 therefore takes 
the form of a sphere of radius proportional to n.. The cross- 
section of this sphere in the plane containing its centre is 
shown in Fig, 7.3. 


Plane-polarised exciting radiation 


Suppose that plane-poiarised light is incident along the x 
axis and the electric vector is parallel to the z axis. The 
incident radiation will induce the transitions 17 2 whose 
probability will depend on the orientation of the particle 
dipole moment. According to (8.72)-(8.73), the probability 
of transitions with dipole absorption or emission of radia- 
tionis proportional tocos?(DE), where D is the dipole moment 
of the particle and E is the electric vector in the absorbed 
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or emitted radiation. In the present case, all the particles 
whose dipole moments are at an angle 9 to the z axis are in 
identical conditions with respect to the incident radiation, so 
that the angular distribution of the particleshas a symmetry 
axis parallel to the z axis. The differential Einstein coef- 
ficients can therefore be conveniently written downinterms 
of spherical coordinates with the polar axis lying along the 
z axis. By taking the components of D along the z and x axes, 
we obtain from (8.72) and (8.73) the differential Einstein 
coefficients for transitions with the absorption and emission 
of radiation polarised, respectively, along the z and + axes: 


a?(Q) = —A cos?6, 6(Q) == 3Bcos?4 (31.11) 


TT 


a*(Q) = A sin’ Ocos*@, 0b*(Q) = 3Bsin*6cos’? (31,12) 


where A and B are the integral Einstein coefficients given 
by (8.76) and (8.77). 

Under constant illumination, the distribution functions 
satisfy the balance equation 


n(u,T, 2) [A+ Buy +d + 3Bu cos? 6] 


(31,13) 
=n,(u,T, Q) |Buy + de" 4 3 By cos” 6] 
Since for any direction 
ny (u, 1, 2) + ny (u, T, Q) = — n (31,14) 
TT 
we have from (31.13) 
—— 1+ aa naucos*s 
Te a9) reer a 31,15 
: 1 + aucos* 4 ( 
1 9 | ‘ 
ree + — naucos’§ 
TT 7 
n,(u, T, Q) = ee (31,16) 
1 +aucos* 4 


According to these expressions, in spite of theinitially ran- 
dom angular distribution, both the excited and unexcited par- 
ticles have a definite dipole-moment orientation due to the 
anisotropy of the exciting radiation. This orientation depends 
on the intensity of this radiation, the temperature of the 
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surrounding medium and the probabilities of radiative and 
non-radiative transitions.. Figure 7.4 shows plots of n. as 
a function of 6 for different values of Bu,/A, Bu/A andd/A. 
It is evident from this figure that when up = d = 0, the ani- 
sotropy in the distribution of the excited particles is parti- 
cularly well defined for small u(Bu/A < 1). me2is then 
approximately proportional to cos*8. Particles whose dipole 
moments are parallel to the electric vector in the incident 
radiation are preferentially excited. With increasing u, the 
anistropy decreases, and for very largeu (wu 1) there is 
practically no anisotropy since saturation sets in for prac- 
tically all particles, whatever the orientation of the dipole 


Fig. 7.4 Population of the second level as a func- 

tion of the orientation of the particle dipole moment 

Do,. Curves 1-3 correspond respectively to Bu/A 
= 0.1, 1 and 100 


moment (n2=n,). The small number of particles whose 
dipole moments lie in the xy plane form the only exception. 

If wo and d are not zero, anisotropy of the angular distri- 
bution of excited particles is not well defined for small u., 
Planck radiation and interaction with the medium facilitate 
the attainment of a random distribution. A much higher den- 
sity of exciting radiation is necessary to introduce appreci- 
able anisotropy. Subsequent increase in u, however, will 
again be associated with a uniform orientation distribution 
of excited particles (see Fig. 7.4). It is important to note 
that if we substitute the mean value of cos?6, i.e. 1/3, into 
(31,15) and (31.16), we again obtain (31.8) and (31.9). 

If we integrate (31.15) with respect to ® between 0 and 2n, 
and with respect to § between 0 and x, we shall then obtain 
the total number of excited particles: 
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—-h v/kT 
- ‘| A-+d(l1—e ) 


; eres a 
2 A+2Bu,+dte**) (31.17) 


 (au)'/2 tan™* (a y's| 
If aw<1, we can expand tan~! (au)'/: into a series, so that 
(31,17) takes the form 


ey (— L)F (au) 


(31,18) 
(2k +- 3) 


0 ] 
iS == no 
9 = Na+ ; 


where, as before,n? is the total number of excited particles 
under the conditions of thermodynamic equilibrium. As was 
to be expected, 2,~ 2 when 2u~0. If u+ ow (au +o), the 
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Fig. 7.5 Total populations of the first and second levels as 
functions of u in the case of excitation by isotropic (1), natural 
(2) and plane-polarised (3) radiation 


second term in (31.17) vanishes and 7, ~ +". A plot of n, 


and uw for different values of u, andd is shown in Fig, 7.9. 


Natural radiation 


Let us suppose that the same system is excited by natural 
radiation propagating along the x axis. The distribution of 
the particles over the levels will then depend both on 6 and 
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gy. This leads tocomplicated formulae for the rate of absorp- 
tion and luminescence. To simplify the calculations let us 
transform to a new set of spherical coordinates with the 
polar axis parallel to the x axis. The direction of the vector 
D will then be determined by 6 and q’ (Fig. 7.6). 


Fug. 7.6 Excitation by natural 
radiation 


The choice of this set of coordinates is governed by the 
fact that in the case of excitation by natural radiation, the 
x axis is parallel to the symmetry axis of the orientation 
distribution of excited particles. The angular dependence of 
the distribution function in the new system of coordinates 
will therefore reduce to a dependence onthe single angle 6 

The flux of natural radiation acting on the particle whose 
orientation is specified by angles 6’ and 9g’ can be resolved 
into two fluxes of equal intensities, polarised in mutually 
perpendicular planes. If the direction of vibrations in one 
of the component fluxes is parallel to the line of intersec- 
tion of the planes Oxy and OD x, the polarisation vector of 
the second flux will be perpendicular to the particle dipole 
moment D. Consequently, induced transitions will be stimu- 
lated by the first flux and the transition probabilities will 
be given by 


B(Q' )u = 3B 7 cos? (= 6" ) a = Bu sin?@’ (31,19) 


In the case of natural incident radiation, (31.13) must be 
replaced by the following balance equation for the number 
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of particles per unit solid angle: 


n(u,7T,Q2’)(A+ Buy+d+ < Bu sin* 0’) 


; (31.20) 
=n, (u,7T, 92) (Buy + ae ar = Bu sin* 9’) 
Solving this and bearing in mind (31.14), we obtain 
ese: + nausin? 8’ 
pha Ove 2 ae (31,21) 
ot 1 + '/,2usin® 6’ 
1 oo, er 
a ny ee nausin’G 
v6 
ny (u, T, Q) cas | fe, al sin= (y’ (31,22) 


If we substitute the mean value (2/3) of sin*4’ into these 
expressions, we again arrive at (31.8) and (31.9). 

According to (31.21), natural radiation is similar to 
plane-polarised radiation in that it gives rise to anisotropy 
in the orientation distribution of the excited particles. Fig- 
ure 7.3 shows the shape of no (2) in the xz plane for differ- 
ent modes of excitation. The circles (spheres in space) 
correspond to isotropic excitation. The function .(Q) cor- 
responding to plane-polarised and natural radiation is 
obtained by rotating curves 2 and 3 about the z and x axes, 
respectively. 

To determine the total number of excited particles, we 
must integrate (31.21) with respect to the angles 6’ and q’ 


2Q tT 
ny = \dq’| n(Q') sin 0’ d 0" 
0) 


0 


A d __ —h v/kT 
Be + Penne ce SN (31,23) 
y A + B(2u, + 3u) + d(1 +e ) 
4 tanh” ars] 
q'/s 
where 
6 a eas aes eae... ee (31.24) 


9+o0u A+2Buytd(i+e*/*")+ 3Bu 
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The quantity a varies in the range between 0 and 1 as the 
density of the incident radiation is increased from 0 too. 
If we expand tanh~!4': into a series we can readily verify 
that as u->0. n, > ny. If, on the other hand, u+co, the second 
term in (31,23) vanishes and n, —n/2., 

It follows that for all the modes of excitation considered 
above, the maximum number of excited particles is ¥/,n. 
Figure 7.5 shows graphs of n, as a function of u for differ- 
ent modes of excitation. For a givendensity of excited radi- 
ation, n, is a maximum if the illumination is by natural 
radiation, or the excitation is anisotropic but the particles 
execute rapid rotations (this corresponds to the replace- 
ment of cos’ and sin’@’ by their average values). When the 
system is illuminated by natural light, the particles whose 
dipole moments are at a small angle to the x axis are only 
weakly excited. The total population of the second level is 
therefore somewhat smaller than in the first case. Finally, 
plane-polarised radiation gives rise to weak excitation of 
particles whose dipole moments are at a small angle to the 
xy plane with the result that n, has its lowest value. 


Change of level population due to introduction and 
removal of external excitation 


According to (31.2) and (31.4), the populations of the second 
level after the illumination is switched on, and after itis 
switched off are respectively given by 


; ng +13" [A+ 2B +u) +d +e") 


(31,25) 

=n|(B(u, tu)+ de” a 

d dec dec —h v/kT 

—— Nn no [A+ 2Bu,+d(l1+e 

di 2 +n [A+ 2Bu, (1 + )] (31,26) 
= n[Bu, + de" ”*"). 
The solutions of these equations are 

no = Ce" + ng" (31,27) 


ne? = Coe +g (31,28) 
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where 
| 
ee ae eee 
° A+ 2Bu, + di + eo) iy 
a ae er 
A+ 2Bu,td(1+e"’*") + 2Bu 3+ au " 


n> and nj‘are the populations of the second level in complete 
thermodynamic equilibrium and for constant illumination 
respectively (see equations (31.5) and (31.7)); C and C® are 
integration constants, 

If the external source of radiation is switched on at time 
¢= 0 and switched off at! =7, where 7, ><, then if we deter- 
mine C and C® from the initial conditions 


ny® (0) = ny 


. (31.31) 
1 (T;) es Nn 
and substitute into (31.27) and (31.28), we find that 
ie = a ae ens (31.32) 
i = Sie Oe (31.33) 


It is evident from these formulae that the population of 
the second level increases or decreases strictly exponen- 
tially while the stationary conditions are being approached 
and after the excitation is switched off. The quantity to is 
the mean lifetime of the system in the excited state. In the 
visible region and for moderate temperatures, it is approx- 
imately given by | 
A-+d 


T 


and may vary within broad limits between a few seconds 
and 10"'' sec. 

The greater the probability of non-radiative transitions, 
the faster will the system return to the state of thermody- 
namic equilibrium. As d increases there is a decrease not 
only in to but also in the pre-exponential factor (nj*-— n°). 
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The probabilities of non-radiative transitions inhibit the 
departure of the systém from the equilibrium state. 
Temperature has a similar effect. However, this appears 
only when Buy is comparable with (A + d). The time neces- 
sary to reach the stationary conditions depends not only on 
the properties of the particles but also on their interaction 
with the medium. It is related through « to the density of 
the exciting radiation. For au< 1, < is practically identical 
with *«, and is independent of the sign of u. It follows that 
graphs of n,;" for positive and negative u are symmetrical 
with respect to n) (broken line in Fig, 7.7). With increasing 


ns (t) 


@) oe 


Fug. 7.7 Time-dependence of ng” 
and nef in the case of excitation 
by positive and negative fluzes 


|u| the magnitude of + increases if u <0 and decreases if 
u>U, The symmetry of the 7».* curves for negative and 
positive uw is then disturbed. 

Maximum t occurs when uw = — u,: 


og ee ee eee cee 
ME Pei (ite ey A Og 


and tends to zero as 1/2Bu when u —- o, The non-linearity 
parameter can be used to transform (31.32) so that it reads 


Au —~t/% 
e 


— As5i5 (31.32a) 


l 
ny == — “9 (n} — 73) 
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When Bu, > A-+d, the difference n}—n2 will tend to zero. It 
follows that a positive flux of radiation will not be capable 
of appreciably changing 1. incomparison with ns" = n}. Even 
for au->oo, the pre-exponential factor will not exceed 1/2 
(n} —n}) which is very nearly zero. If under similar condi- 
tions the excitation is due to negative fluxes, au—--3 and 
departures may be quite large. The population of the 
second level will change from n/2 to 0 as 7 changes from 
O to — Up. 


Pulsed excitation 


In practice, pulsed excitation is often employed. Pulsed 
sources, e.g. high-power electrical discharges in gases, are 
capable of producing for short periods of time radiant 
energy fluxes of a magnitude which cannot be reached by 
constant intensity sources. Continuous illumination fre- 
quently leads to considerable heating and undesirable physi- 
cal and mechanical processes in the specimen. Short pulses 
of radiation are therefore frequently very convenient. 

Pulsed excitation with the aid of a phosphoroscope pro- 
vides a means of cutting off rapidly decaying fluorescence 
and investigating phosphorescence separately, even though 
the spectra of both types of emission partly or completely 
overlap. Under certain conditions, pulsed excitation leads to 
an optico-acoustic phenomenon which is entirely absent un- 
der steady illumination. 

Suppose that a system of particles with two energy levels 
is excited by pulsed illumination from time t = 0 onwards. 
The energy density is of the form shown in Fig. 7.8, The 
mark-to-space ratio is such that the radiationison for time 
T, and off for time 7,.. We shall assume, for the sake of sim- 
plicity, that the external radiation does not produce an anis- 
otropy in the orientation distribution of excited particles. 


Fig. 7.8 Pulses of exciting radiation 
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The populations of. the second level n." and no will, as 
before, be given by (31:25) and (31.26). The solution of 
these equations for the j-th illumination and j-th dark period 
can be written in the form: 


ns = Ce +n)" (31,34) 


off 


No = Ci ete + n> (31,35) 


where the integration constants C; and Ci for each new pe- 
riod must be determined from the initial conditions. 

In general, when 7, and 7, are of the same order as, or 
less than, « and ww, the stationary conditions cannot be 
reached in one period and the system does not return to 
thermodynamic equilibrium with the surrounding medium 
after the source of radiation is switched off. To determine 
C; and C; for any j, wecanuse the fact that at times ¢=j(7, 
+T.) and t= j(T,+T7,)—T.z we have (from the continuity 
of n,(¢)): 


no [é= (7, +72) —T,| = no [E = j(7,+ T,) —T,] 


(31.36) 
ny [¢ = (Ty a T.)] oe naj +f = i(T, + T2)] 
or, in view of (31,34) and (31.35), 
C jel MTATIA TV 4 St OD gL MTATITV 4 0 
(31,36 a) 
Cie — { (T1+T2)/ % at Ne = Cate ef (7,+73)/ x a ns. 


Eliminating C;, we obtain the recurrence relation 


Cian = Cy; exp Ir. ( )|+ 
v Tv 


0 


+ (n2"+ 12) exp ss 1] exp (7-2 T+T, (31.37) 


0 


Using ne ua times and remembering that, according to 
(31.32), — (np — n3}, we have in the case of all j which 
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Ts i= = =| 
c To 


t 0 
Ci. = (tz ~- M2) € 


begin with the value l 


y (31,38) 
_ oe 
T: — eé : 
x tg hm 1) | =a 
lI—e ‘* * 


If we find Css in a similar way, and substitute the result 
into (31.34) and (31.35), we obtain the following expressions 


- (242) en 
Tt 


l—e \ : ao 
(31,39) 
ay (Ta 7: 
_ (/ n(= a ae ett 4 as 
—T,/t aH rt) 
off st 0 (l[—e M) l—e : 
No = (re — Np) eS Se ee 
I—e ‘*  * 
(31.40) 
tit 0 
xe + No 


where ¢t; = t—(j—1)(T,+7.), 4 = t—(j—1)(7,4+ T.) —T; 
are measured from the beginning of the j-th period of 
illumination and the j-th dark space respectively [71]. The 
formula given by (31.36) cannot be extended toj=1. The 
values of mm must be taken from (31,32). 

If we use the non-linearity pararneter given by (31.10), 
we can rewrite the last two expressions in a form which 
is more convenient in practice: 
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aU 


3g+au 


« On | 
~ — 5m — 1) 


a gi Us 1) copie 
s ete — 1) _ —_ eu )s e jl 


| -- e 


3n5 am es nau (31.41) 
4 2 
gt ak 
=—T./- —jeé 
0 | — l1— 
A ie tc a 
S+au l1—e- 
—19 75 0 
xe +n (31,42) 
where 
T i 
bo — +} (31.43) 
Tv Tv 


It is readily seen that the variable part of the populations 
of the second level is determined under pulsed excitation by 
the state of thermodynamic equilibrium preceding the ex- 
citation, the non-linearity parameter a and ae density and 
sign of the exciting radiation. When n}< nr} and |au| <1 
positive and negative radiation fluxes may give rise to 
considerable and symmetrical (with respect to ny ) changes 
in n,(f). At high temperatures, when ny} —> No, only negative 
fluxes lead to appreciable changes in the level population. 

By continuing the pulsed excitation for a sufficient time, 
it is possible to ensure that the system will reach a steady 
state, when an increase in ”, during the illumination period 
is equal to the reduction in ”, during a dark period. The 
steady-state condition sets in when n;," and 75" can be re- 
garded as practically independent of /, i.e. when 


Liat | (oa meee > 1 (31,44) 
Tv To 


According to (31.31), the condition for the steady state 
to be reached during illumination by continuous flux of radi- 
ation can be written in the form 


T tv 


ie = j ( aera: > 1 (31.45) 
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When ¢ is practically the same as +,, the time necessary for 
the attainment of steady-state conditions is the same both 
for continuous and pulsed excitation. When ¢t < %), the steady- 
state conditions are reached later under pulsed conditions 
than under continuous canditions. 

In steady state, (31.41) and (31.42) assume the simpler 
form 


3n3 + Dien 
Zz 


on ] 0 0 au e to — | —t ft 
i Sn i) ee ee 
. me se aay ic" 7 3+ au 
(31,46) 
— —T,/* 
Poi ces Galil = ga: en (31.47) 
3t+au l—e- 


Graphs of the population of the second level as a function 
of time under pulsed excitation are shown in Fig. 7.9. 
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Fig. 7.9 Dependence of no (t)- nQ on time in 
the case of illumination by pulsed positive 
and negative fluzes 
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32. ABSORPTION OF EXTERNAL RADIATION 


~= 


Rate of absorption of isotropic plane-polarised and 
natural radiation 


According to (17.21), the rate of absorption of incident radi- 
ation by all particles is given by 


W abs = hy | [ry (4, T, Q)6(Q)u—n,(u, T, Q)6(Q)ujdQ (32.1) 


If the exciting radiation does not give rise to anisotropy in 
the orientation distribution of the excited particles, then if 
we replace 6(Q)u by Bu in (32.1) and use (31.8)-(31.10), we 
find the rate of absorption of external radiation is given by 


A+d(l—e*V*T ) 
A + 2B (uy +u) +d(1 +e7-*/*7) 


ees 
3g+au 


rand 
W abs — nBuh Y 


(32.2) 
= (n}— n2)Buh v 


Next, if we substitute (31.15), (31.16) and (31.11) or (31.21), 
(31.22) and (31.18) into (32.1), and integrate with respect to 
the angles, we obtain the following expression for the rate 
of absorption of plane-polarised and natural positive radi- 
ation respectively: 


Woe = 3 (nt — 8) Bub ( | tan” (24) (32.3) 


au (a w)*/s 


l 
au 


[1 + (a'*—a'") tanh“? a’/:| (32.4) 


W abs = 3(n} — ny) Buh v 


where a is given by (31.24). 

It is important to note that whatever the mode of excita- 
tion, the rate of absorption of external radiation is propor- 
tional to the difference in the level populations prior to the 
exposure of the system to external radiation. It is evident 
from (31.7) that for a given frequency this difference is a 
function of only the temperature of the surrounding medium: 
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0 0 
Lh So 
] + e—hy/ RT 


(32,5) 


At high temperatures, when ni — n> 0, external radiation 

is not absorbed and the medium becomes transparent. 
When au <1, the expressions for the rate of absorption 

can readily be expressed in the form of the power series: 


y= (np — n>) Buh» Le + (a u) + — (au). (32.6) 
p.po} 0 0 3 3 
W abs = (72) = No) Buhvy 1 — 5 (aw) + 7 (a uy)... | (32.7) 


Wie = (nf — n>) Buh v ] — = (au) +... (32.8) 


It is evident from these expressions that when au < 1, the 
rate of absorption is proportional to the density of the inci- 
dent radiation whatever its direction of propagation and 
polarisation. With increasing au, the dependence of W.,, on 
uw is no longer linear and the departure from linearity for 
given uw is particularly well defined for plane-polarised 
light. 

"The maximum possible rate of absorption for au+o is 
independent of the mode of excitation and is given by 


W ape (0) = [A +d (1 — eh/47)] fn (32.9) 
If we substitute this quantity into the expressions for the 


rate of absorption, we have 


WP eV a.) = (32.10) 
3+ au 


-pol I -1 ’ 
W abs = Wane (0) | 1 ~ Gai tan ou] (32.11) 


nat 


W abs = W aps (0) [1 — (a7'#— a’) tanh" a’/2] (32.12) 
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Figure 7.10 shows plots of the rate of absorption as a func- 
tion of u for different modes of excitation. It is evident from 
this figure that for a given value of u, the rate of absorption 
is a maximum when the particles are excited by isotropic 
radiation, W,,, increases somewhat more slowly when the 


1.0 Sa 


-2 «i 0 ] 2 3 log au 


Fig. 7.10 Dependence of k and W,,, 
on the intensity of incident radiation 
wn the case of isotropic (1), natural 
(2), and plane-polarised (3) radiation 


excitation is due to natural radiation. The bottom curve 
refers to absorption of plane-polarised radiation. 

The above result may seem unexpected because, in the 
case of isotropic excitation, the total number of excited 
particles is a maximum, However, the result can be under- 
stood if it is recalled that for isotropic excitation all par- 
ticles participate equally in the absorption of the incident 
radiation. In the case of anisotropic illumination, a pro- 
portion of the particles is influenced to a greater extent by 
the electric field in the incident wave and rapidly reach 
excited states. Other particles absorb weakly even though 
they remain in the unexcited state because of the large 
angle between DandE. 

We have assumed, so far, that the particles are excited 
by positive fluxes of radiation. The final formulae are, how- 
ever, valid even for u <Q, and the rateof absorption can be 
investigated with the aid of (32.10). In (32.11) and (32.12), 
it is convenient to transform from functions of the imagin- 
ary argument (auw)'/: =i (a|ul)'/* to functions of real variables: 


WP W ang (©) | tanh" (q | (32.13) 


| 
(a |ec|)'” 
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W obs = W avs (co) [1 — Jalm' (1 —|a] tan“fal'2] (32.14) 


The last expression is valid only if a < 0, which is not the 
case for all values of the negative radiation density. 

According to (31.10), when u<0,auis negative and may 
vary within the limits 


—3<cau <0 (32.15) 


whereas a varies between —© and -+o, 

Let us now consider the absorption properties for nega- 
tive radiation fluxes using (32.10). Analysis of (32.13) and 
(32.14) leads to similar results. We note that the quantity 


ae is positive for all values of uw. Consequently, when 
au 


uw<0O, the rate of absorption is negative. In linear optics 
(au<l), the rates of absorption of negative and positive 
radiation are practically equal in magnitude and opposite 
in sign. In the non-linear region, this is no longer the case. 
Since the absolute magnitude of the energy density in nega- 
tive radiation cannot exceed u, it follows that to investigate 
VW ans for large u|uv|, one must at the same time take high 
temperatures of the surrounding medium. To find the limiting 
values of the rate of absorption, let us take the maximum 
value of |u|, i.e. uo. We then have, from (32.2), 


A + a ( —_— erty kT ) 


Wire <= - - nBlulh Se 
A +-d (1 + ger ) 


abs — 


(32.16) 


It can readily be seen that with increasing temperature 
the absolute magnitude of the rate of absorption grows with- 
out limit. For large enough 7 (when hv< kT), we have the 
approximate formula 

rand A 


W abs = — 2 ——— kT (32,17) 
A -+ 2d 


It follows that, in contrast to excitation by positive radia- 
tion, excitation by negative radiation does not give rise to 
the saturation effect. It is important to note that this result 
is representative of the interaction between the medium and 
the source of radiation rather thanof the interaction between 
the particles and the radiation. In point of fact, there are no 
radiative transitions when our assumption (WU + u=0) is 
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valid. The indefinite.rise in W,,, means thatnegative fluxes 
from a cold source are fully compensated by the positive 
flux from a heated medium, Analysis of other special cases 


for which uy) + u>0 leads to, similar results. 


Absorption coefficients 


Using (17.38), which relates the rate of absorption and the 
absorption coefficient, together with (32.2)-(32.4), we can 
readily find the following formulae for the absorption coef- 
ficients for positive radiation: 


3 Re 


rand 1/0 10 _ 
; (1 ere ee salt BEE ETE 


(32,18) 


eee ae 
au (a u)*/s 


peel, (nt —1n3)Bhy tan’* (au)'/s (32,19) 
e 


2 (n} — n>) Bhy 
C au 


pnat ie 


[1 + (a’/=— a—"/?)tanh”*a’'/*|] (32.20) 


The temperature dependence of the absorption coeffi- 
cients and rates of absorption are the same and were in- 
vestigated above. In contrast to this, the dependence of 
these quantities on the density of the exciting radiation is 
diametrically opposite. Whereas W,,, reaches its maximum 
value for uo, the absorption coefficient is a maximum 
for small u (au< 1), We then have the approximate result 


prand — pP-POn pat — es (n} —n3)Bhy = k® (32.21) 
C 


With increasing u, the absorption coefficient decreases and 
tends to zero as u—o (in practice, for au > 1). 

Figure 7.10 shows graphs of the absorption coefficients 
as functions of the density of exciting radiation. It is evi- 
dent from this figure that departures from Bouguer’s law 
are better defined (other things being equal) under the action 
of plane-polarised radiation, The formulae given by (31.10) 
and (32.19) enable us to estimate the minimum density of 
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exciting radiation which leads to appreciable departures 
from Bouguer’s law. 

Suppose that it is possible to establish experimentally 
a change in the absorption coefficient by, say,5%. According 
to (32.19), Rk decreases by 5.6% when au,,=0.1, and therefore 


Umin = 001 1\-7, oman 
” | 60 B 


(32,22) 
oxhv3 d ] 
= |] 1 — (1p ett |+a54 
15¢3 * A ) 30 ° 


In the absence of non-radiative transitions and of a back- 


h 3 
ground of thermal radiation, Umin -_——. In the visible 


part of the spectrum this corresponds to energy densities 
of roughly 2 x 10-“%erg cm’® sec”. The density of Planck 
radiation for given polarisation assumes this value at a 
temperature of 8,400°K. When the incident radiation has a 
lower density, the departure from Bouguer’s law is small 
and may be ignored, As one approaches the infrared re- 
gion, it is found that u,;, falls rapidly. For example, for 
v== 2,000 cm“! (d and uw, are assumed to be zero, as before), 
Umin = 2 X 107 erg cm’ sec™, which corresponds to a 
black-body temperature of 840°K, 

In the radio-wave region (} =95 cm), a similar calculation 
yields the temperature of 0.084°K, i.e. Bouguer’s law is 
never satisfied. 

The above values of source temperature are valid for 
Bu, =d =O. In the visible part of the spectrum 8u,is usually 
much less than A and this assumption is confirmed by ex- 
periment. With increasing 4, however, there is a rapid in- 
crease in Bu,/A, At room temperature (300°K) it is equal to 
unity even for } =70 » and reaches 500 for }=5 cm. In the 
radio-frequency region, therefore, we must neglect the 
probability of spontaneous transitions rather than the quan- 


tity Buy. We then have unin = ae u, and the departure from 


Bouguer’s law depends not only onthe density of the exciting 
radiation, but also on the temperature of the surrounding 
medium (the electromagnetic radiation background). 
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It is evident from (32.33) that departures from Bouguer’s 
law are increasingly difficult to achieve as the temperature 
and the probabilities of non-radiative transitions increase. 
In the infrared region, the probabilities d may be higher 
than A by a few orders, and therefore the source tempera- 
ture must be higher than the value given above (840°K) in 
order to achieve Upin. 

It follows that as the density of the exciting radiation is 
varied from 0 to Umin, the absorption coefficient remains 
practically independent of uw. At the same time, it follows 
from (32.16) that, depending on u,, it may vary within very 


broad limits (from Rmax = —— nBhy for T = 0 (n!= n) and zero 


when u, oo (n> —>ni}). It is important to note that the non- 
linearity parameter, andhence the departure from Bouguer’s 
law and other non-linear effects, are not directly connected 
with the lifetime of the excited state «,.When u, = d= 0, the 
non-linearity parameter is independent of <,, and in accor- 
dance with (31.10), is given by 


A 4r hv (32,23) 


Systems with long excited-state lifetimes are difficult to 
excite, and therefore the minimum incident densities for 
which non-linear effects become appreciable depend only on 
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Fig. 7.11 Dependence of k and W obs 
on the intensity of exciting radiation 
for positive and negative values of u 
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the level separation. This conclusion is valid when the med- 
ium is illuminated by a constant intensity source, but is not 
valid under pulsed excitation. 

The formulae given by (32.18)-(32.20) are also valid for 
negative u. It follows from them that whatever the sign of u 
the absorption coefficient is always positive. If inthe region 
of positive u, however, the absorption coefficient decreases 
with increasing u, then in the negative region it wiil in- 
crease with increasing | uw]. In other words, as the density 
of the external radiation increases from —uwu, too, the ab- 
sorption coefficient decreases from some maximum value, 
which is a function of temperature, to zero (Fig. 7.11). 

Specific values of k"° can readily be found by writing 
down (32.18) in the explicit form 


_ p—hy/kT 
rand — J ABhy OSs 1 ees (32,24) 
C A+ 2B(u, +u)+d(1 + e*/*T) 


which leads to the approximate formula 


prand _. | opp A 


a a a ee 
; iat 


for h/kT <1, 


Departures from Bouguer’s lawunder pulsed excttation 


The absorption coefficient of a system of particles for the 
j-th period of illumination is 


kj = 


Ww, = not — no") Bhy = —- (n — 2nd") Bhy (32.25) 
Cu C C 


Substituting from (31.46) for n,", we have in steady-state 
conditions: 
in 3 (n}? — n>) Bh 
c(3 + au) 
| a jh | po Te/to ai | (32,26) 
cena 


|— 
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This shows that under pulsed excitation the absorption coef- 
ficient varies continuously with time and is afunction of both 
t and t,. If the dark period is large (T, > +>,), this formula 
then becomes 


—f ./t 
k= | 1 + = e ! | (32.27) 
au 


where R° is the absorption coefficient for au < 1, and is given 
by (32.21). Under the above assumption, (32.27) is valid even 
for continuous illumination. It gives the absorption coefficient 
during the build-up process and under continuous illumination 
when ?¢; >* (the second term in brackets can be neglected). 

The absorption coefficient is amaximum for?;=0 (k =’), 
It decreases with increasing ¢;, reaching its minimum value 
under stationary illumination 


ee 
3+au 


R ot =k 


If the illumination period 7, is comparable with <, then 
under pulsed excitation & will not reach &,,. The departure 
from Bouguer’s law will then depend on. For given 7,, 
the departure from Bouguer’s law will reach a maximum 
as « decreases. Plots of k as a function of 1, for given f; 
and a few values of the non-linearity parameter are given 
in Fig. 7.12. The values of + are calculated from (31.30). 
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Fig. 7.12 Dependence of k andr. for 
-4 0 
t; = 10° sec 
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Induced dichroism 


Quantum-mechanical calculations of induced dichroism were 
outlined in Sections 17 and 28. We shall now show that, in 
contrast to a set of harmonic oscillators (Sections 2, 28), a 
system of particles with ‘two energy levels exhibits induced 
dichroism. We shall elucidate the conditions under which 
its magnitude is small and can be neglected. 

Consider, to begin with, the dichroism which appears under 
illumination by plane-polarised light propagating along the 
x axis. The distribution function is thendetermined by (31,15) 
and (31.16). The rates of absorption of the z and x components 
of the second flux propagating along the y axis are, respec- 
tively, given by 


Wan =hv\ [n,(u, T, Q)—n, (u, T, Q)) 67(Q)u'dQ ~— (32,28) 


2 


Wabs =hv{ [n,(u, T, Q)—n,(u, T, Q)b* (Q)u'dQ (32.29) 


where, as before, uw’ is the energy density of the second flux 
and |u’|<|u|. 

Using (31.11), (31.12), (31.15) and (31.16), and integrating 
with respect to the angles, we obtain 


Wis = 3 (ni — n>) Bu'h v 


x | ay tan (any (32.30) 
au (a u)’/? i 


W abs = = (ny — nb) Bu‘hy 


x | | eae 4! _) ran" (21 


(au) * (au) | 


(32.31) 


It is evident from these formulae that the rate of absorp- 
tion, and consequently the absorption coefficient of a sys- 
tem of particles with two energy levels, which is excited 
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by plane-polarised radiation, -is a function of the polarisa- 
tion of the absorbed radiation. When au <1, (32.30) and 
(32.31) can be expanded into a series in powers of au: 


Wins = (a) — np) Bu'hy 


x hice = (au) + (aut hoe) 


Wns = (n} — np) Bu'hy 


3) a (32.33) 
x 1 rT (au) + (a wu) | 


When au<1, we have Wi, - Win, as was to be expected, 
and this corresponds to the absence of dichroism. With in- 
creasing u, there is a decrease in the rate of absorption, 
and in the limit as au — o there is no absorption at all, in 
accordance with (32.30) and (32.31). W2,. is then found to 


abs 


tend to zero more rapidly than Wa. (Fig. 7.13). The rates of 
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Fig. 7.13 Dependence of the rate of absorption of the 
second flux (polarised along the z or x axisJand of 
induced dichroism on the magnitude and sign of u 


absorption also vanish at very high temperatures and small 
au, when ny — n}. Substituting (32.30) and (32.31) into (2.42), 
we find that the induced dichroism is given by 


Wars — Wars __ (au+ 3) tan" (au)? + 3(au)'/s 
Was + Wi; (au —1)tan™? (au)? + (au)? 


(32.34) 
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from which it is evident thatthe dichroismis unambiguously 
determined by the product aw. AS au increases from 0 to 
co, the dichroism rises from zero to unity (Fig. 7.13). 

It is important to note that dichroism is independent of 
the sign of the second flux of density u’, The second flux 
can be used as a ‘probe’ to determine the anisotropy of 
particles due to the effect of the first exciting flux. 

If the anisotropy is produced by a negative flux, (32.34) 
can conveniently be written in the form 


(3 — a|ulytanh “(a |ul)'/* — 3 (a |ul)'/ 


D= - 
| (a |ul)’/2 — (1 + a|u|)tanh (a |u|)’/2 


(32,35) 


In the region of negativeu, dichroismis negative since nega- 
tive fluxes give rise to an increase inthe absorption coeffi- 
cient (Figs. 7.11, 7.13). 

Dichroism is also produced when the particles are excited 
by natural radiation. The rates of absorption of the second 
flux are again given by (32.28) and (32.29). If we express the 
Einstein coefficient in the new set of coordinates (Fig. 7.6), 


6? (Q2') = 3B sin’ 8’ cos* 9’, b* (Q’) = 3B cos? 6’ (32.36) 


and take (31.21) and (31.22) into account, we obtain the fol- 
lowing expressions for the rates of absorption 


| 


Ses ad = (ny — n>) Bul'hy — 


2+ au 
sin? 6 d 6 (32.37) 
Moe in " 
] — acos?6 
] 
Wavs = 3(n} — n>) Bu'hv ———_ 
" i 2-+-au 


> We ee ee 32,38) 
; cos’ 9’ sin’ d6 ( 
x | ee 

0 


1 —acos? 0’ 


where @ is given by (31.24). These integrals can readily be 


reduced to standard forms by eon ae x=V acos 6’, The 
final result is 


W abs = 3 (ny = n>) Bu‘ hv 


[1 + (a’/? —a-'/2) tanh"! a'/2] (32.39) 
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Au. 


W*, = 6 (m — n>) Bu'hyx [a—'/: tanh"! a'/# — 1] (32.40) 


. 


which yields 


De (3 — ee — ci (a> 0) 
(1 + a)tanh q'/: — q'/: 
(32,41) 
(3 + fal) tan”*Jal"* — 3 fal’ 


(1 —|al) tan" Jal'/* — fal'/ 


Graphs of D as a function of uw under excitation by plane- 
polarised and natural radiation are given in Fig. 7.14. Itis 


1.0 


0.8 


Fig. 7.14 Plots show- 
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evident from this figure that dichroism increases more 
rapidly under plane-polarised illumination. The flux of 
natural radiation of equal density leads toasmaller dichro- 
ism. There is no dichroism under excitation by isotropic 
radiation, 


383. RATE OF EMISSION AND POLARISATION OF 
LUMINESCENCE 


fate of emission and quantum yield of 
resultant luminescence 


From (24,1), the rate of emission of the resultant lumines- 
cence propagating in all directions may be written in the 
form 


Wim =h v\ in, (Q) A —- [n,(Q) Buy — ny (Q) Buyl}dQ (33.21) 
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If the distribution function is independent of the orientation 
of the particle dipole moments, the integration in (33.1) is 
reduced simply to multiplication by 4x. Substituting (31.8) 
and (31.9) into (33.1), we obtain the following expression for 
the rate of luminescence under isotropic excitation 


Bu 


We Ae 
A + 2B (uy + u) +d (1 + e7* VAT) 


(33,2) 


2 3+0u 


ey 
—— 


It is readily seen that the rate of luminescence is positive 
when u>0O, and negative for excitation by negative radia- 
tion. With increasing probability of non-radiative transi- 
tions, the rate of emissiondecreases and eventually vanishes. 
An analogous result is produced by increasing the tempera- 
ture, As u,—> o, it is found that W j2"* > 0. 

According to (33.2), when au<1, the rate of luminescence 
is practically directly proportional to the density of the ex- 
citing radiation. For very largeau, itreaches the maximum 


value 
W ium (0) = = nAh v (33.3) 


It is characteristic that the limiting value of the rate of 
luminescence is independent of the temperature of the 
surrounding medium and of the probabilities of non-radia- 
tive transitions. This is an important difference as com- 
pared with the limiting value of the rateof absorption (32.9) 
Which is very dependent on d and 7, Asu-o, thereis a 
saturation effect, when the rates of all the processes lead- 
ing to the transformation of the incident radiationinto lumi- 
nescence and heat reach their limiting values. The rate of 
liberation of heat can be varied by changing d and / 


0. Ul 


Q = (nd — nyde~" AT) hy = Q (00) ——— 
3+ at 


(33.4) 
where 


Q(e)= 


= nd (1 —e-*¥/*T) hy 
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is the limiting value of Q for*u-— oo. This leads to a change 
in the rate of absorption at constant rate of luminescence. 
Using (33.3), we find that 


au 
3+au 


Comparison of this expression with (32.10) shows that the 
rates of absorption and luminescence are the same functions 
Ofau, 

Substituting (31.15) and (31.16), or (31.21) and (31,22), into 
(33.1), and integrating with respect to the angles, we find 
the rates of luminescence excited by plane-polarised and 
natural radiation respectively: 


Wien = W am ( oo) 


lum 


(33. 2a) 


p.pol 


W ium = Wium (00) [1 — (au) tanh "(a u)'/7] (33,0) 


lum 


Wiom = Wium (00) 11 — (a7 — a'/2)tanh‘g'?] (33.6) 
Comparison of these expressions with (32.11) and (32.12) 
will readily show that whatever the mode of excitation, the 
rates of absorption and luminescence are the same functions 
of the non-linearity parameter (density of external radia- 
tion). The energy yield is therefore given by the same ex- 
pression in all cases, namely 


eS at (33.7) 
Was (90 ) A ae d (1 a ene) 

Accordingly, yen is not directly dependent on the polarisa- 
tion or the sign of the density of the exciting radiation, but 
is an internal characteristic of a particle and of its inter- 
action with the medium. If there are no non-radiative tran- 
sitions (d=0Q), then y,,=1. The yield 7., approaches unity 
for high temperatures (flames) and small v (radio waves). 
This means that the presence of the external radiation will 
not, under these conditions, modify the distribution over the 
energy levels, and therefore the number of non-radiative 
excitations, i.e. the heat release, is zero. 

By analogy with the luminescence energy yield, it is pos- 
sible to define the energy yield through heat release: 


Q(%e) = d (1 — eA) 
W aps (0) A+ d(1 —e* #7) 


=e 


Yth = 
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It is immediately evident that 7,,+7,, = 1, i.e. under constant 
illumination the absorbed energy is transformed entirely 
into luminescence and heat. We note that the energy and the 
quantum yields of a system of particles with two levels are 
always the same, as in the case of the harmonic oscillator. 


Dependence of the polarisation of luminescence on 
the intensity of exciting radiation 


The resultant luminescence propagating in all directions 
was calculated in the preceding section. Our problem now 
is to find the polarisation of luminescence observed along 
the y axis. This may correspond to a real experiment. We 
shall assume, for simplicity, that the depolarisation factors, 
including, in particular, Brownian rotations, are absent. The 
effect of such rotations on the polarisation of luminescence 
was considered in Section 4. The polarisation of the lumine- 
scence of a system of particles with two energy levels cor- 
responds in classical theory to the calculation of polarisation 
under the assumption that the same dipoles are responsible 
for both absorption and emission, 

The rates of luminescence with electric vectors along the 
z and x axes per unit solid angle are, respectively, given by 


lum = A) {7 (Q) a? (Q) 


— [ny (Q) — ny (Q)] 6? (Q) uo} dQ (33.8) 


Wham = hy { (2, (Q) a* (Q) 


2 


— [ny (Q) — ng (Q)] O (Q) uo} dQ (33.9) 


These expressions are written down by analogy with (33.1) 
and can be justified in a similar way. Since we are now in- 
terested only in the radiation which propagates along the y 
axis, the integral Einstein coefficients are replaced by the 
differential coefficients (31.11) and (31.12), and w is re- 


| , 
placed by u, =——uo. the density of equilibrium radiation per 
vis 


unit solid angle and given polarisation. 
Integrating with respect to the angles, andusing (31.5) and 
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(31.16), we find that the luminescence components for exci- 
tation by plane-polarised radiation are 


: (33.10) 

x | [= : + : van""(au)" | 
aU (au)*/2 
W rum rae Wium (00 ) 
8x 
(33,11) 

3} 3) ] | : 

eR ne gee eee —_——__—__—— | [ . "/2 

x| Qau 2 orn ° cae 7 | 


It is readily seen that for high densities of the exciting radi- 
ation (au >1), both components tend to the same limit. The 
luminescence becomes depolarised. Moreover, the part of the 
luminescence which propagates along the y axis (per unit 
solid angle) is then in the ratio of 1 to 4m as compared with 
the total luminescence. Consequently, when au> |, the rate 
of luminescence is independent of the direction of propaga- 
tion. The luminescence then becomes completely isotropic, 
just as in the case of equilibrium radiation. 

When au< 1, (33.10) and (33.11) can be written in the 
form of the series 


Wium = pees W ium (00 ) bs Se Gara) (a u)* 


onus ond (2k + 5) 
, (33.12) 
= Bn W ium (00 ) (a) — nen, “| 
xX 3 4 - (— 1)* 
om = —— Wium (©) §) ———-—_+__—- (au) 
oe ( » (2k + 3) (2k +5) we 
(33.13) 


3 ] | 
ey os a zi 
Ore lum (00 ) 15 (au) 35 (au) - 


For very small au, the twocomponents are practically linear 
functions of wu. With increasing au, the dependence becomes 
non-linear, especiallyfor W,._ (Fig. 7.15). Substituting (33.10) 
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and (33.11) into (3.38), we obtain for the polarisation of the 
luminescence 


[3 (au) + (au)—] tan” (au)? — 3 (au)! 


Sar IR ENT CCT EC mea SET Te 
ppt 4g + (au) — (au)—2 |] tan! (au)? — (au) 


(33.14) 


which shows that the polarisation is uniquely determined by 
the non-linearity parameter (similarly to dichroism). When 
it is less than unity, 


3 
P oO mes eee eae he ee au ae eee 33,15 
paper © 38 oe) | 


When a@u<1, which is practically always the case in the 
visible region, the polarisation reaches its maximum value 
of 0.5. With increasing uw it decreases, For negative u we 
have P>0.5, and for au>1 P-—0 (Fig. 7.15). 
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components of luminescence and 
polarisation of iuminescence on au 


It was noted in Section 31 that an increase in temperature 
would give rise to a reduction in anisotropy in the distribu- 
tion of excited particles. According to (31.10) and (33.14), 
however, this not only does not give rise to depolarisation 
but, on the contrary, the polarisation increases with increas- 
ing Uo (for w= const) right up to 0.5. For 7 —o and finite 
u, the polarisation is always equal to0.5. The dependence of 
the polarisation on temperature can readily be understood if 
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it is recalled that luminescence is defined as the excess over 
and above the thermal background. At very high temperatures 
(u/up « 1), the excifed particles are almost isotropically 
distributed and the total emission is depolarised. This is 
connected not with the low degree of polarisation of the 
emitted luminescence, but with its small relative contribu- 
tion to the resultant emission, which consists mainly of 
depolarised Planck radiation. 

The effect of non-radiative transitions upon polarisation 
is similar to the effect of temperature. The parameter « 
decreases with increasing d and polarisation increases. 

When the influence of the thermal radiation background is 
negligible, a can readily be expressed in terms of the quan- 
tum luminescence yield &,,,,, the frequency and the density 
of the exciting radiation: 


3 


a® =a (T = 0) = G~ Bium (33.16) 


It is evident from (33.14) and (33,16) that the polarisation 
of luminescence is not uniquely related to the lifetime of the 
excited state. The dependence of Pr.) on < during a transi- 
tion from one system to another can only be due to the pre- 
sence of non-radiative transition probabilities. 

We now consider the polarisation of luminescence under 
excitation by natural radiation. As before, the general ex- 
pression for the z and x components of luminescence pro- 
pagating along the y axis are given by (33.8) and (33.9). 
However, the distribution function is given by (31.21) and 
(31.22), Substituting this into (33.8) and (33.9), and using the 
differential Einstein coefficients in the primed set of co- 
ordinates, we have, after integration with respect to the 
angles 


] 


Mum = 2 Wim ( ) (33,17) 
is) 3 3 : 
fe ie ae gees |) tan a 
x | 2 2a 2a’/: ( | 
‘ I 
Wium eos pe W ium ( 00) 
Sx (33.18) 


| —2 + 3 +S (= iytantrar | 
a q’/e 
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Substituting these equations in the form of series in pow- 
ers of a, it is readily verified that for u+0 (a<1), the z 
component is greater by a factor of 2 than the x component. 
This ratio decreases with increasing density of the exciting 
radiation, and tends to unity in the limit as u-> o, The ab- 
solute values are 


z x I 
Wium (2) = Wium (00) = <= Wium (20) 


Consequently, in this limiting case. the luminescence is 
again not only depolarised but completely isotropic. 

Using (33.17) and (33.18), we find the following expressions 
for the polarisation: 


(a — 1)[3a'” 4- (a — 3)tanh"‘a'/2] 


Prat = ] aii 
° (+ ae. } + (q?— 1) tanh”'g': 
Prat ete ae (33.194) 
3 63 


When a1, (33.19a) yields 1/3 for the polarisation of the 
luminescence, This is the same as the result obtained, in 
the classical theory of the harmonic oscillator (see (3.45)). 
Figure 7.14 shows graphs of FP as a function of the energy 
density of the exciting radiation for different modes of ex- 
citation. As was to be expected, Pp.p.. is always greater than 
Pia for equal densities of external radiation, 


systems of Particles with an 
Arbitrary Number of 
Energy Levels 


34. OPTICAL PHENOMENA IN A SYSTEM OF PARTICLES 
WITH THREE ENERGY LEVELS 


The distribution function 


Consider a system of particles with three energy levels 
(Fig. 8.1). We shall denote the probabilities of radiative 
and non-radiative transition by the symbols shown below 


Dj = Ajj + B, ju, + djj+ B; ju = p, + B; ju; ; (34.1) 


Pig = Bit, + diy + Buti; = Pj, + Buty (> J) (34.2) 
where pi, and Di, are the values of the transition probabili- 
ties in the absence of excitation at frequency »,,;. 

If there is no angular anisotropy in the distribution of 
excited and unexcited particles, the level populations will 
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2 
f I 
Fig. 8.1 A three-level system 


satisfy the balance equations 


oe = — Ny (Pi. + Pys) + MPa + MPa (34.3) 

dn 

77 = — M2 (Poy + Pas) + 11 Piz + 3P oe (34. 4) 
nt+ntn,=n (34.5) 


On solving these, we find that 


Qy 


n= Cie" 4 Ce "4+ — vn (34.6) 


Pi2 + Piz + Psi — ras 
fe Cee CC 
Poi — Psy (34.7) 


] 
Pro + Pig + P33—- — e 
« 2 


—t/te 
C, 4 ta 
bie Pe: — Psy A 


— — Pa Pi2e— Pris 
Ne =U, ee eee eee ee eS e/™ 
Poi — Psi (34.8) 
ae — Px,— Pip — Pig a 
es he tes pre de sey, 
Por — Psi A 
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where we have used the notation 


& 


A = Po, (P32 + Pi3 + Pai) + Piz (P32 + P23 + Ps1) 
-\- P13 (Po3 + Dae) + PosPa1 
Qy = Ps, (P31 + Psy) + PsiP23 (34.9) 
Az = Py (P31 + Ps2) + PsePis 
As = Pzx (Piz + Pis) + PeiPis 


The quantities *, and t are related to the transition pro- 
babilities by the formulae 


] =~b4+VB8R_A, | =b—Vb—A (34.10) 


*y =D 


where 


20 = Pyy + Poi + Piz + Psi + P23 + Pae 


The integration constants C,; and C: may be found from the 
initial conditions. 

Since (34.6)-(34.8) were obtained without introducing any 
assumptions about the transition probabilities, we can de- 
duce from them the form of the variation in the level popu- 
lations for different methods of excitation and during the 
return of the system to thermodynamic equilibrium. To 
obtain the equilibrium distribution over the levels, all the 
external exciting radiation fluxes must be equated to zero 
and the values of ¢ must be such that all the time-dependent 
terms vanish. We then find from (34.6)-(34.8) that 


Op a ee (34.11) 


tte va/AT yah va / KT 


net valaT 


Oo = st 
No _ jake ve, /AT ae as ¥3,/AT (34.12) 


—h v3,/KT 
ne 
sR ed 34.13 
3 ] ae ae Rauereale a Vai /AKT ( ) 


since p® =p,jexp(hy,;/kRT). In these expressions and in our 
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further analysis, we Shall use the superscript 0 to repre- 
sent the level populations in thermodynamic equilibrium. 

In the presence of external excitation, the constant terms 
in (34.6)-(34.8) give the stationary distribution over the 
levels ; 


nh 

n= a [Per (Ps1 + Pse) + PsiPos| (34.14) 
h 

ny = . [Pie (Par + Paz) + PsePrs] (34.15) 
hn 

net a AD [Pos (Pio = Pj3) + PorPi3| (34.1 6) 


The level populations do not vary exponentially after the 
exCitation has been switched on or off. Therefore, in con- 
trast to a system with two energy levels, the mean lifetime 
of the excited state is not equal either to t, or +,. If t, and 
t, are of the same order of magnitude, they have no individ- 
ual physical meaning. Conversely, if +, > 1,, the luminescence 
afterglow of the system can be naturally divided into two 
components, namely, short-period luminescence which falls 
off practically as e-‘/:, and long-period luminescence which 
falls off as e-‘/, In such cases, one speaks of fluorescence 
and phosphorescence, and +? and t) are the corresponding 
time constants. 

Let us determine 7? and t) for a system of particles with 


1 
a metastable energy level, in which case 


Po, + Pos K PS, + PS, 


In the absence of excitation, and when 7 = 0,we may assume 
that p?, + p?, = 0, so that from (34.9) and (34.10) we have 


| l ; 
“ae = Py + Pips 0 = Py + P23 (1 — Po) (34.17) 
2 
It is evident from these formulae that the duration of fluo- 
rescence is determined by probabilities of transition from 
the third to the first and second levels. The duration of 
phosphorescence depends on all the transition probabilities 
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and is of the order of 


a 


: 
Po + Pog 


It should be noted that while the steady state is being 
established, the quantities *t, and t, may be complex. In 
particular, when 


Pie = Poz = 0. 
Po, = P31 + P32 + P33 


the square root is purely imaginary 
VB —A =LYV pysPo0 


and t, and « are complex. This means that under certain 
conditions of excitation the level populations may undergo 
periodic pulsations. 


Luminescence yield 


By analysing the properties of a system of particles with 
three energy levels, we can obtain information about one of 
the most important problems in the theory of luminescence, 
i.e. the possible values of the energy yield [73]. Calcu- 
lations show that the rate and the sign of the luminescence 
are very dependent on the mode of excitation. If the excita- 
tion is carried out at frequency v3, the luminescence in all 
three channels, 3—l1, 3-2, 2-1, is positive. Excitation 
at frequency v2; leads to a reduction in the number of par- 
ticles in level 1 and an increase in the number of particles 
in level 2. The number of particles in level 3 can either 
increase or decrease, Positive luminescence is produced 
in channels 3--1 and 2—1 and negative luminescence in 
channel 3~— 2. 

In this section we shall confine our attention to a detailed 
discussion of the special case when the particles are ex- 
cited by an external flux of radiation of frequency v3. (U3 
=const, u3; = U2, = 0). Under the influence of external ex- 
citation, the system leaves the state of thermodynamic equi- 
librium and begins to luminesce at all frequencies. Once the 
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stationary state has been reached, the level populations are 
given by 


ny + nl,Use 
iat cart Tera 
1 + °/3 %39 Use 
n2+ nl,u 
ns = tt ce i 2 (34.18) 
] + “/3 Ggoll39 
nN} + nN sltgo 
nst — ——___ 
? 1 + 17/3 Agollgo 


where as, iS a non-linearity parameter given by 


gq = [3(p9, + 2p°, + 2p°, + PS.) Bao] [08,(P9. + P23 + 73) 
+ p2(P§o + po, + 78.) + Pi3(P23 + P32) + Pos P31) * 


1 (34,19) 
=3(,+4+43), l= “se (D>, + P3,) Boe 


] 
lL=l; = Ao (p), + pis) Boe 


It can be readily shown with the aid of (34.18) that the 
rate of luminescence at frequency »;; may be written in the 
form 


Wium (¥;;) = [2; (Ay + B; ju;,) 4 njB;ju;,| hyjj 


34.20 
(A;; = B, ju.) Ugoh Vil —hv../KT 
a I (ye) 
1 + “/3 &3o Ugo 
In view of (34.19) it follows that 
A,, + B,,t2°,) p®, Baollaslt v 
Wim (vo) = 7 (A, 21 a) Ps a2goll Voy 
A® (1 + */3 439 Use) 
(34.21) 


x (e /aT —_ poet 


(A3, + Bs U3, ) Po, Paattselt V3) 


A° (1 + 1/3 a39l39) 
—hras/*T) (34.22) 


W ium (¥31) = 2 


—hy,,/KT 


x (e e 
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W re =< Ai39 (p?, a pis) Boollgoht Vso (34.23) 
tum (a0) ERO TE My gg Wey) 


It is evident that there is no luminescence in the absence 
of external excitation (u,,=0). Luminescence vanishes ifthe 
temperature is zero, since then p°, = p®, = 0.exp(— hv, )/kT)=0. 
This means that all the particles occupy the lowest level and 
the presence of radiation of frequency 3, cannot take them 
into the excited state. 

In general, when all the transition probabilities are not 
zero, excitation at a particular frequency leads to lumine- 
scence at all frequencies. 

The sign of luminescence whose frequency is equal to the 
frequency of the incident radiation is determined by the sign 
of uso. When u32>0, luminescence at this frequency is always 
positive. The sign of luminescence at the two other frequen- 
cies depends on the relationship between v3; and v2;. Since in 
our CaSe€ v3: > vo, it follows that for positive excitation we 
have 


Wium (¥o1) < 0, W ium (v31) > Q 


Transition to illumination by negative radiation fluxes will 
lead to a change in the sign of the luminescence in all the 
channels. 

In special cases, the luminescence can only appear at two 
frequencies. For example, if there are no direct 3--1 tran- 
sitions, there is no luminescence at frequency »,,;. When p?, 
=Q there is no luminescence at frequency »v,,. This is ex- 
plained by the fact that in view of the above assumptions, 
and in accordance with (34.18), 

ny —hy,,/KT 


=e (where p§, = 0) 


(where p?, = 0) 
and 
n; (Ajj + Bui) — njB iii = 9 


By definition, the luminescence energy yield is given by 
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W ium (¥53) + W ium (¥34) 2 i Wium (V30) 
Se 34,24 
: (715* — n3*) Baoltgoh V39 ( 
Substituting (34.18) and (34.21)-(34.24) into this expression 
we have, after some simple rearrangement, 


_ = . i —Ayvy_/KT 
Yen= | [d31P5, ’3,/ 32 + A» (po, + P31 € ) (34.25) 


— P53, Yes/%30| [PS, pS, + Po, P51 + Ys p3)7 


As in the case of a system of particles with two energy 
levels, the luminescence yield of the model under consider- 
ation is independent of the density of the incident radiation. 
If d3,;=d3.=do,;=0, the energy yield is equal to unity. This is 
an obvious result, since under the particular assumptions 
which we have introduced, the radiant energy cannot be trans- 
formed into heat. Characteristically, the energy of some of 
the emitted photons (fv3,) is greater than the energy of the 
absorbed photons (hv3.). This difference is, however, com- 
pensated by a reduction in the number of emitted photons 
with energy Avo, (in comparison with thermal equilibrium). 

Let us suppose that d3, and d3, are negligible in compari- 
son with d», so that in accordance with (34.25), the energy 
yield may be greater than unity. As d3, and ds32 increase (and 
do, Gecreases), the ratio ten decreases to zero and becomes 
negative for certain ratios of transition probabilities. For 
this to occur it is necessary that positive luminescence at 
frequencies v3; and v32 Should be quenched (large d3, and d39), 
while the negative luminescence at frequency v2, should reach 
a maximum (d2,;=0). 

Thus, the energy yield of a system of particles with three 
levels may vary within the limits 


—€) S Yen S | + & 
where e), and e€2 are positive numbers which depend on the 
temperature. the internal properties of the particles and 


the interaction with the surrounding medium. Analysis of 
other methods of excitation leads to similar conclusions. 


Phosphorescence 


The three-level model in which one of the levels is metas- 
table is usually referred to as Jablonski’s model. Sveshnikov 
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[74] has shown that .this model is capable of explaining a 
considerable range of experimental data on the luminescence 
of organic phosphors. 

Consider the emission hy a system of particles with a 
metastable energy level, excited by radiation of frequency 
v3 (first level normal, third level labile, second level metas- 
table). We shall not be interested inthetotal intensity of the 
emission, and therefore for the sake ofsimplicity the aniso- 
tropy in the angular distribution of the particles will not be 
taken into account. 

Since, in the case of organic phosphors, the frequencies 
v31 and vo; lie in the visible part of the spectrum, it follows 
that the influence of the thermal radiation background will 
be negligible at these frequencies. 

If there is no excitation, all the particles occupy the first 
level. AS soon as excitation is switched on, there are tran- 
sitions from the lowest level to the labile level. The excited 
particle can then return to the normal state or reach the 
metastable state. Emission produced as a result of 1— 3, 
3-— | transitions occurring inimmediate succession, is called 
fluorescence. Since it is rapidly damped out after the exci- 
tation is switched off, it can also be referred to as short- 
period emission. 

A molecule occupying the metastable level can return to 
the normal state in two ways; if the probability of the 
2— 3 transition is not zero, it may returnto the labile level 
andthenundergothe 3~—1 transition, or it can undergo direct 
transition from the metastable to the normal state. Two 
forms of phosphorescence correspond to these two possible 
ways in which the particle returns tothenormal state. They 
are called a and f phosphorescence, reSpectively. The fre- 
quency of a phosphorescence is equal to the frequency of 
fluorescence, but the spectrum of fB phosphorescence is 
shifted towards longer wavelengths. 

Under constant illumination, we are unable to separate 
a phosphorescence from fluorescence either theoretically 
or experimentally. Consequently,a fluorescence is usually 
investigated experimentally with pulsed excitation (through 
a phosphoroscope). The total emission is recorded while 
the radiation is on, whereas during the dark pauses only 
phosphorescence is produced. A similar separation can be 
effecied in the theoretical treatment. 

After excitation has been switched off, the third and 
second level populations are given by (see (34.7) and (34.8)) 
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—t/° 


ngec(t) = (1 — p) 8 Maar a pnst 9 (34.26) 
1 U 
ngee(t) = Fee nst el, 
— (34.27) 
5 oe eee 
za 70 zy nz e a 
2 
where 
ao 0 0 ,0 
0 ~~ Pay (Pos FP 3.) — P3o Py 
p = <oxg ethos 
(= TY) (D5, + Do.) 
(34.28) 
9 P23 P32 
© Dog + Py 


The number of particles in the second and third levels 
under stationary conditions can readily be found from (34.15) 
and (34.16) by setting pi. = 0 and recalling that excitation is 
carried out at frequency v3, (pi3=Bi3u3)): 


n 
nse = —— (iby + Poi) Bratt = 171% (Phy + P2,) Bistny (34.29) 


s n 
2 = a p2,Byglt = 74%, P9,By alts, (34.30) 


n 


where 


I 
2 = Poi(Pog + Poi) + Pay Pos 


TT, 


a (2p), ar 2p), + P32) Bystts, 


The quantities «) and +? determine the duration of fluore- 
scence and phosphorescence and are related to the transi- 
tion probabilities by (34.10), or approximately by (34.17). 
Usually, «© is of the order of 10 “sec while <° is larger by 
four to eight orders of magnitude. It follows therefore that 
the first components in (34.26) and (34.27) vanishin a time of 


10-*sec, and thereafter the number of photons emitted as a 
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and § phosphorescence per unit time is given by 


N°. = st A —t/t, 
phos P Ng 31 


‘ p09 (34.31) 
g 1 t tre 
s —t/<; 
iy: ! ; (34.32) 
a 0 —t/ 
= NPxo% 17 Ay, Bysus,e 


It is easy to see that the time constants for a and B phos- 
phorescence afterglow are equal and are determined by the 
mean lifetime of particles in the metastable level. As the 
temperature increases, the two phosphorescent bands vary 
in parallel. However, the relative proportions of a and f 
phosphorescence change very considerably with varying 
temperature. 

Since 


Phy = phe bot 


the ratio of a and B phosphorescence is given by 


B 132 
N\phos Asi 


or. in view of (34.1) and (34.17), by 


Nohos _ 0 90 4s: p~hvsa/et (34,33) 


a 04 
IV phos P3» 31 eal KT (34. 33a) 


N hos a As, (D3. + Az, + ds;) 


This shows that short-wave phosphorescence predominates 
at high temperatures, whereas at liquid-air temperatures ,p 
phosphorescence is practically the only remaining compo- 
nent. This is completely confirmed by experiment. 

The intensity of long-period afterglow is sensitive not only 
to temperature changes, but alsoto the appearance of various 
quenching factors leading to an increase in the probabilities 
of non-radiative transitions. The duration and intensity of 
fluorescence is then dependent on which particular level is 
involved in the deactivation of the particle. If, for example, 
there iS an increase in d», the phosphorescence time con- 
stant 1) is reduced. and at the same time there is a reduc- 
tion in N%,,, and N°..,in accordance with (34.31) and (34.32). 


phos 
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The ratio of these two quantities will however remain con- 
Stant. Conversely, an increase in d3, leads to a stronger 
quenching of short-wave phosphorescence. The ratio (34.33) 
decreases while the duration of afterglow remains unaltered. 

Reduction in the duration of phosphorescence at constant 
temperature is therefore the main feature of deactivation of 
particles while they are in the metastable state. The experi- 
mental verification of these predictions has played an impor- 
tant role in the elucidation of the kinetics of fluorescence 
and phosphorescence. In particular, it has been shown that 
the particles cannot enter the metastable level directly but 
must pass through the labile state. 

Equations (34.26) and (34.27) may be used in approximate 
calculations of fluorescence and phosphorescence under pul- 
sed excitation. Usually, the period of illumination and the 
duration of the dark pause satisfy the inequality 


Tice Gz 


It follows that the fraction of second- and third-level popu- 
lations which is responsible for phosphorescence is practi- 
cally constant. The rapidly varying part of a,(f) (the first 
component in (34.27) 1s usually negligible and can be ignored. 
The first component in (34.24) can, in accordance with 
(34.28), form a considerable proportion of nj" At the begin- 
ning of the illumination period, this part of the population 
reaches its maximum value and then rapidly vanishes at 
the beginning of the dark pause. It may therefore be consi- 
dered that, on the average, the second- and third-level pop- 
ulations during the illumination period are equal to n> and n.*, 
whereas during the dark pause, they are equal to n$t and n}t. 

The total number of photons emitted by the particles per 
unit time during the illumination period is given by 


Not = 23451 + Ap, = Ty, Byglsy 


(34.34) 
x [(p3, ae p>,) As, =A P3Ao;| 

In linear optics, where 7, and t arepractically independent 
of the density of exciting radiation, Ni. is directly propor- 
tional to u,,. The resultant emissionis more sensitive to the 
quenching of molecules in the labile level than in the meta- 
stable level, since with increasing d,, there is an increase in 
p>, = A,, + d,, . Conversely, an increase in d,, leads onlyto a 
reduction in t, and therefore in Mtr. 
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The relative proportions of « and 8 phosphorescence in the 
resultant emission may ‘be found from (34.31), (34.32) and 
(34,34) 


Notes 0 Po3 P30 As 
a phos _ 9 __ (34.35 
Ia = = 81 pt) Ay, + Any 
8 04 
S p 
Q3 = N'phos ee (34.36) 


In these expressions we have allowed for the fact that during 
the period 7 the exponential e-/% is very nearly equal to 
unity. The quantities 9. and qg are not always convenient 
measures of the yield of « and 8 phosphorescence. For ex- 
ample,itis easy to see that the relative proportion of short- 
wave phosphorescence decreases with increasing d,, and d3,, 
whereas gg is independent of the deactivation of the fluore- 
scent state. 


Non-linear effects 


All the non-linear optical phenomena in the visible part of 
the spectrum were first discovered in molecules having a 
triplet level [75]. This is connected with the specific prop- 
erties of the metastable state. We shall therefore discuss 
non-linear effects with the aid of Jablonski’s model. 

Suppose that the particles are excited by plane-polarised 
radiation of frequency v and density u3,, propagating along 
the x-axis with the electric vector parallel to the z-axis. 
The transition probabilities between normal and labile levels 
depend on the density of the exciting radiation and the orien- 
tation of the particles. They are given by 


Py3 = 3B,3U3,cos* 9, 
Ps, = Az, + dy, + 3Bj5t4,,c08" 4 reed 


where 6 is the angle between the z-axis and the particle 
dipole moment. The integral probabilities p?,, p3,. p%, (p°, = 0) 
are connected with intramolecular processes but are inde- 
pendent of the orientation of the particles. 

The distribution of the particles over the levels under 
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stationary conditions of illumination can readily be found 
from (34.14)-(34.16) if we substitute into them the appro- 
priate transition probabilities and recall thatn, (Q) are 
calculated per unit solid angle, so that instead of (34.5) we 
have y) 


ny (Q) + (2) + 13 (2) = —— (34.38) 


If we introduce the non-linearity parameter 


3(2p), alr 23, + P30) Bs 


a SEC eee 
= (A3, + 431) (Per + Pos) + PePse (34.39) 
we have from (34.14)-(34.16) 
2 
n, (Q) = 1, tt bis:cos* 4 (34.40) 
An 1 + ay, U3,c0S* 6 
2 
a |) ee ET (34.41) 
Ar ] + a5, U3,cos* 8 
26 
oe oe eee (34,42) 
4n 1 + a3, U3,cos* 9 
where 
3 
= Ao P3831 


3 
l= l= Ao, (P2, + P53) Bs, 
A° a (As; + ds)) (P35, ae P35) + p>, Po 


The quantities /; are related to the non-linearity parameter 
by the simple expression 


a =t+1.4+ 1, 


According to (34.40)-(34.42), all the particles occupy the 
lowest level in the absence of external excitation. Com- 
parison of these formulae with (31.15) and (31.16) shows that 
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the angular distributions of excited particles in systems 
with two or three energy levels are determined by similar 
formulae. From the point of view of the dependence of opti- 
cal characteristics on the density of exciting radiation, the 
difference between particles with two and three levelscan be 
reduced to different values of the non-linearity parameter. 

To elucidate the specific properties of molecules having 
a metastable energy level, a3; can conveniently be written 
in the form 


a5, = a8 (34.43) 
where 


6B3y 
As, i ds) 


is the value which 4,, wouldhaveinthe absence of the second 
level (see (3.10) for T= 0) and 


] 
Po + Past > Pas 
B= ——____—___ (34.44) 


P21P32 
Poy + Po3 + ————— 
Ag, + d3) 


Usually au,,< 1 and therefore the polarisation of lumine- 
scence of a two-level system of particles approaches 0.95 
and all the remaining non-linear effects are absent. For 
particles having metastable states, the non-linearity para- 
meter for comparable densities of exciting radiation is high- 
er by several orders of magnitude since B> 1. Suppose, for 
example, that ina givensystem, andfor a given temperature, 
One observes only a-phosphorescence. In this typical case 
Po KP23 <p32 and therefore 


l 
> P32 + Po3 
BS ee e(Es—EL2)/xT 


Po3 


If £,;—E£, = 3,000 cm— (fluorescein), B ~ 10° at room tem- 
perature. The non-linearity effect will then set in at ex- 
citing radiation densities millions of times smaller than 
the densities which give rise to comparable departures 
from linearity in the two-level system. 
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-2 0 2 4 6 log a3, U3, 


Fig. 8.2 Dependence of various optical 
characteristics (inrelative units )onag,Us, 


According to (34.41) and (34.42), we have for all direc- 
tions (6, ») 


My (Q) Pp 
ng (Q) p?, + po, (34.45) 


Usually, p%, is smaller than p% or px by several orders 
of magnitude. It follows that excited particles occupy pre- 
dominantly the metastable level (for large p,, and py the 
second level will no longer be metastable). The total num- 
ber of molecules in this level is then 


a ee 
n, (6) sin@d 6 =n ———_—~____~ 
nf {me ") 2P33 + 2Pq, + Po 
(34.46) 
Pe [ a so tan™ (a3; U3)) » 
(a5) Ug))'/? 


It is easy to understand that under certain conditions prac- 
tically all the particles may be found in the second level. 
Suppose that p?, >> p?, + p?,, so that n, =C.85n for a, us, = 100 
and n, = 0.95n for a3,u3, = 1,000. It was shown in Section 31 
that if the particles have two levels only, the maximum 
number of excited particles will not exceed 0.57. The pre- 
sence of atriplet state introduces considerable modifications 
in the optical properties of the molecules. A plot of n, as a 
function of u;, is Shown in Fig. 8.2. The rate of absorption 
of external radiation may be found from (34.40) and (34.42): 
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W ane = A %s,°| [4 (2) — 25 (2)] Bas, cos* 4d 2 
v= | (34.47) 
= Wars (%) i — (ag, Ua,) tan”* (a3, tn)" 
where 
(Ag, + d31) (D5, + Pb3) 7 Poi Poe 
2Po3 + 2P21 + Pre 
is the rate of absorption for complete saturation by the inci- 


dent radiation (when 2,, U3) =10,000, Varbs = 0.984 Wap, (o)). 
In the absence of the metastable level (p35, = Pos = Po, = 0) 


hyvs, (34.48) 


W abs (00) =n 


the quantity W,. (oo) is large and equal to (As + day) 5 


when 7 =0 (see also (32.9)). AS a result of accumulation of 
excited particles in the triplet level, the limiting rate of ab- 
sorption is much smaller than this and tends to zero when 
Pon = 0, Pog ~0. The substance becomes completely trans- 
parent at the frequency »v,, even for small ug. 

In view of (34.47), the absorption coefficient is given by 


k= abs ae (@) | 1 
Cus, Cus, (23:43) /* 


(34.49) 
X tan™* (a3) U3;)'/? 


which resembles (32.19) and differs from it only in the values 
of Wap.(co),and in the non-linearity parameter. Figure 8.2 
plots & as a function of us). 

To determine induced dichroism and the polarisation of 
luminescence it is necessary to carry out the same mathe- 
matical operations as in the preceding chapter. The final 
result is [76] 


D= (25, 4g, + 3) tan”* (ag, Ug,)'/* — 3 (a3) U51)'/2 
(a, Us, — 1) tan™* (a5, &3,)'/? — (a) U3,)'”? (34.50) 
in {{3 (45, Us,)—/? — (43, Ug,)—‘/*] tan™* (ag, Wg1)'/t —- 3 (ay, Us,)—"} 
x {4/3 + [(%51 M31) ~°/* — (451 Ug) —"/* ] tan™' (ag) Ug,)'/* (34.51) 


— (43; Us,)~*}~ 
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These formulae can also be obtained from (32.34) and (33.14) 
by replacing au by a3\W3;. It will be shown below that they are 
also valid for more complicated systems if the appropriate 
non-linearity parameter is substituted into them. 

The dependence of dichroism and the polarisation of lumi- 
nescence on the intensity of the exciting radiationis similar 
in two- and three-level systems of particles. Transitions 
from one kind of system to another require the appropriate 
replacement of the non-linearity parameter, and this shifts 
the D and P curves along the log u axis (see Fig. 8.2). 

The non-linearity parameter varies notonly from one kind 
of system to another, but also as a result of changes in the 
temperature and in the probabilities of non-radiative transi- 
tions. Graphs of the temperature dependence of D and P are 


0.700 200 300 400 500 T 


Fig. 8.3 Dependence of the polarisa- 
tion of luminescence and dichroism on 
temperature. At t = O the product 
Ag, Uy, 18 equal to 100 (curves P’ and 
D’)and 10 (curves P“ and D”) 


Shown in Fig. 8.3. With increasing temperature there is an 
increase in the probability that the particles will leave the 
metastable level, p93 = pe-"*/*?, The non-linearity parameter 
will therefore decrease and all non-linear effects will tend 
to zero. Consequently, the most favourable conditions for ob- 
serving non-linear effects are achieved at lowtemperatures. 

As can be seen from Fig. 8.2, the dependence of all the 
optical phenomena under consideration on the intensity of 
the incident radiation is similar anddue to a common Cause, 
i.e. the accumulation of particles in the metastablestate. At 
exciting radiation densities where a3,u3; < 0.1, non-linear ef- 
fects are practically absent and need not be taken into ac- 
count. Within these limits, radiation of frequency vs, is 
transformed by a three-level system of particles just as by 
a set of classical harmonic oscillators. All non-linear effects 


456 Theory of luminescence 


begin at those values of u3,; at which nz becomes an appreci- 
able fraction of n. | . 

The presence of observable phosphorescence indicates 
the possibility of a non-linear dependence of the rate of ab- 
sorption, polarisation of luminescence and dichroism on 43). 
The converse statement is not true since for small p.3 and 
Ae, phosphorescence may be absent even when non-linear 
effects are large. For large non-radiative transition proba- 
bilities, the accumulation of particles inthe metastable state 
is impossible, and this leads to the quenching of phosphore- 
scence and disappearance of non-linear phenomena. 

It must be emphasised that investigation of non-linear ef- 
fects yields new information about the properties of fluore- 
scing molecules. For example, Cherdyshev and Vasserman 
(77] have used the temperature dependence of dichroism not 
only to find p}, but also to determine the activation energy 
of the metastable state. 

It has already been pointed out that the non-linearity para- 
meter is an important characteristic of quantum systems. It 
enters into the formulae for the absorption coefficient, the 
polarisation of luminescence, dichroism, the population of 
metastable levels and the phosphorescence yield. If as; is 
determined experimentally for a particular non-linear ef- 
fect, the result can be used to calculate the magnitude of 
all the remaining non-linear effects. Direct experimental 
determination of a3; is evidently impossible in the absence 
of a non-linear dependence of the optical characteristics 
of a medium on the density of the exciting light. 

Some substances do not exhibit long-period afterglow. 
However, it does not follow that the metastable state is then 
necessarily absent, since phosphorescence may not occur 
because the probabilities of non-radiative deactivation of 
molecules from the metastable to the normal state are very 
high, and the probabilities of transition to the labile level 
are very small. The experimental demonstration of the 
presence of the metastable state without taking into account 
non-radiative effects may then turn out to be exceedingly 
difficult. 

If the system does have a metastable level, non-linear 
optical effects are very dependent on the temperature of the 
surrounding medium. At low temperatures, they become 
appreciable even at relatively low exciting radiation densi- 
ties. This fact should be used in the experimental verifica- 
tion of the presence of the metastable state. 
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Dependence of the polarisation of luminescence 
on the angle between the dipole moment of 
various transitions 


In the last section we discussed the emission of radiation 
whose frequency was equal to the frequency of the exciting 
radiation. External radiation of frequency v3, is, however, 
also accompanied by luminescence at frequency v2). Clearly, 
its polarisation will depend not only on the intensity of 
the exciting radiation but also on the mutual orientation of 
the matrix elements D3, and D.,. For excitation by plane- 
polarised radiation, the rates of emission of the z- and 
x-components along the y axis are respectively given by 


on XK 
W2 (vo) = A vy, \d ¢ |. (2) az, (Q) sinOd6 (34.52) 


0 0 


22 x 
Wx (%1) = A vy \d © Jn, (Q) a5, (Q) sinfid 6 (34.53) 
0 0 


where n,(2) is given by (34.41). The differential Einstein 
coefficients aj, (2) and a%,(Q) are proportional to cos?(D,,z) 
and cos*(D,)x). In general, the directions of the matrix ele- 
ments of the dipole moments Ds, and D,, are not the same. 
Let the angle between them be denoted by :. For a given 
orientation of D,,, the orientation of the vector D,, relative 
to D,, is defined by the two angles & and 7. For different 
molecules with parallel directions of D,, and therefore the 
same value of n, (2), the angle 7 may assume any value be- 
tween 0 and 2x. Consequently, if we express cos?(D,,z) and 
cos 2(D,, x) in terms of trigonometric functions of the angles 
6, o, € andy, we must average over the angle 7. Thus 


a? (2) = — [cos 6(2 — 3 sin®&) + sin?§] A,, 
19 


ae 


(34.54) 


5 [sin?6 cos? ¢ (2 — 3 sin?&) + sin?’] A, 
—— 


Substituting (34.41), (34.54) into (84.52) and (34.53) and 
integrating with respect to 8 and 9, we find that 
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3. Ag, Poh Yo, 


Pt en (gy Ug J 
O27 2p>, + 2D, + ps, (a5) U3,) 


~ {2 Ssin®2)] 


(a3) Ug,)’/? ~— 2 (2g) Ug,)'/* + 2 tan” (ag, tn)" 


3 
+- 2sin?é Cc Us) /? a (a5) Us) tan (25) a} (34. 20) 


3 Ay, p%,h Vo 


Wi es fp 
ham Oa) 395” Bp, + DP, + Ph 


(a5) Us,)— 7? {2 — 3 sin’ &) 
2 3/ 1/ -1 1/ 
X 3 (G5) Ua) /* + (G3) U3) /? — (43, Ug, + 1) tan™* (a3) Ug,)'/2 
+ 2sin’& Co Us) '/? — Og, Ug, tan "(ayy al (34.56) 


These expressions yield the following formula for the polar- 
isation of luminescence [78] 


P}, (2 — 3 sin? &) 


P (%4) = 9 pe inte 


(34.57) 


The quantity P§, is given by (34.51) and represents the value 
of P(y,,) when § = 0, Graphs of P(»,,) as a functionof a,, u,, for 
a number of values of & are shown in Fig. 8.4. 
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Fig. 8.4 Dependence of the polar- 

isation of luminescence (-phos- 

phorescence) on agyuy,z for € = 0° 

(curve 1), 30° (curve 2), 60° (curve 
3) and 90° (curve 4) 
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If we substitute P?,='/, into (34.57), which is valid for 
Az, Us, < 1, we obtain 
_2—ssinr= 


Pos Se 
2 a sine (34.58) 


which is identical with Levshin’s formula (3.59) obtained 
within the framework of classical electrodynamics. We thus 
see that the classical formula (3.59) may be regarded as the 
zero-order approximation to the quantum-mechanical result 
(34.58). This approximation is valid whenever Py approaches 
1/2. The conditions for the validity of (34.58) may also be 
formulated in a somewhat different way; Levshin’s formula 
is valid within the same limits, as Bouguer’s law. When the 
departure from Bouguer’s law is small, we zanuse the first 
approximation 


PU(51) = 2—3sinrt _ 


4 1 4. ~ (2545) — sin?é (34.59) 


It is important to note that the above formulae may be 
used both in the study of B phosphorescence and in the inter- 
pretation of polarised luminescence spectra of molecules 
with two or more excited electronic states. Inthe latter case, 
depolarisation of luminescence will, as a result of satura- 
tion, occur at exciting radiation densities which aresmaller 
by factors of the order of 10° than the densities necessary 
for the equal depolarisation of molecules with a metastable 
level. Levshin’s formula (3.59) can therefore be used within 
wide limits in the interpretation of polarised spectra. 


Interaction of particles with two beams of external 
radtation 


In our discussion of non-linear effects exhibited by a system 
of particles having a metastable energy level, we neglected 
the thermal radiation background. It was also assumed that 
the excitation of external radiation occurred only at the single 
frequency v3). 

These restrictions correspond to the usual experimental 
conditions under which non-linear effects are investigated, 
and simplify the mathematical analysis very considerably. 
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We shall consider.in this section a more general case of 
the interaction of radiation with a system of particles. We 
shall use the above calculations to elucidate the effect of 
the thermal radiation background and the excitation by ex- 
ternal radiation of other frequencies on the transformation 
of radiation by a given pair of levels. 

1. Let us first consider the transformation of radiation 
of frequency vz and density wo, propagating alongthe x axis 
and polarised in the direction of the z axis. Suppose that ex- 
ternal isotropic radiation of frequency v3, and energy den- 
sity uz; is also incident on the system. The transition 
probabilities p,; are given by 


Por = Py + 3 Bota, COS? 6, Pyy = pl, + 3Baitg, COS? 4 
Pz) = P31 + Bsills1, Pig = De + By3tts) (34.60) 
Pog = P23, P32 = D9, 
If we solve the corresponding balance equation, we find that 


under stationary conditions the populations of the first and 
second levels are given by 


1 Mg (Ug, = 0) + Ipttg, cos? 0 


Ar 1 + GqyW,, COS” 8 rer 
pis act 1 My (Ua, = 0) + hua, cos” 4 
4n 1 + a4, Ua, COS” § 
where 
n 
Ne (oy oa Q) = A (p%, Pr, ae Pro P3; re py, Po) 
n 
ny (te, —s Q) Tm a: (p5, p> ie D>) p3, a p>) p>) 
3n 3B, 
L=h= “*. (Ps, + P30) Bie, Go) = “ (2p%. (34.62) 


+ 2ps, + Piz + Poy), 
A= pt (Dio + Pris + Par) + PP, (P3. + Pog + Pa) + Pas (P35 
al D330) Te P))5Ps1- 
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The quantities n, (uo;=0) and ny (u2;=0) have asimple physi- 
cal significance: they are respectively the total populations 
of the first and second levels in the absence of excitation at 
the frequency vo; (i.e. when u2;=0). If we know the distribu- 
tion function, we can calculate the absorption coefficient, the 
polarisation of the luminescence and the induced dichroism. 
Since similar calculations were described in adequate detail 
in the preceding sections, we shall not repeat them here and 
will proceed directly to a discussion of the final formulae. 

The expressions for the absorption coefficient & (vo;), di- 
chroism D(v2;) and polarisation P (v2;) observed along the 
y-axis are 


l 
R (v9)) == ee. [2, (ua, = 0) — No (Ua, = 0)| Boh voy 


Qo, Uo) 
3 3 ; 
eee tan (a5) Us) /: (34.63) 
(94 Uy)) / 
Ao) Uo, + 3) tan™ (ao, Uy,)'/2? — 3 (aa, Uyy)'!s 
D (Voy) — (4g) Moy +3) tan™ (49) Woy)? — 3 (Soy lg) (34.64) 


(254 Mo, — 1) tan™ (ag, Way) '/2 -+ (5) Uy) 


P(%) = 1gAy)/a, — [Mg (Ua) = 0) (Ag, + Beg.) —21(U21 = 9) Boytt>,] | 


x |D (¥o1) -F [tq (We, = 0) (Aa, + By tt), ) 


Qo) 


1 
N, (Ug, = 0) Bout), | Pay D (vq) P93, (34.65) 


where P), is a function of a,,u,, (See (34.51)). 

Let us establish the conditions under which external radi- 
ation of frequency v2; is transformed by a system of parti- 
cles with three levels in the same way as in the case of a 
set of harmonic oscillators. To do this, consider equations 
(34.63)-(34.65) in the following special cases: 

(a) uw3; = 0, T = 0. Here the expressions given by (34.63)- 
(34.65) are respectively identical with (32.19), (32.34) and 
(33.14) for a system of particles with two energy levels 
(a21=a). The population of the third level is zero and it has 
no effect on the transformation of radiation of frequency vo. 
It is characteristic that under these assumptions we can, for 
an arbitrary vo;, estimate the minimum exciting radiation 
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density for which apprecianle non-linear effects set in (see 
Section 33). 

(b) u3,=0, T-40. When u3,;=0, the populations ny (ue;=0) and 
n, (ugj=0) are given by the Boltzmann formula, and conse- 
quently 


My (Ug) = 0) (Ag, + By?) — My (Ua, = 0) Bou, = 0 (34.66) 


Substituting this into (34.65), we find that the polarisation is 
given by the function P?,. If in (34.63)-(34.65) we replace ay 
by a, we again obtain the corresponding formulae for a sys- 
tem of particles with two energy levels. 

Equation (34.62) shows that as the temperature increases 
there is an attendant increase in boththe numerator and de- 
nominator in the expression for a,,. However, the denomina- 
tor contains the terms (u°)’*, while the numerator contains 
the density of Planck radiation in the first power only. At 
high temperatures, when 8,;u;, are comparable with or grea- 
ter than A,;+d,;, the denominator increases more rapidly 
than the numerators and there is a reduction in a,,. 

It follows that if for a given density of exciting radiation 
and /=0 there are no non-linear effects, then they will also 
be absent at higher temperatures. Conversely, if there are 
non-linear effects at low temperatures, they can always be 
reduced to zero as 7 increases, since as 7 —~, q 2 > 0. 

(C) U3; 0, 7 =0. The absorption coefficient and dichroism 
are, as before, given by (34.63) and (34.64), and (34.65) be- 
comes 


aera L (ilo) = Q) 
P(5;) = (ee D (¥91) P38, (34.67) 
—=- D(v,) + Ng (Ug, = O)P), 
21 
where 


Lor =—O0)=n _ Ast dar + Ase + dae) + Bort 
Xo 2 (Ay, + dy, + Age + dys) + 3Bgtg, (34.68) 


No (Uo, = O) = 2 (Agy + doo) BU, [ (Ag, + dor) (Ase 
+ dgp + Ag, -+ dg, + 2By,tlz,) + (Age + dye) Bgytls,|7! (34.69) 


As u3, increases from zero to infinity, the quantities given 
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by (34.68) and (34.69) vary within the limits 


on re 
3 Qo, 2 
Siti yO) ee (34.70) 
1+ 2 Ag, ar Ao, 
Ayo si A 39 


By varying the values of the transition probabilities and 
of the quantity us), it is possible to obtain any combination 
of values of /,/a,, and n,(u,, = 0) within the limits indicated 
by (34.20).-Figure 8.5 shows graphs of the polarisation of 
luminescence as a function of the density u,, of the excited 
plane-polarised light. It is easy to see that the presence of 
the second flux of density u;, has an important effect on 
P(v.,). When A,, + d,, < Ay, +d,,the polarisation becomes nega- 
tive for certain definite values of u,,. It is equal to 0.5 only 
when 4,%, <1 and n,(u., = 0) = 0, that is, in the absence of 
excitation at frequency »,, Analysis of the special cases 
discussed above leads to the conclusion that a system of 
particles with three energy levels transforms radiation of 
frequency v2, in the same way as a Set of harmonic oscil- 
lators only in the absence of excitation at frequency v3), and 
provided 2; %,<1, i.e. at exciting radiation densities not 
exceeding a certain value u,,,,. AS the temperature increases, 
non-linear effects become less important. In principle, for 
any wo, it is possible to select a temperature at which non- 
linear effects will be negligible. 

2. Consider the excitation of particles by plane-polarised 
radiation of frequency v3, and by anisotropic radiation of 


k(v,,) D(v,,) 


-] 0 l 2 3 4 log 23, Us, 


Fug. 8.5 Kzacitation at frequency vy, 
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frequency v2,. The. formulae for the absorption coefficient, 
the induced dichroism and the polarisation of luminescence 
now become 


| ; 
R (¥39) = - [to (Ugo == 0) — 13 (Ugg = O)} Byoh v3. 


430 Uso 


3 “1 
7 ( Ago Ugo)? LAM © (Gy Ul39)°/7 
32 U3o 


(34.71) 


(G59 Ug + 3) tan”! (2539 Ug9)'/? — 3 (Oyo Ugo) '/# 


D (v ) — 
» (259 Uyp — 1) tan” (agp tlge)'/? + (agp Ugo)'/* 


(34,72) 


P (v3) = { ; 


32 


Aga — [13 (Ugo = 0) (Age +- Bye U0) 


l 
— Nz (Uz, = O) Bygtt}o| [a AgeD (¥39) + [13 (Use = 0) (As2 


+ BzattSy) — Mp (Way = 0) Beatty] Ph} "D (%42) Phy (84.73) 


where 
Hl 
M13 (Usp = 0) = Ha (P2sP12 tr PosPig + P2sPi3) 
! 


3n 
0 Bo (Py. ae P's) 


|, = — 
3 ae 


n 
Mp (tlg2 = Q) = (Php Pig F PreP31 1 Paz P30) 
l 


) 
A300 = 0 Bs2 [2 (Pro + pis) + Poy se P31 


A® = py, (po, + p?, + P8,) + Pre (Peo + PS, + Pa) 
Do Da) Po 
Piz = Pip + Baylloy, Por = Pg, + Boyle, 


The expression for P3}, can be obtained from (31.51) by re- 
placing a) Uo, DY agellgo. 

Inspection of (34.71)-(384.73) shows that when a32 Ws2 <land 
Wo, =O, radiation of frequency v3. is transformed by a sys- 
tem of particles with three levels in the same way as by a 
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set of classical oscillators. Moreover, as before, the number 
of dipoles must be taken to be equal to the difference between 
the populations of the lower and upper levels of the pair un- 
der consideration, and the classical expression for the ab- 
sorption coefficient must be multiplied by the oscillator 
strength. 

It is important to note that the condition u.,=0 is not a 
necessary condition in this case. In fact,when 7 =U we have 
P(vs,)equal to P’, for all densities uw of isotropic radiation. 
This is the specific feature of the effect of the lower level 
on the transformation of radiation hy theupper pair of levels. 
However. if 70, we must again require the absence of ex- 
citation at frequency vo). 

Additional excitation thus plays different roles depending 
on the properties of the system and the temperature of the 
medium. It is important only when isotropic radiation is cap- 
able of producing luminescence at the frequency under con- 
sideration. In point of fact, excitation at frequency v3, gives 
rise to luminescence at frequency v».,, while excitation at 
frequency v2; can give riseto luminescence inthe 38 -> 2 chan- 
nel only when 7-0. At 7=0,isotropic emissionof frequency 
vit has no effect on the nature ofthe transformation of radi- 
ation by the upper pair of levels. 

3. A system of particles with three energy levels may be 
used to investigate other special cases of its interaction 
with external radiation, for example, the transformation of 
radiation of frequency vs; in the presence of isotropic ex- 
citation of frequency v2; or vi». We shall not consider these 
cases because they lead to the Same conclusions as those 
already given in this section. 

Essentially new results are obtained only for systems for 
which vz.==v.,, which is possible in the case of equal sep- 
aration of the levels and when the second and third levels 
are the components of the degenerate level. In such sys- 
tems. external radiations of frequency vv. will Simultane- 
ouSly induce ! = 2 and [= 3 transitions. 


Optical method of alignment of the magnetic moments 
of particles 


So far. when we have discussed transitions of particles 
from one stationary state to another. we were only inter- 
ested in the change in energy. However, stationary states 
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differ from each other not only in energy but also in the 
values of other physical.parameters, including the mag- 
netic moment. It is Well known that, by applying magnetic 
and electric fields to an atom, it is possible to remove the 
degeneracy in the magnetic quantum number. This splits 
the energy levels and to each component produced as a 
result of this there corresponds a particular value of the 
magnetic moment, It follows that any change in the level 
population is connected with a change in the magnetic 
properties of the medium. 

In thermodynamic equilibrium, Ssub-levels which appear 
as a result of Zeeman or Stark splitting are populated 
practically uniformly, since the splitting itself is usually 
small. The medium as a whole does not exhibit preferential 
orientation of the magnetic moment. This can only occur at 
temperatures approaching absolute zero. In 1949, Brossel 
and Kastler [79] put forward an optical method for the align- 
ment of atoms. In principle, this method involves the expo- 
sure of atoms to polarised radiation in sucha way that their 
final distribution over the levels is substantially different 
from the equilibrium distribution. A particle with three 
energy levels may serve as a Simple model for the investi- 
gation of the phenomenon of optical alignment. The lower 
two levels may be looked upon as sub-levels of, say, the 
Zeeman splitting. The upper level corresponds to a set of 
Sub-levels of the excited state. 

When the system is excited at frequency v3,, the particles 
undergo transitions to the uppermost level and then return 
to the first and second levels. As a result, the population 
of the second level is increased while that of the first is 
reduced. The atoms become aligned in the direction of the 
applied magnetic field, or in the opposite direction. The for- 
mulae for the level populations given in the present section 
can be used as they stand in the theoretical analysis of this 
phenomenon, 

Optical alignment was first achieved experimentally in 
molecular beams of Sodium and, later, mercury. Figure 
8.6 shows the Zeeman splitting of the lower levels of sodium. 
Suppose that the sodium levels are excited by the resonance 
D, line with right-handed polarisation. Absorption of this 
radiation, results in transitions from the state °S:,, (Af = —'/2) 
to the magnetic sub-levels *Pi;,(M= +'/,, AM=-—). 

From these sub-levels the atoms can undergo the reverse 
transitions, in the downward direction, with the emission of 
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SY 


Fug. 8.6 Zeeman splitting of lower 
sodium levels 


plane- or circularly-polarised radiation. This results ina 
gradual reduction in the occupation of the state °S.:,, with 

= —!/, and an increase in the occupation in the states 
with M= +'/,2. The atoms become aligned along the mag- 
netic field. In rarefied gases, where a redistribution of the 
atoms between the sub-levels is unlikely, the alignment may 
persist for considerable periods of time after the removal 
of excitation. 

The degree of alignment 

y= 48 (34.74) 
Na+ Np 

where n, and ng, are the populations of the upper and lower 
Ssub-levels of the lower state, may reach 30-40%. Studies of 
phenomena associated with optical alignment in vapours and 
gases have led to the discovery of multi-photon transitions 
between Zeeman sub-levels, the elucidation of the effect of 
a buffer gas onthe degree of alignment, the diffusion of radi- 
ation and other problems [80]. 


Rate of generation 


The formulae (34.14)-(34.16) readily yield the rate of gen- 
eration of radiation by a plane-parallel layer if the absorp- 
tion coefficient at one of the frequencies is negative. Suppose 
that the particles are confined to the space between two 
plane-parallel plates whose reflection coefficients at fre- 
quency v%., are f,, and r,,. If the second level is metastable, 
excitation at frequency v;, may be accompanied by the ap- 
pearance of a negative absorptioncoefficient at frequency ».,,. 
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Generation of radiation will set in at athreshold value, u,", 
of the incident radiation density. 

In order to establish stationary generation it is neces- 
sary to satisfy the condition given by (20.9): 


— hy (v) = RiS** (34.75) 
where &, is the negative absorption coefficient and k/9**is 
a coefficient characterising radiation losses. For a plane- 
parallel layer [81] 


l 
Tie Wak 75a +" Pas (34.76) 


where / is the thickness of the layer and (,. is a parameter 
representing energy losses due to scattering and absorption 
by impurities. The first term in (384.76) is connected with 
the escape of radiation from the layer and was discussed 
in Section 20. 

The condition for constant generation of radiation given by 
(34.75) can also be written in the form 


No2i/Bo — Ny = Son (34.77) 
where 
Bye = RSSSc Ava /nnByoh voy (34.78) 


is a dimensionless parameter equal to the ratio of the loss 
coefficient to the absorption coefficient k,.(v) when n,=7 
(4yo = Ry (Ny = 7)). 

If we neglect anisotropy in the orientation distribution of 
the excited particles, the absorption coefficient &,.(v) can, 
with the aid of (34.15)-(34.16), be easily rewritten in the form 


ae (vz) 


n 
. 1 ++ oj (%) Loy (v,) Avo 


(34.79) 


where &/,(¥,) is the absorption coefficient for u., = 0 at the 
generation frequency »,, Av,, is the width of the generated 
line and g, are the statistical weights. Since A», may be 
much smaller than the width Av. of the absorption line, the 
product Bj, in (34.14)-(34.16) must be replaced by the 
integral 


{ Biz (*) lar (¥) d¥ = Baz (%) | ton (v) dv = Bas (ve) tor (Ye) Ava 
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If the generation frequency coincides with the frequency cor- 
responding tothe centre of the absorption line ,Bj, (%) = By/Av,). 
We then have 


Ry (Me) == TBigh Yay [P3) Pay P31 P23 + PSo Por —~ Bistlan (P5.E1/Be 
— P) 81/83 — Po, £1/3)|n/c A°Ava EW) 


O01 (%) = By [(p3, + Pa) (1 + 2/82) + Pos + Bist (21/23 
+ £ 1/20 + £11828) [P?, (p>, a Pos) 5 p>. Po, By3U3, (p3, 
+ p$) C1 +. 21/83) + Bistts:P3,]—*1/Ay), (34.81) 


where A°is the value of (34.9) when u,, = 0. In these expres- 
sions we have also allowed for the fact that p}, = p), = 0. 

The non-linearity parameter a,, is always positive and 
decreases to a limiting value with increasing density of the 
incident pumping radiation. The value of k},(¥,) may be either 
positive or negative. Negative values of the absorption coef- 
ficient are produced at sufficiently large values of u3,. This 
is most easily achieved for molecules with a metastable 
energy level for which p}, > p}, + p2,. Substituting (34.78) into 
(34.75), we find that (see also Section 20) 


Rio (ve) + iS ** | A's (ve) | — Ris 


ial 


= ! 
Go, (%) kip°* Go, (%e) ki” 


Ua, (,) Ay. = — (34.82) 


which represents the rate of generation, i.e. the amount of 
radiant energy liberated per unit volume per second, 


Wr Ry? Clay (Ye) Avy/n = ¢ (| RP, (%—) | — yb? )/aa1 (¥g) 1 (34.83) 


Equation (34.82) gives the density of generated radiation 
inside the resonator and is meaningful provided the numer- 
ator is greater than zero, i.e. when | 4°, (¥,)| > S°% Conse- 
quently, k), (ve) = — k[9s* determines the minimum absolute 
magnitude of the negative absorption coefficient which is 
necessary for generation to occur, Equating the numerator 
of (34.82) to zero, and using (34.80), we are led to the fol- 
lowing expression for the generation threshold: 


a = [p' (p>) =f p>) a Dp; p>) C as B12) [P? 21/2 a (p}, 
34,84 
ah Po) 883 To Dy (D5, 6 p,) ( 1+ £ 1/23) = Sie pP?,|—"T/Bis ( ) 
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If we set the temperature equal to zero (p,; = 0) and recall 
that the second level is metastable, we cansimplify this for- 
mula to read 


usr = py (1 + 8y2)/4 Bys (21/82 — 812) (384.85) 


where 7 = p',/(p?, + p’,). The value of w'P increases rapidly 
with increasing losses, i.e. withincreasing 5,..If 3,.—> 2)/8., 
then ui? —> o, so that when 3,, > g,/g,, generation is impos- 
sible whatever the rate of pumping. In the other limiting 
case, when g, = g, the probability of stimulated transitions 
induced by the threshold pumping rate is equal to B,,ut? = p%,. 

Equations (34.78) and (34.81) may be used to find an ex- 
plicit expression for the rate of generation. If we neglect 
the small terms (p9, + 19; & p%,, Bistls: K An), we obtain 


(21/82 — 912) 
Ws = af nh Vo} aT Bis (t3 ee Tee ) (34.86) 


This shows that the rate of generation is proportional to the 
Einstein coefficient 8B,,, which determines the area under 
the absorption band for the pumping radiation and increases 
linearly with us,. The maximum value of W2;" occurs at 
41 = 1, i.e. in the absence of luminescence and non-radiative 
transitions in the 3-—~>1 channel. The rate of generation in- 
creases with decreasing 3,, (decreasing ko*° and Av2, or in- 
creasing n and By). 

In general, the rate of absorption of the pumping radiation 
iS given by 


Wars = 1 Bygllgh vs, [P31 Por 1+ 03) Pos + 22, Po, 


(34.87) 
+ Bye (Ye) Yay (Ye) Avs, (p3,21/22 +- ProLk /82— Pox8i/B3)|/4A 


If we let u,, =0, this formula will then determine the rate of 
absorption in the absence of generation. Substituting for 
uo, from (34.79), we obtain the expression for the rate of 
absorption under generation conditions as a function of 
the pumping intensity and all the parameters characterising 
the system of particles and the resonator. Since the second 
level is metastable, we have for T =0, Bygtts, < Ay, 


WPS = NBysltaih va) (21/82 — 812) + 21/82) (34,88) 
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which corresponds to a generation energy yield 
%2=n(1 — 1/X) vo4/¥3y (34.89) 


where x = us,/ui? is the number of thresholds. The value of 
Ye increases with increasing pumping intensity. In the limit- 
ing case, when »=0, x > 1, practically all the energy, ex- 
cept for the Stokes losses in the 3—2 channel, is converted 
into the energy of the generated radiation. 

It has already been shown (See Fig. 8.2) that in the ab- 
sence of generation, intensive pumping leads to non-linear 
effects. The rate of absorption, and therefore the intensity 
of luminescence in all the channels, tend to saturate. The 
introduction of a medium into the resonator will substan- 
tially modify its optical properties. The appearance of ap- 
preciable 2-;°1] transition probabilities under the action of 
generated radiation is equivalent to the removal of the 
metastability of the second level. n, and n, will then no 
longer be functions of u;,, and hence the rate of absorption 
(34.88) will increase linearly with u,,. 

Generation which occurs when the medium is introduced 
into the resonator is therefore connected not with the in- 
crease in the number of active molecules but, on the con- 
trary, with a decrease in 2, and anincrease in ”,. It is pre- 
cisely this increase in n, which leads tothe sudden increase 
in the rate of absorption and the onset of generation. 

It is important to note that at pumping densities for which 
By3l3, becomes comparable with A;,, there will be a non- 
linearity in the 3--1 channel, andthe rates of absorption and 
generation will tend to saturate. Suchvalues of us, are, how- 
ever, practically inaccessible in the optical region and will 
not therefore be discussed here. 


385. SPECTROSCOPIC CHARACTERISTICS OF PARTICLES 
WITH N ENERGY LEVELS [ 82] 


General scheme based on the probabilistic method 


Consider a set of n particles each of which has N energy 
levels. Suppose that the particles interact with external 
radiation, the Planck radiation and the surrounding medium. 
There are no restrictions on the exciting radiation other 
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than that inherent in the probabilistic method (Section 16); 
it may be polarised, directed or isotropic. 

The probabilities df transitions between levels: and j will, 
as before, be denoted by p,;. In general, they depend on the 
density of the exciting radiation, the temperature of the 
medium and the direction of the matrix element of the 
dipole moment D,;. They can be expressed inthe form 


pi = Aj + B; jtt?, + dij + Pi, = Pi + Pi; 
(35.1) 
pig = Biuh, + dia + Pi = Pt Pi, (E> D 
where p7, and pi, represent the probabilities of transitions 
induced by the external radiation. If u(’) (Q') is the density 
of the exciting radiation per unit solid angle and given 
polarisation («= 1, 2), the quantities p/, are given by 


~ , ; , 
Pt, = wf, = YY | 09) (2, up (@) AQ (35.2) 


a Q’ 


where 0 (Q,Q°) are the differential Einstein coefficients 
and 02, 0’ are angles defining the direction of the dipole 
moment of the particle and of the electric vector in the 
incident radiation. 

The angular dependence of the transition probability p,; 
can conveniently be expressed with the aid of the four 
angles 6, 0, &, and »,,; (See Fig. 1.11). The first two angles 
determine the orientation of a fixed vector D,,. §,; deter- 
mines the angle between D,; and D,, and 4; defines the posi- 
tion of D,; on the surface of a cone whose axis is parallel 
to D,,. 

In the case of an isotropic distribution, the number of 
particles whose vectors D,, lie between 6 and §+d4, and » 
and » +dy9, while the vectors D,; lie inthe interval between 
nj and n+ 4%j, is 


aQ ani, 


4n 2 8x? 


nsin@d8dod7,; 


These particles are in identical conditions with respect to 
the exciting radiation. All the transition probabilities are 
equal and therefore the distribution functions under station- 
ary illumination satisfy the following system of equations 
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N N 
nN; Sei — Yi = 0 (= 1,2,3,..., V) (35.3) 
jel xt 


The numbers n, refer t6 unit solid angle dQ and unit angle 
dy,;. Since the total number of particles is constant and there 
are no rotations, we have 


7 ! 
yu=ar" (35.4) 


Consequently, among the N equations in (35.3) there are 
N—1 linearly independent equations. Substituting an arbi- 
trary but fixed n, from (35.4) and (35.3) and rejecting the 
k-th equation, we have 


Y¥ a,;n; = ee, tree) (35.5) 
8x? 
[#R 
where 
ae a 
Qj = Pri — Pic (i 8). Gin = Prt 1 y’ Pii, Co = Pri (35.6) 


jie 


The solution of (35.3) is 


n OD; n l 
nj -—! (748), 1,= — 1——)) D; \ (35.7) 
8x- =D Sx D 4 
[#R 
where 
( 
Qi,.-- Qi. Q1.k—1 Q,, k }-1 s,s Qim-:- Qin 
Q)) ++: Q))... Qi, b—-1 Qi kt: Dim oe: QIN 
D= Qpey,y--- Gregg --» gy, p— Geeaakti--) Aegean: ++ Ap—1,.N 
QQ): Ap; Q Q Q Qa (35.8) 
k+l, Lee: Ra-L,[ oo kt lsk—-t “bbl, kriees “k-b lames) “+1, 
Qiny oes Qin st na Qin,k—1 Qn, k+1-°° Qinm oP QmN 
Qa... Qn]... Qni.k—t Gn, rti--. GAnNy--. QNN 


is the determinant of Equation (35.5). The determinants D, 
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are obtained by replacing the corresponding column by one 
consisting of thé coefficients c;. The order of the deter- 
minants is (V—1) (the k-th row and &-thcolumn are absent). 

The distribution of particles over the energy levels is 
subject to certain general laws which may be established 
with the aid of (35.7). We shall show that the populations of 
any pair of levels (im, /) may be written in the form 


; n Dm n Din (Umt = O) + An, pe, 

n= SED Ee Din =O) + Beh 
(35.9) 

Nn Ung == 9) 1 Ln Pi 
7 De mn Pon 

— ae dD, east! Din = OU) = Apps 

8x2 D 8n* —D (tly = 0) + Ann tPint 
(35.10) 


ny (tin = 0) + Ly 
l ae OnpDml 


where /,=1,, and 7,,(u,,,== 0) and 7, (u,,, = 0) represent the 
populations of the m-th and [-th levels in the absence of 
excitation at frequency »v,,., In the special case when all 
the »,;—0, the quantities 7, (4,,,=0) and 7,(u,,,=0) are 
given by Boltzmann’s formula. The parameters 


An Am 
bm == Ly = =" —— , a, = ———"—_ (35.11) 
D (Um, == 0) D (tn) = 0) 


depend on all the transition probabilities and all the »,;, but 
are independent of u,,, (p“,). 

To prove (35.9) and (35.10), let us substitute the explicit 
expressions for D,, and D, as functions of pi, and p*,. Since 
(35.5) has a unique solution, and & has been chosen ar- 
bitrarily, it follows that without loss of generality we may 
assume that m7 kandl#k, According to (35.1) and (35.6), 
pe, enters only into the four coefficients a,,,, Qjm, a,, and 
Qnne We can also write 


Din = (1)? ayM! + (—D"'+"a,,M" +R, (35.12) 
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Dy = (1) Obi F (1) Amel +R, (35.18) 


where M and L are the minors which are obtained from D,, 
and D, by crossing out one row (upper index) and one column 
(lower index). The quantities R,,, R, andthe minors are inde- 
pendent of p¥, or p%,. Since the k-th row and &-th column 
are absent from the determinant, it follows that l’ = / when 
[<k and l’=!—1!1 when />k&. A similar connection exists 
between m’ and m, 

The minors M, and M7? consist of the same rows and col- 
umns as L’ and L™ and differ from each other only in the 
different position of the column consisting of the coefficients 
c;. Therefore, by completing (m' —l’ —1) interchanges of 
columns in M) and M’, we obtain 


Mi = (—1)m- 1 Lt 


(35.14) 
M" ao (— ete! Se. 


Substituting this into (35.12), we have, in view of (35.8) 


Dn = (— | )rre— a,L 4. (—])?’—! 7 Be ma Rn 
J0.12a 
= Dyn (tmp = 0) [C11 LE Lm px, 2888) 


ml 


D, = D, (uq,=0) + [L™ + (-1)m tet! | “, (35.13a) 
It is evident from the latter formulae that the coefficients 
of p¥, are equal, i.e. A, = A,. 

In order to establish the validity of (35.9) and (35.10), it 
will be sufficient to show in addition that the determinant 
D does not contain terms proportional to (p" ,)? and can there- 
fore be written in the form 


D = D(u,,,=0) + Am PX, 


Let us isolate in D those terms which include products of 
the coefficients a,,;, @,,, Qi: and Qmm, (the remaining coef- 
ficients are independent of p™)): 


D — (— 1)?! +2 (m'—Nay, Qmnm™M i -+- (—1)" (mPa QinMn -{- R 


= (Pit Pim — Pe Pini) + RR (35.19) 


im 
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Since the minors. MM!" and M™ of the determinant D are 
equal, it follows’ that terms containing (p%,)* cancel out. 

The populations of any pair of levels can therefore be 
written in the form given .by equations (35.9) and (35.10). 
It also follows from (35.15) that none of the quantities p,; 
or 8,ju;; enters D in a power greater than the first. Accord- 
ing to (35.9) and (35.10), at high enough densities of the ex- 
citing radiation at frequency »,,, the populations of the m-th 
and /-th levels are equal and tendtothe common limit [m/om: 
aS Um > ©, When uz; =O and nn, =n, this equality remains 
valid for any um(or p%.). 

The rates of absorption of external radiation of frequency 
Vmt and of luminescence propagating in all directions and 
having an arbitrary polarisation can, by analogy with our 
preceding discussion (See Section 24), be written inthe form 


2n ox x 
W aos (Ym) =h¥mi{ Aqmi) 29 f pt, (% —Mm)sinOd§ (35.16) 
0 0 


0 


Wium (Vint) =h nt f dni 
(35.17) 


On t 


Xf def {Antm —(21 — Am) Bmittms} Sin Od 6 


0 0 


Substituting (35.9) and (35.10) into these formulae, we find 
that 


2 In 
/ ny (Ume =O) —Nm (ul = () 
W abs (Vint) = h Vm \ a.) \ d a Dnt sO Tk al 
0 0 0 


] + Amt Pmt 
(35.18) 
x sinfd4 
Qn 2n 
Wium (Yt) =hAvmt \ am \ d sg 
A ioc Mi 
| + Ami P, 


0 


+ Ava i al wu .{ gees — sind dé 
i " (35.19) 
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As can be seen from (35.18), the rate of absorption is largely 
determined by the difference 7 (Um: = 0) — Am (Um: = 0). 

If in the absence of excitation at the frequency under con- 
sideration the populations of the upper and lower levels are 
equal, there will be no absorption, whatever the density 
of the incident radiation Um. When p%,—c and n (um = 0) 
#Nm(Um = 0), the rate of absorption tends to a finite limit. 

The expression for the rate of luminescence (35.19) can 
naturally be divided into two parts. The first part may be 
different from zero even in the absence of excitation at the 
frequency vx. This part represents luminescence due to 
excitation of the particles at other frequencies. If it is ex- 
cited only at the single frequency ‘m, the first term in 
(35.19) is zero. In this case, the populations of the level 
are connected by- the Boltzmann formula ny (um= 0) = 
Ni (Um = 0) exXp(—AYm/RT), The numerator in the integrand 
is zero, since An + Bmu’,,= Bm ts, CXp (Avmi/kT). The first 
term in (35.19) will also tend to zero for very large p%,, 
while the second represents luminescence due to excita- 
tion at frequency v,,. It tends to zero when un», =0, and to 
a finite limit when p“,-» o,Incontrasttothe rate of absorp- 
tion, Wium (vm ) is not equal to zero when 1; (Um = 0) = Np (Um 
= 0). Similarly, it can be shown that the rate of luminescence 
propagating in a given direction and polarised along mutually 
perpendicular vectors e, (« =1, 2) is 


Wim (mt) = A Yin fam \ de (a tm 


ri 


— (nt — Nm) pi), Unt} sinf?d6=hyvy,, ( d mt \ dg 
0 0 


x tno AS) os =O 
] + Amt pr 


epee. q'?) 
x sin 1+ ho fo (a —— 2m Prt Gr sin 9d 
l + Ami Dint 
(35.20) 
In these expressions 


: 3 
ami = Sr Ami cos? (Dri ’ €,) 
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and — 
b% = 3Bmt COS? (Dmt eq) 


are the differential Einstein .coefficients which are functions 
of six angles, three of which(%m, ¢, 9) define the orientation 
of the particle, two determine the direction of observation 
and the sixth is determined by the choice of e, and e. Since 
in (35.20) the integration is carried out only with respect to 
the first three angles, the rate of luminescence, and hence 
its polarisation, are functions of three angles, i.e. they de- 
pend on the direction of observation and the orientation of 
the vector e, in the plane perpendicular tothis direction. By 
calculating Wi, (vm) and W® (v,,,) from (15.20), it is easy 
to determine the polarisation of the luminescence. The ex- 
pressions for the rates of absorption of an additional beam 
of low density u_,(u_,K um, u;,, K uij) (See Section 32), polar- 
ised along e, and e,, can by analogy with (35.18) be written 
in the form 


2 


Wed. (vmt) = hn | dm de f (ny — Aim) Bt Ut 


2x Qn 


x cos? (D, e,) sin§ dé = tint | int | f [ry (ims == 0) 


Bmitt,,,COS?(Dmiea) 
—Nm (Um = 0)] —————____— sin6@d@ (30.21) 
1 + Gmt Pmt 


Since the density u,, of the exciting radiation enters only 
into the numerator of equation (35.21), it follows that when 
pt, —-0 the rate of BUBOTpHOD Waps (Ymi) tends to zero (see 
(35. 18)). Knowing W°), and W”)., it is possible to determine 
the induced dichroism of a system of particles in a given 
direction. 

The formulae given above for the rate of absorption and 
luminescence can be simplified quite considerably in cer- 
tain special cases. For example, in gases and non-viscous 
solutions, external radiation does not give rise to anisotropy 
in the angular distribution of the excited particles, and there- 
fore integration with respect to the angles is unnecessary. 
In other cases, the angular dependence of 1; may be simple 
enough for the integrals to become expressible in terms of 
known functions. One such example is discussed overleaf. 
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Limits of applicability of the theory of harmonic 
oscillators 


It was shown in Chapter 7 that non-linear optical effects 
arise during the excitation of particles by plane-polarised 
and natural or isotropic radiation. The maximum departure 
from linearity takes place when the incident radiation is 
plane-polarised, so that, to establish the limits of applica- 
bility of the classical theory of the harmonic oscillator, it is 
sufficient to consider the transformation of plane-polarised 
radiation by a pair of levels m, / of a quantum-mechanical 
system with an arbitrary number of energy levels. 

Suppose that the incident radiation has afrequency v,,, and 
propagates along the x axis, and is polarised along the 
z axis. Excitation at all other frequencies will, for the sake 
of simplicity, be assumed to be isotropic. The transition 
probabilities p/, are, in this case, given by 


ij = Bitzi, Pmt = 3 Bri ttm COs? 8 (35.22) 


Observation of the luminescence and dichroism will be 
carried out along the y axis, as before, while the unit vec- 
tors e, and e& will be taken to be parallel to the z and x 
axes, We then have 


cos* (Dmie,;) = cos? (Day , Z) = cos? 4, 


39.23 
cos? (Dnt e,) = cos* (Dm xX) — Sin” v cos? @ ( ) 


Substituting (35.22) and (35.23) into (35.18)-(35.21), it is 
easy to complete the integration with respect to the angles. 
We can now use the above results together with (2.42) and 
(3.38) to obtain the following formulae for the absorption 
coefficient, the dichroism and the polarisation: 

WE. 8 


| 
Rint) eae ais W abs (Vint) = (ni n”) ie ee I age a 
cu Zine |. (nittns) 


Py tan ay ta | —_ 
(in U ) s se | 


mi 


, 4 = | o { : r) 
D(. ) _ (3 f Om Um) lan (Cnt Un 1) fe — 3(Qnt Liny) 7 

a ee pee a. 
(Omi Un, Beane opal Leet (35.20) 


480 Theory of luminescence 


iE ‘ , 
a Ant = [n> (Ans = Bm ws) en Heep Ta 


a . 

al Cee aan ae mae RE 

—— A, D( mt) cS [Ai ate Bn, = ny /B miler Prat 

Aint 

Pa) (35.26) 
where 
i, ee (3 a) mp) LAN” (07 Um)? — 3( 4) Mmt) 
im 4 


— {0" Unn))/? — (a )/* E (1 = 2m) tan? CTD 


3 
(39.27) 


fmt is the oscillator strength, U) =/,Bn, %,=4m;Bm,> and 
n? and a} are total populations of the m-th and /-th levels 
in the absence of the excitation frequency y,,, 

Equations (35.24)-(35.27) are valid for any value of NV 
(beginning with 2) and become identical under the appropri- 
ate assumptions to the corresponding formulae obtained 
earlier for systems with two or three energy levels. The 
dependence of the various optical characteristics on the 
density of the exciting radiation given by these formulae 
is illustrated graphically in Fig. 8.5. These curves are 
based on (34.63)-(34.65) which are analogous to (39.24)- 
(35.27) and differ from them only by the presence of /,, and 
a21in place of J’ anda_, 

It is evident from the above formulae and from Fig. 8.5 
that the transformation of external radiation by a pair of 
levels of a system of particles with an arbitrary number 
of energy levels is, in general, different from the trans- 
formation of radiation by a set of harmonic oscillators. 
The absorptive power and the polarisation of the emitted 
luminescence tend to zero for large «,,u,, and at the same 
time dichroism appears. The polarisation of the emitted 
luminescence may be negative at certain values of the 
parameters. It varies with u,,,, and with excitation at other 
frequencies, in accordance with a complicated law. If we 
replace the quantum-mechanical system of particles by a 
set of harmonic oscillators of frequency »,,,, then, under 
the conditions of excitation and observation which we have 
discussed here we would obtain the following results: 1. the 
absorption coefficient would be independent of u,,, 2. there 
would be no dichroism and 3. the polarisationof the emitted 
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radiation would be constant and equal to 0.5. 

The limits of applicability of the classical theory of the 
harmonic oscillator can thus be established by finding the 
conditions under which (35.24)-(35.26) yield A(y,,,) = const 
(as u,,, varies), D(v,,,) =O.and P(,:)=0.5. This occurs when 


a Um KI (35.28) 


N° (Ant + Bin) — Bm) = 9 (35.29) 

The inequality given by (35.28) imposes limitations onthe 
energy density of the exciting radiation. It tollows from this 
condition that in all systems (other thanthe harmonic oscil- 
lator, which we shall not consider), non-linear effects will 
unavoidably appear at certain definite densities of the ex- 
citing radiation. The minimum densities u,,, at which there 
are appreciable departures from linearity are unambigu- 
ously determined by the non-linearity parameters a_, which 
cepend on the transition probabilities of the system. It is 
Only in the one simple case when the system has only two 
energy levels that «a_, is determined by the level separation, 
since a,,(u®9=d=0) is then independent of the transition 
probabilities and is unambiguously determined by the fre- 
quency (see Section 32). In a system of particlés with three 
or more energy levels, neither the level separation nor the 
lifetime of the excited state provides any criterion for the 
unambiguous definition of a, and, consequently, ujj;,. The 
only criterion that can be used for this is the parameter a, 
itself. A change in the transition probability in any channel 
affects the magnitude of a, and of um;, at which non-linear 
effects set in. 

It was shown in Section 34 for a system of particles with 
three energy levels that «|, becomes large whenthe system 
has metastahle levels in whichexcited particles accumulate. 

The temperature dependence of a_, is very complicated. 
However, beginning with a certain temperature, the magni- 
tude of «_, decreases with increasing temperature and tends 
to zero as 7’+oo, This is connected with the fact that the 
numerator in the expression for 2’, includes products of 
N—1 transition probabilities, which contain the thermal 
radiation density ur, while the numerator 4;; Contains only 
N—2 probabilities. In fact, it follows from (35.15) that all 
the probabilities 8,ju,; enter into the expression for D as 
first powers only. Jt follows that Dcontains terms with the 


i 
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products of V—1 quantities Bjju?, , while A,, does not con- 
tain B,,u°, (see (35.9)). It follows that the thermal radiation 
background tends to reduce all non-linear effects. However, 
at high temperatures, the difference n?—n° is alsofound to 
decrease, and therefore thereis adecreaseinthe absorptive 
power and the rate of luminescence. The medium becomes 
more transparent at the frequency under consideration. 

The expression given by (39.29) imposes limitations on the 
additional illumination at other frequencies, which can ap- 
preciably affect the nature of the transformation of external 
radiation by a particular pair of levels m, J. If all the u,;, 
apart from u,,, are zero, the numbers of n° and n° satisfy 
Boltzmann’s formula, and (35.29) is an identity at all tem- 
peratures. In the presence of additional illumination, the 
effect is unimportant inthe one special case when n? =u? = 0. 
Under these conditions, (35.29) is also satisfied. The ab- 
sence of upper level populations for uw°9,=0 and u,; #0 can 
easily be established experimentally. When 2° is zero, there 
is no luminescence in the channel under consideration before 
excitation at frequency ¥,,,;. 

We conclude that the limits of applicability ofthe classical 
theory of the harmonic oscillator as applied tothe transfor- 
mation of incident radiation by a pair of levels of the quan- 
tum-mechanical system is determined by the following two 
conditions: 1. the absence of additional illumination of the 
System at other frequencies which gives rise to lumines- 
cence in the channel under consideration »,,, and 2. the 
density of exciting radiation u,,, must besuchthat a’ w,,, <1. 

To find the parameter a). it is sufficient to write out the 
determinant of the system of balance equations. In general, 
this may be written in the form 


D = D(tmy = 0) + Minh (35.30) 


The quotient A,,,/D(u,,,== 0) multiplied by the Einstein coef- 
ficient 8,,, is the required non-linearity parameter. 

If the above conditions are satisfied, the pair of levels 
can be replaced by a set of n?—7" classical dipoles of fre- 
quency 4,, and oscillator strength /,,,. The transformation 
of radiation by a particular pair of levels can be carried out 
within the framework of classical electrodynamics. The 
values Of fing. Y¥mg and (n?— n°) must be introduced artifi- 
cially into classical theory, i.e. either from quantum mech- 
anics or from experiment. 
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